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Abstract

This document includes step-by-step derivations leading to the main econometric re-
sults in the paper, along with additional details for the influence-function estimator
used in the construction of our test. Every section in this document has the format
SX.X and every equation has the format (SX.X.X). Any section, assumption or equa-
tion that we reference here which does not have this format refers to a section, as-
sumption or equation in the main paper, Appendix A (if it has the format AX.X.X) or
Appendix B (if it has the format BX.X.X).

S1 Introduction

Sections S2-S3 describe the step-by-step results leading to Proposition 1 in the paper. Section
S4 describes the properties of the influence function estimator used in the construction of our

test-statistic, which is discussed in Section 4.5.2 of the paper and in Appendix A.

S2 A useful maximal inequality result

Definition: Euclidean classes of functions

Let 7 be a space and d be a pseudometric defined on 7. For each ¢ > 0, define the packing
number D(¢e,d, T ) to be the largest number D for which there exist points m1y,...,mp in 7 such that
d(m;, mj) > ¢ for each i # j. We say that G is an envelope for a class of functions ¢ if supy |g(-)| < G(-).
Let p be a measure on Sé and denote uh = fh(zl,...,zk)dy(zl,...,zk). We say that the class of
functions ¢ is Euclidean (A, V) for the envelope G if, for any measure p such that uG? < co, we
have D(x,d,,¥) < Ax7V, 0<x<1,where, d,(81,82) = (ngl —g2|2/yG2)1/2. The constants Aand V
must not depend on p. Immediate-to-verify criteria for determining the Euclidean property have
long been established, for example, in Nolan and Pollard (1987) and Pakes and Pollard (1989).
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$2.1 A maximal inequality for degenerate U-processes

Let Zy,...,Z, be i.i.d observations from a distribution F on a set S;. Let k be a positive integer
and ¢ a class of real-valued functions on $§ =5;,®--®Sy (k factors). For each g € ¢, define
Ukg = (n ) Yi 8(Zi,....Z;), where (n)y = n(n—1)---(n-k+1) and } ; denotes the sum over
the (n); distinct integers {iy,..., it} from the set {1,...,n}. U,]fg is a U-statistic of order k and the
collection {Ukg: ¢ € 4} is called a U-process of order k, indexed by . If every g € ¢ is such that

Er(g(si,--r8i-1,Z,Six15--5)] =0, i=1,...,k

Ep[(Z1rrZi)Z1 =515 Zi =Sim1, Zis1 =Sis1 er Zg =5k |=0
¢ is an F—degenerate class of functions on Sé and {Ukg: ¢ €9} is a degenerate U-process of order k.

Result S1 (Sherman (1994, Corollary 4A)) Let & be a class of F—degenerate functions on Sk k>1.
Suppose ¢ is Euclidean (A, V') for an envelope G such that Ep [G(Zl, .. .,Zk)4p] < oo for a positive integer
p. Then,

Ep [(Sup |n’</2U,’§g|)p] <Y-(Ef[6(2,.... 200%)) " = M,
9

where Y is a constant that depends only on p, A, V and Ep [G(Zl,..,,Zk)z]. By a Chebyshev inequality,
this implies that for each € > 0,

M

k/2( 7k
U (nk/z.g)”'

M
ng|>€)s_p

Pr (sup 'n and therefore Pp (sup |Uffg| > e) <
9 £4

S3 Details of Proposition 1

$3.1 Asymptotic properties of E(x,?)

Using Chebyshev’s inequality, the conditions in Assumption 1 yield

ol i)

and combined with the assumed properties of 9, this yields,

Z’PF

+O( ! )Vc>0

sup Pr
FeF

g m(17-0il =) <gmp [ iz 2 s (11 5)

(S3.1.1)




Therefore, for each 0 <6< §,

1 1426

;gfp PF(”é\_ 6;” ZC"):O(nmm’) Vs (”1/2/”71)'”_( 2 )'Cn—>00. (S3.1.2)

The conditions in Assumption 1 also imply that

|o- 05

1
=0, (m) uniformly over F, (53.1.3)
meaning that, for every 0 > 0, there exists a finite M5 > 0 and N, such that

sup Pr (n1/2 . ||§— O
FeF

>M,)<6 ¥ nxNj.

For {s,d}in 1,...,D,and ¢ = (¢y,...,¥p)’, let

(1) k(M . i
vdK(lp)EK(l)(l,bd)‘]—[K(gbg), VdsK(Hb)E K (lpd) K (lps) neid,SK(lpZ) fd=zs (S3.1.4)

(2d K (W) Tlpug k(W) ifd=s

Also, as we defined previously, for any x; € Sx, x, € Sy and 6 € O, let
Aga(x1,%2,0) = g4(x1,0) — 84(x2,0), and  Ag(xy,x,,0) = (Agy(x1,%2,0),...,Agp(x1,%2,60)) .

For a given x € Sx, 0 € ©® and h > 0, define

f; h 20, 20,,

D D
Ag(X;,x,0)\ dAg;(X;,x,0) dAg (X, x,0
T&m(Xi,x,Q,]’l)Ez E VdsK( g( irX )) gd( irX ) gs( irX )’
g
d=1 s=1

(S3.1.5)

Ag(Xi,x,0)\ 9*Aga(X;, x,0)
p 26,,90,

MU

DL™(X;,x,0,h) =
g

[
Il
—_

By the conditions described in Assumptions 3 and 4, there exist iy < co and g, < oo such that

sup |Ef [ij’m(X, S, Q,h)] <y and sup |Er [@;’m(X, 5,0, h)” <pp YFeF. (53.1.6)
(5,0)eSxxO© & (5,0)eSx xO ¢
h>0 h>0



The conditions in Assumption 3, combined with Lemma 2.13 in Pakes and Pollard (1989) imply
that, foreachd =1,...,D and {,me 1,...,k, the classes of functions

dAgi(x,s,0)
a6,

3 d*Agy(x,s,0)

00,00,

e%”l‘fiz{m:SX—ﬂR: m(x) = forsomeseSX,GeG)},

for some s € Sy, 0 € @}

are Euclidean for an envelope G;(x) that satisfies E [Gl (X)4‘7] <Hg, <o for all F € F, with g being
the integer described in Assumption 1. Now consider the following two classes of functions

gf’m = {r Sy — Rir(x) = Y]f’m(x,u,(?,h) forsomeu eSSy, 0 €0, h> 0},

%g’m:{r:SX—ﬂR: r(x) = j;m(x u,0,h) for some u GSX,QEG,h>O},
g

By the Euclidean properties of Jfg and %ﬂzilm' and by the conditions in Assumptions 3 and 4,

the Euclidean-preserving properties described, e.g, in Pakes and Pollard (1989, Lemma 2.14),

yield that %f ™ and %g " are Buclidean classes for an envelope G(-) for which 3 Jiz < co such that

Ep [E(X)‘Lq] <pugV F € F, with g being the integer described in Assumption 1. Next, define

m 1N~ (retm .

VA (,0,h) = ;;(Té’ (X;,x,0,h) - [ TE(X;,%,0, h)])
| (53.1.7)

Ve (5,0,) = Z(@jﬁg’”(x x,0,h) - [(ng(Xi,x, 6,h)]),

i=1

By the Euclidean properties of %f’m and gf’m, and the integrability condition of the corresponding
envelope, applying Result S1 we obtain that there exists M < oo such that, for any b > 0,

¢,m Ml 1
sup Pr| sup |vy (x,@,h)|2b <——=0|——=
FeF (x,0)eSx xO Yy (nl/z ) b)" (nl/z ) b)q
. (53.1.8)
Om M1 1
sup Pr| sup |vg (x,9,h)|2b <—— _=0|——
FeF (x,0)€Sx xO Ppn (nl/z ) b)q (nl/Z ) b)q
h>0



for each {¢,m} e 1,..., k. Note that (53.1.8) implies, in particular, that

1
v?”fn(x, 0, h)| =0, (m) uniformly over F

sup
(x,0)eSy xO
"0 , (3.1.9)
sup vgj’mn(x,e,h)|:Op(1—/2) uniformly over F
(x,0)eSxx©' 1 n
h>0
Denote
Phg(x0)  9*f(g(x0))
7 = = = 262 96,90
Ify(8(x,0)) (9f(3(x,0)  Ifel(g(x,0)) I flg(x0) ! o
20 | 90, U a6, [ 9090’ _ _
—_— ——— | PREx0)  Ph(E(x0)
1xk kxck 96,90, 967

For a given (x,0) € Sx x© and F € F, a second-order approximation yields,

afg , Bzg(g(x 0

fg(g(x,é‘)):fg(g(x,eg))+T)(9 0;)+ (5-9;)W’,"))(é‘—9;) (53.1.10)

where 6, belongs in the line segment connecting 0 and 0. Thus, since © is taken to be convex,

we have 0, € ©. Denote

% f(3(x,0) ~
& (x,0) = (6-6;) —%;ga(g, ) (6-

Going back to the definitions in (53.1.5)-(S3.1.7), we have

0;). (53.1.11)

aZA X,Q n n
fg(g( )) _ 1 ZT&m(Xilxyeyhn)'}';Z’@;’m(xiyxye;hn)
g

aegaem n.hln)+2 — fg n‘hg+1 —
1 1
=5 L [ij’m(x x,0,h )] o V" (5,6, ) (53.1.12)

1 plm
et B [ o (Xx,@h)] o G (5,0, h)



From here, we have

k& 927 (¢(x,0)) -
é{fn(x,e) = ZZM (O =0 r) (O - 07 )

kg _ _
_ ZZ [Tfim(x x,0,h )] (Gm—an,F)'(QFQZP)

(=1 m=1 hln)+2
k
Y w0 (8- ,5) (8- 07 (83.L.13)
(=1m=1""
k k
£y Zhgﬂ [0 06%,0,1)| - (6= 03,) (-0
(=1m=1"""1"
k k
YY) e 0 (- 6, (- 07 )
n

ko k _
Js i
Pp((x’;gx@ ébfn(x,6)| > b] < ;;PF(hgfz 16— 03, 5| 60 - 6 5| = 4k2)
(A)
ko k
. & = . b
+;;PF[W '<x,es)£(x@ VTfm” %0,k ' |6 m:Fl ) |6€_9€,F| 2 W]
h>0
(B)
ko k _
- ) _ b
" ZZPP(hZ];?l '|6m _em,F| : |9€—9“| > @)
(=1 m=1
(C)
ko k
1 ¢,
+;;PF[W~M;}2§X® Vq);nn x,0, h| |6 —Gmp| |Gg 6”| 4k2]
h>0
(D)

(S3.1.14)



We will describe bounds for each of the terms in (53.1.14). First, note that for any ¢ > 0,

Pe ([ 03,61 - [0 - 0; 1| = ) < i ([[6- 6|7, > ) = P ([}6 -

< P (|[o- 03| > i 2),

> C1/2)

where the last inequality follows from the equivalence of norms in Euclidean space and my is a

constant that depends only on k (the dimension of ). Using the result in equation (S3.1.1),

b hD+2 b 1/2
> )<k sup pp(”e o7 = mi (22 ]

kK k
sup 3" i1y P03 -

(4)
1
=0 7|+0
(n1/2 e b1/2) (rn i b1/2)
k k — 1/2
b ) - Wb+l .y
sup Pp( 0,,—-0 6,-6; )<k -sup Pp( - _( — ) ]
FeF ;Zf hD+1 | mF| | 4k2 FeF | 47 k2
(©)
1 1
=0 7|+ 0
(n1/2 et b1/2) (fn et b1/2)

Next, for any ¢ > 0, equations (53.1.2) and (S3.1.8) yield,

sup Pr| sup |vanx9h| |9 —QmF| |95—9€F|>c

FeF (x,0)eSxx0O
h>0
<sup Pr| sup vY n(x,G h)| > c'/? +sup PF(|6m —6,’;’F| . |6€ - > cl/z)
FeF (x,0)eSxxO FeF
h>0

<sup Pr sup vY n(x 0,h)| > 12 +sup PF(||§— 9;” > mk.c1/4)
FeF (x,0)eSxx®' T FeF
h>0

=0




From here we have that, for any b > 0,

k k
p 1.3 g o A0 POl 01l > g

h>0

(B)
+0 ! +0 1
bl/Z) ( 12 b1/4) (rn ot b1/4)

1
D+2
2

(1/2h

Similarly, the results in equations (S3.1.2) and (S3.1.8) yield for any b > 0,

k k
{m n * n
sup Pp|——- sup |v’ (x,G,h)'- 0= 0,,p| |60 -
FeF ;Zf x@heS < x© Pron | oo | | ' 4k?
>0
(D)
1 1 1
( /2., > bl/z) (n1/2 ch,t b1/4) (rn chyt b1/4)

Next note that, since h,, — 0, we have

1 hY? 1
b~ bz -9 Toe |
h,? h,2 h,2

For n large enough, h}/z < h,11/4. From the results above and (53.1.14) we obtain that, for any b > 0,

1

sup Pp( sup |E£gn(x,6)|2b = (S3.1.15)
(

wofot)eof q
FeF x%,0)Sxx0 (hnz (V2 Aty (B2 A b1/4))



Next, going back to (53.1.12), and using the results in (S3.1.6) and (S3.1.9), we have

Pf(gx0)| 1 )
£ {,m
= . sup EP X X, 9 h )] _ sup v (x’ th )
(wo)esxx0| 90e90m |7 hPT2 (e)esxe RN SN L T
1

{,m
—57°  sup |v©f’n(x, 0,h,)
i ™ (x,0)eSyx®

1 1 1
hD+2 Hy t hD+2 OP hD+1 Bt hD+1 -Op %

Ep cijmXxeh)]
g

sup

+ .
D+1
hn (x,0) eSX><®

uniformly over F. Therefore, under Assmptions 3 and 4,

82" X,Q 1
(3,0)€SxxO % - P(_hD+2) uniformly over . (S3.1.16)
x,0)eox X m n

Let us go back to the definition of é;fn(x,e) in (S3.1.11). Combining (53.1.16) and (53.1.3),

.
fe ey d fg(g(x 0)) 1
sup |&° (x,0) <0 - sup ——— =0y | —5 (S3.1.17)
(ro)es@ " ’ (xO)esyx0|| 9090 P\n-nD+2

uniformly over F. Let us go back to the second-order approximation in (S3.1.10). We have,

LV QZE(g(x 2]

g8 1 )
fel8(x,0) = folg(x, 07) + === (0~ 03 ) + 5 (0-0}) —5 55— (0~ 6;). (S3.1.18)

=& (x.0,)

From (S3.1.15) and (S3.1.17),

&, 0)| > b)

FeF x,0)eSx xO

sup'éb x, )

XGSX

sup PF( >b|<sup PF[ sup
FeF (

= ! Yb>0, and
(hnT V2 A1) - (B2 A b1/4))

=0

1
< sup |5£n(x,9)| =0, (m) uniformly over F.

k8, :
x€S8x (x,0)eSxxO
(3.1.19)




Let us now focus on the linear term w (5— 6}_) in the approximation (53.1.17). Let V;K(-)

be as defined in (S3.1.4) and for each { =1,...,k, and a given x € Sx, 0 € © and h > 0, let

D
Ag(X;,x,0)\ dAgs(X;, x,0)
(v, — glAi 8dalAi
Afg(Xl,x,Q,h)_leVdK( ; )

d0, ’
(S3.1.20)
Ay, (X;,%,0,h) = (A}g(xi,x, 0,h)..., Ak (X;,x e,h))
~—_— ——— °
1xk
By the conditions described in Assumptions 3 and 4, there exists i, < co such that
sup ||EF (A (x,x,e,h)]” <ji, VFeF. (53.1.21)
(x,0)eSx xO §
h>0

Using the linear representation property of 0- 0 described in Assumption 1, we have

B0 )
F

1 - . ~
i=1

1 non ) 1 n )
WZZAfg(Xi:xxeprhn)l;bg(Zj)"' WZAfg(Xi:xxeFrhn) &
L T T

Next, define

n

1
V001 = ) (A (X3, 0,1) - Ex | A (Xi,x, 0,1,
i=1

Va6, 0,1) = (kagln(x, 0.h)-.., 7K, e,h))

—_——
1xk

and consider the following class of functions on Sy,

gf = {m : Sy — R: m(x) :AZ(x,s,@,h) for some se Sy, 0 €0, h> O}

By the conditions in Assumptions 3 and 4 in the paper, and the Euclidean-preserving proper-
ties in Pakes and Pollard (1989, Lemma 2.14), %f is a Euclidean class for an envelope Gjs(-) for
which 3 iz < oo such that Ep [E3(X)4q] <Jg, for all F € 7, with q being the integer described in

10



Assumption 1. Applying Result S1, 3 M5 < oo such that, for any b > 0,

M, 1
sup Pr| sup |VA ) (x,@,h)HZb L———=0|—" (S3.1.22)
FeF (x,0)€Sx xO for" ( 1/2.;,) ( 1/2.1,)‘7
h>0

Note that (S3.1.22) implies, in particular, that

1
sup ”v,\f (X, Q,h)” =0, (1—/2) uniformly over F
(x,0)eSyxO g n
h>0

(S3.1.23)

Now, consider the following class of functions on & 2
Gyip= {m : 8‘2/ — R: m(vy,vp) = Afg(xl,s, 0, h)l,bg(zz) for somese Sy, 0 €®, h> 0}

By the conditions in Assumptions 1, 3 and 4, and the Euclidean-preserving properties in Pakes
and Pollard (1989, Lemma 2.14), %, is a Euclidean class for an envelope G4(-) for which 3 Hig, <o
such that Ep [54(X1,Zz)4q] < ﬁ@ for all F € F (with (X;,Z;) ~ F ® F), with g being the integer
described in Assumption 1. Define the following U-statistic

Uf n(x,@ h

- (Xi,x,0,pl(Z)) (S3.1.24)

zl]:tz

Since Ep [gl)F ] 0, iterated expectations yields Eg [Af (X;,x,h 1[)F ] 0. Therefore,
Ep[Up, (x,0,h)] =0V xeSx, 0 €0, h>0.

We will characterize the relevant properties of the U-process {Ufg,n(x, 0,h): xeSx,0€0, h> 0} by
first looking at its Hoeffding decomposition (see Serfling (1980, pages 177-178) or Sherman (1994,
equations (6)-(7))). For a given s € Sy, 6 € ® and h > 0, let
5(Zix,0,) = Ex[A £ (X,%,0,)]| 9l (2
F (Zi,%,0,h) = Ex[A (X, %,0,h)|[$7(Z)

fe fe

(Zi,x,0,h) — @ (Z;,x,0,h)

(53.1.25)
Note that //(V;, V;,x,0,h) = 8 (V}, Vi,x,0,h) and E[ 8 (V;, V;,x, 0,W|Vi] = E¢[8](V;, V%, 6, W)V, ]—
0. Define the following degenerate U-statistic of order 2,

SF(Vileleeih):Afg(Xirxl )lpF( )+Af (X],x, )ll’g(zi)—

fg

f (x9h

irVjr )
i=1 j=i

11



From the conditions in Assumptions 1-4, Nolan and Pollard (1987, Lemma 20) (or Lemma 5 in
Sherman (1994, Lemma 5)), and Lemma 2.14 in Pakes and Pollard (1989, Lemma 2.14), the class

of functions

s = {m : 5‘2/ — R: m(vy,vp) = SI{g(vl,vz,x, 0,h) for some xSy, 00O, h> 0}

is Euclidean for an envelope Gs(-) s.t Ep [E;,(Vl, V2)4q] Spg,<oVFeF (with (V1,V,) ~F®F),
with g being the integer described in Assumption 1. From here, Result S1 implies that 3 M5 < co
such that, for any b > 0,

_ M; 1
sup Pr sup |U alx, 9,h)| >b|< = O( ), and therefore,
FeF (x,0)€S54xO o (n-b)? (n-b)1
10 (S3.1.26)
—~ 1

sup Uy u(x, G,h)’ =0, (—) uniformly over F
(x,0)eSxx0 ' ¢ n

h>0

Let (pig(Zi,x, 0, h) be as described in (53.1.25), and define

_ 1 fo
Ve, (%, 0,h) = - Z(pF (Zi,x,0,h) (S3.1.27)

EF[(PE(ZZ',X, 0,h)] = 0 (and therefore, Ep[v(%,n(x, 0,h)] = 0) for all x € Sx, 6 € © and h > 0. Again,
the conditions in Assumptions 1-4, Nolan and Pollard (1987, Lemma 20) (or Sherman (1994,
Lemma 5)), Pakes and Pollard (1989, Lemma 2.14) imply that the class of functions

Gor = {m :S;, — Rim(z) = (pgg(z,x, 0,h) forsomexeSyx,0€0,h> O}

is Euclidean for an envelope Gg(-) s.t Ep [56(Z)4q] < Hg, < V F € F, with g being the integer
described in Assumption 1. From here, Result S1 implies that 3 M4 < oo such that, for any b > 0,

Mg 1
sup Pr sup Vo, n(X, 9,h)| >b|< =0 , and therefore,
FeF | (mo)esxe! E (n1/2-b)q (n1/2-b)
h>0 (53.1.28)
1

sup ’v ) (x,G,h)‘:O (—) uniformly over F
(x,0)€8x %O PR PAnls2

h>0

The Hoeftding decomposition of the U-statistic Ufg,n(x, 0,h) defined in (S3.1.24) (see Serfling (1980,

12



pages 177-178) or Sherman (1994, equations (6)-(7))) is,

1 ~
Ufon(%,0,1) = v n(x,0,h) + 5 - Up, u(x, 0, h) (53.1.29)

Pro

From (S3.1.26) and (S3.1.28), for any b > 0 we then have

sup Pr sup Uy u(x, 6,h)| >b

g,l’l
FeF (x,0)eSx xO
h>0
<sup Pr| sup vq[,f,n(x,(),h)'zé +sup Pr 1 sup Uf,n(x,(),h)|zé (53.1.30)
FeF  |(x0)eSyx0! % 2| Fer (x,0)eSxx0 | ¢ 2
h>0 h>0

R e et

Go back to the second-order approximation in (S3.1.18). For a given (x,0) € Sy x© and F € F, let
;lf?n(xr 0)= fil8(x0) (5— 6;) We have,

00
IR0 = 1 PP l8(x0.)
Jolalo0) = fy(at 03 + =56 (0-0p)+ 5 (0-0) —Goger—(0-00)- ()
—£ 8 (x,0}) —£5 (x,8,)

The properties of él{fn(x,éx) were analyzed in (53.1.15) and (S3.1.17). We can now study the prop-
erties of &1%,(x,0}). Let m (x,0,h) = LTI, (Ag (X;,%,0,Wpl(Z;) - Eg[Ag (Xi,x,0, )9 (Z)]). Note
that, under our assumptions, there exists y,, < co such that

sup |EF [Ag (X, 6,h)1,bg(Zi)]| <@, VFeF. (53.1.32)

(x,0)eSxxO
h>0

Our previous arguments and Euclidean properties of ¢, r yield, through Result S1,

sup Pr sup mﬁg(x, G,h)‘ >b|=0 ;q Vb>0, and therefore,
FeF (x,0)eSxxO (n1/2 . b)
70 ($3.1.33)
1
sup mj,:g(x, 0, h)l = Op (1—/2) uniformly over F
(x,0)eSxxO n
h>0

13



We have é{fn(x,e) = (Hhﬁ Y A (X, x, G,hn))(g— 6}) Therefore,

f 1 n n 0 1 n 0
agn(x,Q):WZZAfg(Xi,x,Q,hn)¢F(Zj)+ WZAfg(Xi’x’a’h”) En

i=1 j=1 i=1

1 n—1 1 1 f,
= ( ) Upn(x,0,h,) + —M-EF[Afg(x,x,(9,;1,1)1;)2(2)]+TE+1 m’(x,0,h,)
1 1 0
ey EF[Af (X,x,0,h, ] *omT VA (%0, h,)e]
(S3.1.34)
From (S§3.1.21) and (S3.1.32), for any F € F we have,
f 1 (n-1 1 J; 1
agn(x,6)| < W.(_).‘Ufg,n(x,a,hn) +W.'mng(x,9,hn) +hDT'||VAfg (x,0,1,)||- || 4|
n n

hD+1 HsGH hD+l

Thus, for any b > 0,

sup Pr sup

1 -1
( g{fn(x,e)] > b] <sup Pr|——- (n—) sup
FeF (x,0)eSx xO (

FeF e n x,0)€5x X0 n-hi*!

h>0

(4)
1 1 i
+sup Pr|l——=—- sup mg(x,(),h)‘z—-(b— n )
FeF n-h2 (o)esyxo " 4 n- bt
h>0

(B)

1 0 1 ﬁm
+sup Pr| ——= sup 'VA ’(x,Q,h)H- € 2—~(b— )
FeF WL oresyxe !l H n” 4 n-hPH
h>0

(€)
ﬁA o 1 Fm
p.| A > 2. p_
rer F(hi’“ evll= 3 ( n-h%?“))
(D)

(S3.1.35)
Using our previous results we can analyze each of the terms in (S3.1.35). If b > 0 is fixed!, there

hD+l

I'What follows is true for any sequence b, > 0 such that b,, - n- hP+1 — co.
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exists ng such that b — Pu S0V 5> ng. From (S3.1.30), it follows that

YZ‘hEH

1 (n-1 1 7
sup Pr W-(—)-( sup Ufg,n(x’e'h)’ZZ'(b_ n )

FeF n x,0)eSx %0 n-hpt
h>0
1 n D+1 ﬁm 1
=sup Pr sup Uf,n(X;Q;h)|Z—'(—)‘hn Ap-— n—||=0 _ -
FeF (x0)eSyx0' ¢ 4 \n-1 n-hy (nl/Z .pP+1 -(b — _Hm ))
h>0 " n-hP+1
(S3.1.36A)
From (S3.1.33),
1 fe 1 Hn
sup Pp| ——=—- sup |m (x,6,h)'2—-(b—
FeF n- hg'ﬂ (x,0)eSxx© " 4 n- hE+l
h>0
1 " 1
=sup Pr sup m],%(x,e,h)|2—-n-h5+1-(b— //l’gﬂ) =0 - .
FeF (x,0)eSx xO 4 n-hy n3/2 D+l _Hu )
h>0 " n-hP+!
(S3.1.36B)

Next, from (S3.1.22) and Assumption 1,

1 0 1 ﬁm
sup Pr - sup ||VA ) (x,@,h)“- € 2—-(b— )
[ NP S e 4 n- P+

h>0

<sup Pr| sup ”vAfg,n(X,G,h)”2(1.h5+1.(b_ P ))1/2

FeF | (x0)eSyx0 4 n-hi+l
h>0
— 1/2
1 z
+sup Pl > (= -nP*t (b - m )
sup B[] (380~ L) 51360,
1 1
=0 D1 . 1/2\49 +0 D1 Z 1/2\4
o o) YA o))
1
=0 1 _ 1/2\4
((nl/Mm»hz (o= 2) )

15



Finally, also from Assumption 1,

¢} ﬁm 0 D+1 ﬁm
sup e[ Jedll > 3 (o s ) =sup me(ledl > (o= T )
1

I q
(rn : hE+1 ’ (b - n,Z;SlJrl ))

- Ds1
For large enough 7, we have? b — #ﬁ’gﬂ >0 and h, < 1 (and therefore hP*! < h,> ). Combining

(53.1.36A)-(S3.1.36D) with (S3.1.35), we obtain,

(53.1.36D)
=0

55?11(309)‘2}’] O 17 —\1/2\\1
(1072 -2 (=) 2 (1= ) )

Going back to the second-order approximation in (S3.1.31),

sup PF( sup
FeF (x,0)E8x xO

fo(8(x,0)) = fe(g( (x,03)) + €25 (x,@F)+5bn(x,6 ), (53.1.37)
where, for any b > 0
fe * fe
sup Pp|sup |&an(x,0p)| >0 |<sup Pr| sup |&a(x,0)|=0b
FeF xeSx FeF (x,0)eSx xO©

(S3.1.38)

_ —_ 1/2\\4
((”1/2 ATy)- hg” : ((b - n.ZélH ) (b - ZDH ) ))

Note that, for any ¢ > 0, we have min{c, /2 c1/4} = min{c ) c1/4}. Using this and combining
(53.1.19) with (S3.1.38), we have that for any b > 0,
> b]

> E]+sup Pp[
2) rer

£5(x,00) + &, (x,8.)

sup Pr|sup
FeF xSy

(Ea n(xf 91—")

sup |<El7 a x,@ )

<sup Pr|sup ZE
XESX 2

FeF xeSy (53.1.39)

1

=0 1/4\\4
D+1 b # b #y
o e (ol ) )

2See footnote 1.
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For a given x € Sx, 0 € ©® and h > 0, let v£ (x,0,h) = —Z? 1(K(Ag(x+9) EF[K AgX—xe))]).
Directly from Assumption 4, the class of functions

Ag(x,u,0)

%:{m:SX—>]R:m(x):K( p

) forsomeueSX,66®,h>0}

is Euclidean for the constant envelope K. From Result S1, 3 M < co such that, ¥ b > 0,

M 1
sup Pr sup ’v,{g(x, 9,h)| >phl< ——7 = O[ﬁ], and therefore,

FeF (x,0)€Sx xO (n1/2 . b)q nl/2.p
h>0 (S3.1.40)
1
sup vig(x, o, h)' =0, (W) uniformly over F.
(x,0)€Sx xO© n
h>0

For a given x € Sx let

Bj;g(x) é EF[K(Ag(Xh':;G )] fo(&(x,6F)).
bias
We have, E(g( = fo(g( th vig(x,e},hn)+3£g(x). From here, (S3.1.37) yields,
(g 8)) = folg(x 60}) +hi V(0 )+ B + £ 0 + £ (6B, (83.1.41)

n

From Assumptions 4 and the smoothness conditions described in Assumption 2, an M*"-order

approximation implies that there exists a constant El,f < oo such that

B{Zg(x)'gﬁl,f-hy VFEeF. (53.1.42)
xeX
From here,3
— 1 .
sup fg(g( ) = f¢(8(x,0F))| < —5 -sup v,{g(x,QF,h ) +Blf WM 4 sup Ean(x,QF)Jrchn(x, x)
xeX n xeX xeX

3Note that here we are focusing on our testing range X.
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Thus, for any b > 0,

.

sup Pr(sup |f(g(x.0) - fy(g(x,0})

FeF xeX

1 . _ -
<sup Pp|-— -sup v,{g(x,QF,hn) +sup éan(x QF)+¢Sb (x,0y) Zb—Blyf-hﬁ/I
FeF hy  xex xeX

(S3.1.43)
v,{g (x, 0%, hy,)

=)

N 2
5
- 2

_B, ..hM -
For each® b>0,3 np: 2u M _ Bu >0, 1, <1V 1>y (83.1.39), (83.1.40), and (53.1.43) yield

FeF hln) xeX
S

+sup Pr|sup x,@F)+£bn(x,9 )

xeX

|

|
i

|

FeF

sup Pr (sup |fg (x,0) ) = fo(g(x,0F)) b)
xeX

FeF
1 1
=0 +0
b—B; -hM\\1 = M _ = M _ 1/4\\1
12D (22010 D+1 (b _ Burhi P b _ Bish P
(” Fin ( 2 )) ((”1/2M")'h”+ 0 (S et Y S et
1
=0
1/2 hD+1 b Blf i P b Blf ha o VAT
(n'2 A ry) i 1sEal EAY - St sty 12

(S3.1.44)

(2(6,0)) - fg(g(x,ep»|2sn)

§3.1.1 A general result for sup Pr (sup
FeFr XE.

From (S3.1.44), 4 K; > 0, K, > 0 and K3 > 0 such that, for any sequence s,, > 0 (possibly converging

M
to zero) such that ZL — 0ands, -n-hP*! — oo, we have
n

sup 7 sup [7 50080 - .07 > )
FeF xXeX

(S3.1.45)

=0
D+1 M K3 M K; 4
(nl/z/\rn)'hn : (Kl 'Sn_KZ'hn - nHDH )/\(Kl 'Sn_KZ'hn - n_hgﬂ)

4What follows is true more generally if we replace the constant b with a sequence s,, > 0 which may converge to zero
as long as hM /s, — 0 and s,, - n- kD1 — 0.
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Recall from (S3.1.37) that, f,(g(x,0)) = f,(g(x,0 ))+5 a(x,07) + &, (x,0,). From (S3.1.19),

> b] =0, (#) uniformly over F.

sup |5b x; ) n-h?+2

XES}(

sup Pr
FeF

From (S3.1.34) and the Hoeffding decomposition of Ufg,n in (S3.1.29), we have

% (x,0%) = (”_;1) (hD+1 -Ep[Ag, (X,x, 05, by ]) Z¢F o Ee[A g (X%, 03, 1) | €

:v‘Pfg,n("ﬂ;'hn) (see (S3.1.25) and (S3.1.27))

n—1 1 1 ) 0
+( 2n ) hD+1 Uf? (x, O, hn) + n - hD+1 'EF[Afg(X’XreF;hn)EDF(Z)]
1 1. X
nhD+ iy (x, O, ) + W'vl\fg,n(xfephn)fg
n n

(S3.1.46)

Therefore we can express

f * n-1 f
5a§n(x:9F):(T)(hD+1 Ep [Af (X, x, OF, hy ]) ZIPF hD+1 EF [Af (X, %, 0, hy) 82"'@1&;1(’6)

(S3.1.47)

where

f. n—1 1 —~ . 1 .
ol (%)= ( ) Do D005 ) + — oy B [ AL (X%, 05, 1)l (2)]
“In

2n hln)‘i'l
1 f 1

n - hD+1 S (%, O, )+~ - Vi (X, O, ) ;
M

Let us analyze g{‘fn(x). From (S3.1.26), (”Z—_nl) 1

hnDH

-sup |L7)ig,n(x’9;:rhn) = Op( hD“) From (S3.1.32),

fe .
n_hlgﬂ sup |EF [Af (X,x,0%,hy, )1pF( )]| hD” ;/thFe]: From (S3.1.33), hD“ -sup |my (x, 0%, hy)| =

XESX XESX

ﬁ -0y (#) =0, (W) uniformly over F. Let T > 0 be the constant described in Assump-
tion 1. From the conditions described there and the result in (S3.1.23),

1
nD+L S;lp VA (% OF:
X

1 1 1 1
0 _ _ .
” =D -Op ( 7 )~op ( T ) =0, (—n1+r D ) uniformly over F

Therefore,

1 1 1 1 1
jssz |C1 n |: Op(n.hg+l )+O(n.h1n?+1)+Op(n3/2-h{13+1)+0p(n1+7-h{13+1): Op(n-hE“ )’
(S3.1.48)
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uniformly over F. With this result at hand, going back to (S3.1.46) we see that we need to analyze
the term —— - Eg|A¢ (X, x,0%,h,)|. From the definitions in (S3.1.4) and (S3.1.20), we have
hb fe F

1 1 . 1 .
o Ep[AL (X%, 00D, )]:(W-EF [A}g(X,x,@F,hn)],...,WT-EF[AE(X,x,QF,hn)]).
n

n
Foreach ¢ =1,...,k, we have

D *
LI [Af(xxep, ] y 1 ‘EF[vdK(Ag(X,X,QF))aAgd(X,x,Q)]'

pra e I 20,

It suffices to analyze th+1 . [VdK(Ag(Xxe ))aAg‘ng’x’e)] for any (d,¢). We have,
1 [ Ag(X,x,0%)\ dAg (X, x,0%)

— _.E K

T A ( hn 96,

1 [ 8(X,0r) - g(x,0%)\ [ 98a(X,0F) 9ga(x,0F)

=—— Ep|V K -

hln)"'1 | h,, 20, 20,

[ X,0%)—g(x,07)\ dgu(X, 07 X,0%)—g(x,07)\]| dg4(x, 07

_ 1311'EF VdK(g( F)—8(x p)) (X, 0p)| 1 Ep|V,K 8(X,0F) —g(x,0F)\| 9ga(x, OF)

hn * L hn 865 hg-"l I’ln 995

As we defined in Assumption 2, for a given g =(g1,...,8p) € Sg ¢, and each (£, d), let

094(X,6%)

Tl (g) =

8(X,0p) = gl :
From the kernel properties described in Assumption 4, we have

f--jvdK(wp---,wD)dwl---dz,bD =0, f---ft,bdvdK<z,b1,...,¢D>d¢1---dw,bD =1,

ZEzl js < M,

je=0forsome ¢ =d,orj; =1

J JlP : VdK Y1, Pp)dpr---dipp =0 V(jlr-'-’jD):{

js=M+1.

gt

J‘\J.Il’blvl |11[)D|]D |VdK(ll)1,,lPD)|dl,D1dl,bD <oo Y (jll""jD):
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For a given x € X' let

= 99€ 9gd agd
Efg(X,e;)E(El,fg(X;ep) ,uk,fg(x,GF))
[ —
1xk

From the smoothness conditions in Assumption 2, an M!"-order approximation yields that there
exists a constant Ezf < oo such that

= o, poh = =
pom -Ep [Af (X,x,0%, h, )] =&y, (x,0F) + By *(x), where ilél/g B, (x)|| < By s WM vV FerF.
(53.1.49)
By Assumption 2, 3 ﬁaf < oo such that
g
sup ”Ef (x, 9;)“ fiz, VFeF. (53.1.50)
xXeX §

Plugging (53.1.49) into (53.1.47),

fe

n—1\ (- . E 1 - . E f;
5 07) = (=) (20 00+ Ba* () ) 970+ (24,00,05)+ Ba " () el 4 ¢ .
From here we can express

1
Eu(x,03) = B (0, 07) ) wd(Zi)+ ¢, (0 + 6L (x), (53.1.51)

i=1

n

scribed in Assumption 1. From the conditions described there, (S3.1.49) and (S3.1.50) yield,

s Fte| - (00#)0[1))-0 Lz} o -0 )

where ¢ (x) = ((21)- By ¥ ()= 1) L w8(Z)) + (21 (x,0%) + By (x)) €. Let > 0 be as de-
2,n 1= 111bF fg F n

(3.1.52)

~ | 1 P
= Op max A2 3 i uniformly over F
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Combining (S3.1.48) and (S3.1.52) and defining gﬁg( X)= (;{gn( X) + szfqn( ), (§3.1.51) becomes

Ean(x 61?) —Hf X 61—" ZQDF +Qn 7
($3.1.53)
foo | WMo 1 1 P
Cn (x)| = Op | max 172 20 qUa D uniformly over F

where

xeX

S$3.1.2 A uniform linear representation result for E(g(x,é)) - fo(8(x,6%))

Let

fe

Vom0 = (S50 _p [ S8 00)

hy hy hy

)+5fg(x,9;)¢§(zi). (S3.1.54)

Combining (53.1.41) and (S3.1.53), we have

= . f.
(g(x,0)) = 0F) (Vi x, 0%, hy) + G (%),
Jelst 8 0p) Zl'b o ’ (53.1.55)

where @(%—&(H@ﬁ)+%A%@)

Let € > 0 be as described in Assumption 4. (S3.1.19), (53.1.42) and (S3.1.53) yield,

sup

Cfg( )‘—O(hM) o | 1 o 1
SUP o W= P J T S\ MaxXA Sz v 37 iz [ ) U\ D

1 1 1 1
_ M B .
= Op (max{hn el h]n)” }) =0, (m) uniformly over F
(53.1.56)
By the conditions in Assumptions 1 and 4 along with the results in (53.1.40) and (S3.1.50), we can

once again invoke Result S1 to show that

sup

1
=0, (—) uniformly over F. (53.1.57)
xeX

nl/2.pb

I\, .
=3 0F (Viox, 05, 1)

i=1

And therefore,

O ( ! ) uniformly over F.

1 1
sup |fg (x,6 ) f(&( x’9F| Op(nl/z.hg)+op(n1/2+e): P\ptr2.pD
(3.1.58)

xeX
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From our previous results and Assumption 2, it also follows that

sup
xeX

1) wuniformly over F. (S3.1.59)

fe(g(x,0))
To see why, recall from Assumption 2 that inf fg( x,0p)) > f >0forall F e F. Takeany 6 € (0,1).

Note that, for any x € X, E(g(x,@)) (1- 6 f only if Ifg (x,0) ) = fo(8(x, 0%))| > 6 -ig. Therefore,

1 1
sup Pr|sup |= — > - <sup Pr|su (x,0) (x,00)|> - )
o vl | (P [Rlet - et om0,

From (S3.1.45), 3 Mfg >0,K; >0, K,>0and K3 >0 s.t, for each ¢ > 0, 4 n, such that

sup Pp(sup |fg (x,0) ) = fo(g(x,6F) |>c)

FeF xeX
My,
< T4 Yn>n,
((nl/2 Aty)-hP*1 ((Kl -C—Kz-hy—%)/\(Kl c—Ky-hY —%ﬁﬁﬂ) ))
Thus, for any 0 € (0, 1) there exists ns such that
P 1 S 1
sup Pr|sup |= — -
reF  \xex |fo(g(x,0))| (1 —b>~£g
M
Js Vn>ng

< 1/4
((nl/zArn»h{f“ ((Kl f Ky = KA (Ko f - Ko - i) ))
Now take any € >0 and let 15 . be the smallest integer such that

M
Js <e.

174
((”1/2/\%)%9”'((K1'5'£g‘K2'h%—jﬁ)/\(Kl'5'£g‘K2'hﬁ4—jﬁ) ))

Thus, for any € > 0 and 6 € (0, 1), there exists ny . such that

sup Pr (sup ] <e Vn>nge,

FeF xeX

T1=0)f

fg(g(x 9)) Lg

which proves (S3.1.59).
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$3.2 Asymptotic properties of Ep(x, t,’B\)

Recall that R, p(x,1,0) = %Z’-Z (Yl-,t)a)p(g(Xi,Q)) (W), which is an estimator for the
functional R, p(x,t,0%) = I, p(x,1,0%) - wp(g(x,0F)) - fo(g(x,0F)). The purpose of this section is
to derive the type of asymptotic results we obtained in Sections S$3.1.1-S3.1.2 for Ep(x, t,0) -
Ry p(x 1, 9*) Our analysis will closely follow parallel steps to our study of the asymptotic proper-
ties of fg ,0)) in Section S3.1. For this reason, readers who are familiar with the steps we took
in Section $3.1 may wish to skip directly to Section §3.3. As we did in Section S3.1, we begin

with a second-order approximation,

o o
Ryt ,8) = Ryl 1,05+ 2 %0 (G gr) o L (-0 TR0 000 gy (s3.2)

where éx belongs in the line segment connecting 0 and Or. Thus, since © is taken to be convex,
we have 0, € ©. Parallel to the definitions in (S3.1.5), let

D D
Ag(X;, dAg(X;, IAg(X;,
Y (Viyx,,0,h) = Sy(Yis oy (X, 0)) ZZ%K( 8! z“’)) 84X, %,0) 948X, x,6)

== 00, d0,,
‘ Ag(X ,x,0) d*Agy(X;,x,0)
O (Vy,x,1,0,h) = Sy (Y, 1) Z:VdK( x andeQ»__;@;ébz__

dw,(8(X;,0) dAgs (X, x,0) . dw,(8(X;,0) dAgs (X, x,0)
20, 20,, 20, 20, ‘

Pay(3(X,0) (Ag(X; x,0)
90,,90, hy '

PR "(Vi,x,1,0,h) = S,(Y;, 1)

By the conditions in Assumptions 3 and 4, 3 7]y < o, 74, < 00 and ﬁp <oosuchthat,V F e F,

sup |Er [Tﬁ,m(le, t, G,h)] <fy sup |Er [qng'm(v,x, t, e,h)H <Tp
0e® e 0cO® 14
(x,1)eSxxT (x,1)eSx xT

h>0 h>0

sup |Ep [pR (V,x,t,0, h)]' <1,

6cO

(x,t)eSxxT
h>0
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As we stated in the paragraph following Assumption 3, the conditions there, combined with Pakes
and Pollard (1989, Lemma 2.13) imply that, for each (£,d), the classes of functions

dAg(x,s,0)
20,
d*Agy(x,s,0)
00,00,
dwy(x,s,0)
8—64
azwp(x,s,Q)
- 00,06,,

f%”l‘ii:{m Sy — R: m(x) = forsomeseSX,GGG},

Jfé%m:{m Sxy — R: m(x) = forsomeseSX,Qe@},

%@g:{m:SX—HR: m(x) = for someseSX,6€®},

%pf’m:{m:SXHR: m(x) = forsomeseSX,Ge@}

are Euclidean for an envelope G;(x) that satisfies Ef [Gl (X)4q] <Hg, <o for all F € F, with g being
the integer described in Assumption 1. Next, consider the following three classes of functions

%em {r Sy — R:r(v) = Tlf:”(v,u,t,e,h) forsomeueSX,teT,()e@,h>0},
Gy = {r Sy — R: r(v) = Cbi’pm(v,u,t,e,h) forsomeueSX,teT,Be®,h>0},
g:fi’;l:{r:sv—)IR: r(v) = pR "(v,u,t,0,h) forsomeueSX,teT,Qe@,h>O}.

The conditions in Assumptions 3 and 4 and the Euclidean- preserving properties described in
Pakes and Pollard (1989, Lemma 2.14), imply that %f;ﬂ, gg " and % are Euclidean for an enve-
lope G(-) s.t 3 g <ocos.t Ep [E(V)‘lq] <ngforall Fe F. Let

n
Omys _ Om vy
Zl(TRP (Vi,x,t,0,h) - E [TRP (Vz,x,t,Q,h)]),

) (@8 (Vi £,0,) - E | 0" (Vi 5,1,0, )],

1

v%m L(x,1,0,h) =

Q=
= 0

vg’“ (x,t,0,h) =

|-
=0

VoM (x,1,0,h) =

PRP,H

S

(pﬁ’p’”(wx,t,e,h) EF[pR (Vl,xteh)])

=1

From here, Result S1 implies that 3 Ml <oos.t,Vb>0,
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FeF 0c®
(x,t)eSxxT
h>0

M 1
sup Pr sup v%:':ln(x, t,G,h)( >b|< et S O[—q]

FeF FISC]
(x,t)eSxxT
h>0

M 1
sup Pr| sup vé’m’n(x, t,@,h)( >b|<———= O[—)q], (53.2.2)

FeF 0cO PRy
(x,1)eSxxT
h>0

M 1
sup Pr| sup ‘vg’m,n(x, t,Q,h)‘ >h|l<——1 = O[—q]

Note that (S3.2.2) implies, in particular, that

&m _ 1
sup vy, In(x, t, Q,h)‘ = OP(W)
6€® P
(x,1)eSyxT
h>0
{,m 1
sup |vg. (%t Q,h)‘ = Op(ﬁ) )
0cO B! " uniformly over F. (S3.2.3)
(x,t)eSxxT
h>0
{,m 1
Sup VPRpﬂ’l(x; tl Qx h)| = Op(m)
0e®
(x,t)eSxxT
h>0
R - / 92R x,t,0 "
Denote &, (x,1,0) = (6 - 63) Zooor?) (G- 0. ). We have
kK k 2F
R 0°R,(x,1,0) - -
5bp(xrt:9): p7~(9m—97np)‘(9€—9h)
" (=1m=1 90¢Om ’
ko k . N ko k . R N
Zzhmz [T ™V, x,1,0,h )] (G~ 0 ) - (2 - 6 +ZZhD+2 V5t 0,18~ 03 ) (B =07 )
(=1m=1 (=1m=1 ($3.2.4)
Kok . vk , 2.
m n * m n * n *
£y T EF[(D (V,x,1,6,h )] (G -0, ) - (G - 6 +ZZhD+1 Vi e t0.0)- (0= 0,)- (B -0 )
(=1m= (=1m=1
Kok . N k. k . N N
+ZZ,TD [ ™(V,x,1,0, h,,)] (B~ 0, 2)- (B - 0 5 +ZZ VR a5, 8,0,00) (O = 0, ) (O =6 ).
(=1m=1"" (=1m= 1

Take any b > 0. From (S3.2.4), using the results in (S3.2.2) and (S3.2.3) and the conditions in
Assumption 1, parallel steps to those we used in equations (53.1.14)-(S3.1.17) lead us to the fol-
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lowing result, which is analogous to that in (S3.1.19)

R — R
sup PF( sup  [&,0(x,1,0,) > b] <sup Pp| sup |éb’;(x, t,6)| >b
FeF (x,1)eSyxT ' FeF 0eO ’
(x,t)eSyxT
1
=0 = Yb>0, and

D+2 q
(hnz -(n1/2/\rn)-(b1/2/\b1/4))

_ 1
sup |£§’;l(x, t,0,)| < sup ’6;2(36, t,@)’ =0, (W) uniformly over F.
n

(x,1)eSxxT 0eO
(x,1)eSx xT
(S3.2.5)
R R, - R
Denote &, ,(x,t,0) = aR’”g;'t’g) (9 - 9;) The decomposition of &, 7(x, t,0) will be described in detail

in equation (53.2.18). First, we need to introduce each one of the terms that appear there, as well

as their relevant asymptotic properties. For each p =1,..., P define

D
A Xi,x,() aA Xi,x,Q
Afgp(v,.,x, t,0,h) = Sp(Yi,t)a)p(g(Xi,G))ZVdK( 8( )) ga( )

I 20,
d=1
dw,(g(X;,0)) (Ag(X;,x,0)

l . — : p 1 I A, X,
Bl (im0, = 5,(1,) <2 S 252001,
ARP(V,.,x,t,e,h)z(A;p(w,x,t,e,h),...,Aﬁp(w,x,t,e,h)),
| —

1xk
ﬁRP(VZ-,x,t,e,h)z(5lgp(\/i,x,t,e,h),...,ﬁl’gp(vi,x,t,e,h)).
—_—

1xk

By the conditions in Assumptions 3 and 4, there exist 77, < oo and ﬁﬁ <oosuch that,V F e F,

sup “EF [Ag,(V.x, t,e,h)]” <7y sup ||EF [Br, (V. x, t,6,h)]|| <75 (S3.2.6)
[2ISC) PISC)

(x,1)eSxxT (x,1)eSxxT
h>0 h>0

From the Euclidean properties of gf’;", %2&;” and %g’pm, the following classes are also Euclidean,

///zfip:{r:SV—>R: r(v):Aﬁp(v,u,t,@,h) for someueSX,teT,96®,h>0},

///S{ip:{r;SVHR: r(v):ﬁﬁp(v,u,tﬁ,h) for someueSX,teT,QEQ,h>0}
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for an envelope M (-) such that Ep []\_/Il (V)4‘7] <7, for all F € F. From here, if we define

1 n
Va0 = Y (AL (Vi t,0,1) - E [ AL (Vi 0,1 )

i=1

= |l

1
Vh ax1,0h) = (Agp(vi,x, £,0,h)— Eg [Agp(vi,x, ‘ Q,h)]),
i=1

Vgl 6,6,1) = (v}\Rp,n(x, L0k, (8,0, h)),
[ —

1xk
Vi, (%, t,0,1) = (V;Rp,n(x, L0 v (%80, h)),
[ —

1xk

then, Result S1 yields that, for any b > 0,

1
sup Pr| sup ”vA ) (x,t,@,h)“ >b =0 ,
Feg 0e€® R (n1/2~b)q
(.X,t)ESXXT
>0 (S3.2.7)
P, (x,t,0,h)|| = b O ! and
wpn| s i atcron] =] <ol L]
Fe}:-') 0cO ﬁRP " (nl/z‘b)q
(x,t)eSxxT
h>0
sup ||VAR m(x,t,@,h)” :Op(#)
6O P
(x,t)eSx xT
=0 . uniformly over F. (53.2.8)
sp snon] =0,
(x,t)eSxxT
h>0

Note that, under our assumptions, there exist 77,, , <o and 7j,,, ; < co such that, for all F € 7,

sup |EF[ARP(m,x,t,e,h)wg(z,-)]'sﬁm,A, sup 'Ep[ARP(W,x,t,G,h)¢§<Zi)]|Sﬁm,ﬁ

0O 0cO
(x,t)eSxxT (x,t)eSxxT
h>0 h>0
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Recall that we have defined v = (y, x, z). Take the classes of functions

My ={m: Sy — R m(vy) = Ag (v1,1,1,0, )PP (z1) for some u €Sy, teT,0€0,h> 0},

//;F = {m :Sy — Rim(vy) = ﬁRp(vl,u,t,Q,h)lpg(zl) forsome u €Sy, t€7,0€0,h> 0}
By the properties of the classes ./ ﬁ ) and ///_rf’ p» and the integrability properties of the influence
function ¢P6(Z) in Assumption 1, Pakes and Pollard (1989, Lemma 2.14) implies that both ///5F
and jZ;F are Euclidean for an envelope M, (-) s.t Er [MZ(V)4‘7] <7y, <co ¥ F€F. Next, let

n

R 1
My (%, 1,0,1) = Y (Ar, (Vi t,0, )l (Z;) - B¢ [A, (Vi x, 1,0, 2(Z:)]),

i=1

= I

g (x,1,0,h) = %Z(ﬁRP<Vi,x, £0,Mp2(Z;) - Er [ Br, (Vi x, £, 0, pL(Z)))]),

i=1

By the Euclidean properties of .///5 rand //; r» Result S1 yields that, for any b > 0,

sup Pr| sup 'mipn(x, t,@,h)l >bl=0
FeF 0eO ’
(X,t)ESXXT

h>0

sup Pr| sup |m§fn(x,t,6,h)IZb :O[;)q], and

FeF 0O nl/2.p
(x,8)eSxxT ( (S3.2.10)
h>0
R
sup |y, (o t,0,1)] =0, (k)
0€®
(X,t)ESXXT
"0 R uniformly over F.
sup |mﬁf'n(x, t, 6,h)| = Op(#)
CISC)
(x,1)eSxxT
h>0

Consider the following classes of functions on & 2

%ip = {m : 5‘2/ — R: m(vy,vy) = ARP(vl,s, t, G,h)z,bg(zz) for some s e Sy, 0€0, h> 0},

%SP’F = {m : S‘Z/ — R: m(vy,vy) = ﬁRp(vl,s, t,0, h)lpg(:@) for someseSy, 0 €0, h> 0}.

Similar to the case of ///6’7’[? and ///;F, the Euclidean properties of //l‘fp and .#¢

5,p» the integrability
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properties of 1,DIQ(Z) in Assumption 1, and Pakes and Pollard (1989, Lemma 2.14) imply that %ﬁF
and %{F are Euclidean for an envelope G,(-) s.t Ep [54(V1, Zz)4q] <7g, <o VY F e F (with (Xy,Z;,) ~
F®F), where q is the integer described in Assumption 1. Next, define the following U-statistics,

n( ZZAR (Virx, 1,60, ) (Z)),

11]::1

Ué\pln(x, t,0,h) =

(53.2.11)
U, (% 8,6,h) =

(Vix t,0,npl(Z)).
i=1 j=i

Let
qo/Ii}jP(Zi; x,t, 9; h) = EF [AR V,x, t, 6, h)] 1[)1(2(2
sifp(w\/j,x,t,e,h) AR, (Vi,x, t, NP (Z)) + Ag, (V; x,t,h)gug(zi)—(pf{'F(zi,x,t,e,h)_(pifp(zj,x,t,g,h),
R
Pa(Zix,t,0,h) = Ep [Br (V,x,£,0,1)| p2(Z))

R R R
855 (Vi Viyx,t,0,h) = Br (Vi X, £, VR (Z)) + Br, (Vi X, t VR (Z)) = 0 1 (Zi %, 1,0, 1) = 0T (2, %, 1,6, ),
. . . . (S3.2.12)
Note that 9,":(v1,v,%,1,0,h) = 9,":(vy,v1,x,1,0,h) and Sﬁ’}(vl,vz,x, t,0,h) = Sﬁ}(vz,vl,x, t,0,h)

(they are both symmetric in their first two arguments), and
Ee[S): (Vi Vjox,t,6,| Vi = Ee[ 95V, V;o %, 1,0, )| V] = 0,
EF[S (V;, Vi, 1,0,1)|V;] = EF[S (Vi, Vi, x,,0,h)| V] = 0

From the functionals in (53.2.12), define the following degenerate U-statistics

U ulx1,0,h) = — pr— ZZSAF Vi, Vi x, 1,6, h),

zl]:tl

ﬁgp’n(x,t,e,h) D ZZSM Vi, Vi, x, 1,6, h)

zl]:tl

From the Euclidean properties of %EF and %SP’F, Nolan and Pollard (1987, Lemma 20) (or Sherman
(1994, Lemma 5)) along with Pakes and Pollard (1989, Lemma 2.14) imply that

%gl_. = {m : 8‘2, — R: m(vy,v;) = Si’jF(vl,vz,x, t,0,h) forsome xeSx,t€7,0€0,h> 0},

%;F = {m : 8‘2, — R: m(vy,v;p) = S;}(vl,vz,x, t,0,h) forsomexe€Sx,te€e7,0€0,h> 0}

are Euclidean for an envelope Gs(-) s.t Ep [ES(VD V2)4‘?] <, <o VY FeF (with (V;,V,) ~FQ®F)
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and g being the integer described in Assumption 1. From here, Result S1 implies that, ¥V b > 0,

Sup PF Sup |UI[{\ n(xltlexh)|2b :O( 1 )1

FeF CEE] Y

(X,t)GSXXT
h>0

— 1
sup Pg| sup |U£p,n(x,t,9,h)| >b :O( ), and

FeF 0cO (n-b)? (S3.2.13)
(x,)eSx xT
h>0
sup |[7§\Wn(x, t, Q,h)' = Op (%)
0cO
(x,t)ESX xT
>0 — . uniformly over F
sup |URp’n(x, t,0, h)' = Op (H)
0cO
(x,1)eSxxT
h>0

Note from the definitions in (S3.2.12) that EF[(pi’jF(Zi,x, t,0,h)] = EP[(p;”;(Zi,x, t,0,h)] = 0. Define
Vo, n(% 10, 1) = ST qoif +(Zi,x,1,0,h) and v(’f)Rp,n(x, t,0,h)=L1y" (p?”}(Zi,x, t,0,h). Let

— nt=i=1

9P = {m 187 —> Ri m(z) = pi’p(2,%,1,0,h) for some x € Sy, t€T,0 €O, h> o},

549% = {m:SZ — R: m(z) = (pg”’F(z,x,t,Q,h) for some xe€Sx,t€7,0€0,h> O},

By the same arguments used for gg} and g;F, both %TF and %;} are Euclidean classes of functions
for an envelope Gg(-) s.t Ep [66(2)4‘1] <T7g, < VY F € F, with g being the integer described in
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Assumption 1. From here, Result S1 yields that, for any b > 0,

1
sup P su ‘VA (x,t,@,h)’Zb =0 ——|,
Feg F eeg PRyt (nl/z-b)q
(x,1)eSxxT
h>0
sup Pr sup ‘véR m(x,t,@,h)’Zb =0 1 7| and
FeF 0O b (nl/z-b)
(x,1)eSyxT
h>0
A _ 1
Zl;g v(PRp,n(x,t,G,h)‘ _OP(W)
(x,1)eSyxT
h>0 P X uniformly over F
sup v(pR,,,n<xxf,9rh>\ =0y (5r)
(x,t)eSxxT
h>0

(S3.2.14)

The Hoeffding decompositions of the U-statistics U{Q\p'n(x, t,0,h) and Uﬁp’n(x, t,0,h) defined in
(53.2.11) are given by (see Serfling (1980, pages 177-178) or Sherman (1994, equations (6)-(7))),

1 ~
A _ A A
URW,I(x, t,0,h) = v(pRp,n(x, t,0,h)+ 5 URp,n(x, t,0,h),
p _ P 1 =p
URp’n(x, t,0,h) = vq,Rp,n(x, t,6,h)+ 5 URP’n(x, t,6,h).

Therefore, from (53.2.13) and (S3.2.14), for any b > 0 we have

sup Pr| sup |U{2\ 2t G,h)’ >b
FeF 0O ”
(x,1)eSx xT
h>0
A b 1 ~A b
S;lelfp Pr selelg |V(PRP'”(X’ t, Q,h)' > 5 +21€1fp Pr|=- Zlelg URp,n(x, t,0,h)| > 5
(x,1)eSx xT (x,1)eSx xT
h>0 h>0

ol ol -l
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and

sup Pr| sup ’Ug x,t,@,h)'zb

FeF 0O
(x,1)eSxxT
h>0
, ' , | (83.217)
<sup Pg| sup ’v(pR x,t,@,h)'z— +sup Pr|=- sup U£ a(xt,0,h) > =
FeF 0cO 2| Fer 0co 2
(x,t)eSxxT (x,t)eSxxT
h>0 h>0
1 1 1
=O|——= |+O0| —— |=0| —
((n-b)q) [(nl/z.b)q] [(nl/z.b)q]
R
We are ready to analyze the components of &, }(x, t,60). We have,
R IR, (x,1,0) ~
éa,ﬁ(x; tl 6) = T (6 _GF)
l n n l n
= 2D ZZARP(Vi;x, t,0,h) PP (Z)) + [W ZARP(Vi:x; t,0, hn)]Ere,
moGST =1 noinl
o hD ZIZﬁR (Viyx,1,0,1,)2(Z; [ 5P ZﬁR (Vi x,1,0,h, )]
i=1
1 (n-1 1 (n—1\ 5
b+ ( n ) Uity 1:0, ) + WD ( n ) Uk, (%1, 0,hn) (53.2.18)
1 R
+ W : EF [ARP(V,X, t,Q;hn)’abg(Z)] + W : m/\ljn(x’ £ 6fhn)
1 1
e “EF [ARP(V; x,t,0,h,)| €8 + e Vg, (%, 0,h,)e?
1 0 1 R,
+ m Ep [Br, (V. x,,0, )0 (Z)] + 5 e 10
1
+h— Ep[Br, (V,x,1,0,h,)] el 35V, (8,0, k)€l
Thus, from (S3.2.6), (53.2.9) and (S3.2.18),
R 1 n-1 A 1 n-1 B
5a,’,’l(x,t,9)| <o (T) 'Uprn(x,t,Q,h,,) + @.(THURP,H(X, t,0,h,)
1 1 0 0 ﬁm,A
n‘hﬁ)ﬂ ‘m/\pn("’ t,0,h,)| + nD+1 'HVARP'"(X’ t,0,h,) ”+ hD+1 e[+ 1 hD
[} ”mﬁ
0 0
+— — hD lmﬁn (x,t,0,h,)|+ nD "|VﬁRP’”(x’ t,0,h,) ||+ — ||e ” o hD
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Thus, for any b > 0,

sup
FeF

<sup
FeF

+sup
FeF

+sup
FeF

+sup
FeF

+sup P
FeF

+sup
FeF

+sup
FeF

+sup
FeF

Pr

Pr

i

sup éfZ(x; tre)' b
0€®
(x,1)eSxxT
1 (n—l) ‘ 1 ( TA ﬁm,ﬁ)
————])- su s x,t6h’2—-b— L —
e A A S R S S B A e
(x,t)eSxxT
h>0
1 (n—l) I P 1( Mo ﬁm,ﬁ)
— - su U xt6h’ o - —
hy \ n eeg R ) 8 neo bt ey
(x,t)eSx xT
h>0
1 1 ﬁmA ﬁm,ﬁ
- . ,5,0,h)| > <-|b- =T~
T SR o)z ( no kR
(x,t)eSxxT
h>0
_ 7 (53.2.19)
1 0 1 ’7m,A m,p
_hﬁ)“' 21;}@) ||VARp'”(x’t’6’h)H‘”s"H2g'(b_n-hﬁ)” n'hnD)
(x,)eSx xT
h>0
gz (o= o T
hit! -8 n-htt nehp
1 | 1 ﬁmA ﬁm,ﬁ )
su m x,t9h|2—-(b— s —
n-hk Qeg ﬁn ) 8 ne byt by
(x,1)eSxxT
h>0
1 sup ”v (xt6h)”o||£6”>l-(b—ﬁm—’/\—ﬁm—’ﬁ)
hln) 0co ‘BRP,T’I IAS A ] n - 8 n'hlyz)+1 nhln)
(x,)eSxxT
h>0
ﬁmA ﬁm,ﬁ ))
P, P = - ST D
(1Ll (o T - e

Using our previous results we can analyze each of the terms on the right hand side of (53.2.19). If

b > 0 is fixed>, there exists 1, such that b —

ﬁm,ﬁ
n-hP

nm,A
n'hgﬂ

>0V n>ny. From (S3.2.16), it follows that

5 As before, what follows is true for any sequence b, > 0 such that b,, - n- hP+1

—> 0Q.
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1 n-—1 A 1 ﬁm/\ ﬁm,ﬁ
sup Pr —(—) su Uy |, (x,t,0,h)|>=-|b- T
Fe?—' hp+ n Geg ‘ Rpn )' 8 n-hB nehl)

(x,)eSx xT
h>0
A 1 n D+1 T, A Tm,p 1
=sup Pr sup U (x,t,0,h) 27-(—)% ~[b— - ] =0 — —
FeF 0e® ) Rpom ' 8 \n-1/ " n-hB* e hl) a1/2. D1 [ ma Mg i
(x,t)eSx xT n DL
h>0
(53.2.20A)
From (S3.2.17),
1 n-1 B 1 MTm,A ”m,ﬁ
sup Pr —( ) sup 'U (x,t,6,h) 27-[177 . -
Fer MR\ om ) Rpom 8 i+ hiy
(x,1)eSxxT
>0 (S3.2.20B)
B 1 n D+1 M, A Mm, B 1
=sup Pr sup ‘U (x,t,@,h)‘zf~( )-h ~[b— - =0 — —
FeF I 8 (R nehg*tt by 1250 - T Timg )|
(x,)eSx xT n n whD*T " D
h>0
From (S3.2.10),
1 R 1 T, A ﬁm,ﬁ
sup Pp|l ——=—- su ‘m P (x,t,0,h)| > =-|b- .
Fe.}; ”'hgﬂ 968 Am 8 ”'hnDJrl n~h£,)
(x,t)eSx xT
>0 (53.2.20C)
R 1 7 ] 1
=sup Pr sup ‘mApn(x, £,0,h)| > = -n-hP+1 ~[b— qu’ﬁrl - m,g =0 — — 7
FeF 0cO ’ 8 n-hy n-hy 3/2. D+ [ Tma  mp
(x,1)eSx xT n n whDHT T D

h>0
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Next, from (53.2.7) and Assumption 1,

1 0 1 M, A ﬁmlﬁ
sup Ppl——- sup HVA ,n(x,t,B,h)H- enll = 7-[17— S
Fer | HETY peo Rp 8 n-hP*1 . pD
(x,)eSxxT
h>0

_ — 1 _ = 1/2
1 M, A Mm, 1 Tm,A Mm,
<sup Pp| sup HVARP,n(x,t,e,h)Hz(g.h,?“ ~[b—n Z’DH - ’”hﬁD]] +sup PF[ ed Z(§~hnD+1~(b—n hmDH _n’”hﬁD
“fn n T i

FeF 0e® n- FeF
(x,t)eSxxT
h>0
1 1
=0 +0
D+l i 7 1/2\4 D+l 7 7 1/2\41
nl/2-hy (b~ "113'/:1 - m,g rnohy (b= "13’[:1 - mg
n-hy; n-hy; n-hy n-hy
1
- B T g |2 !
m, ,
((”1/2 Aty)-hy '(b— DT~ n,hnD) ]
(S3.2.20D)
Next, also from Assumption 1,
7 n n D+1 7 1
A 0 1 M, A Tm,p 0 hy MTm,A Tm,p
sup Pr| ———-lleall=~-|b- - =sup Prllleg||=—=-|b- -
Feg [hEH ! 4 [ n‘hlﬁ_)ﬂ n~h£’ Fe.};' " £\ n~hnD+1 n~h£‘?
. ($3.2.20E)
-0 — _ .
o WP+ = T Mmp
neon n-hi,)Jrl n-h?
From (S3.2.10),
1 Rp 1 T, A Mmp
sup Pp| ——= - sup ‘m (x,t,(),h)‘zf{b— L —
FeF n-ho 0O pon 8 n-hP+l . pD
(x,1)eSx xT
>0 (53.2.20F)
R 1 7 Ul 1
=sup Pr sup ‘mﬂ’pn(x,t,a,h)|2 3 .n.hlnj.[b_ Im[,)/:—1 3 mlf;] =0 — — 7
FeF 0c0 n-hy; n-hy; w32 4D Tma_ _Tmp
(x,t)eSxxT n nhDl D
h>0
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From (S3.2.7) and Assumption 1,

én

sup Pr L. sup HVﬁR n(xt,0,h H

Zé'[b— ﬁm,A _ ﬁmﬁ]

Fer | H] e n-hP pnb
(x,H)eSxxT
h>0

_ — 1/2
<sup Pp| sup HVﬁR (60, h)H (7.hnD.[b_ n}?;lnf;il ) :";lg)]] "rer PF[H%

- = 1/2
7'hnD' b M, A B Mm,p
n-hP+l gD

FeF 0e0® FeF
(x,1)eSx xT
h>0
1 1
=0 D _ — 1/2\4 +0 D _ — 1/2\4
/2. 12 p= MTmA Nm,p roh2 b= MTmA T,
" kPt neTn whD

1

2 Tun Timg |2
1/2 m, 1,
(n / Aty)-hy '(b_ n~hnD+1 - ”.hnD) ]

($3.2.20G)
Also from Assumption 1,
et ) s el g - - 5t
suP > = [b- = — )| =sup Prl|le; || > -2 -(b- L
op Pe( T8 etz (o - T ) s e > T e
(S3.2.20H)

1
hD b ﬁm,A ﬁm,ﬁ 1
R G
17m LB

_ Ds1 D
For large enough 1, we have® b — nf’;jgﬁl — D > 0 and h, < 1 (and therefore hP*! < h, 3 < hy).
Combining (53.2.20A)-(S3.2.20H) with (53.2.19) we obtain,

=0

R 1
sup Pr| sup |&an(x, t,Q)' >b|=0 — — ~ g
FeF 6cO Tom Mm, m Mo,
7 iR ot (o= e - o~ - ) )
Going back to the second-order approximation in (53.2.1),
R,(x,1,0) = R,(x,t, 01) + Eal(x 1, 9F)+gbn<x t,0,), (S3.2.21)

6See footnote 5.
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where, for any b > 0

R *
Eaﬂp’l (X, t; 61—")

>b|<sup Pg| sup
FeF 0O
(x,t)eSxxT

sup Pp( sup Ef,il(x, t,6)| >b
(x,t

FeF )eSxxT

(S3.2.22)
1

=0 2\
D+1 ﬁm, ﬁm, B ﬁm, ﬁm, B
((Tll/Z/\rn)-hn"' ((b— n.hg)/}fl - n-hé))/\(b_ n.hytl)/}fl - n-hff,)) ))

As we have done before, note that for any ¢ > 0, we have min{c, /2, 61/4} = min {c , c1/4}. Using
this and combining (53.2.5) with (53.2.22), we have that for any b > 0,

.

R . R —
sup Pp( sup |c§a,ﬁ(x,t,6p)+<fb’fl(x,t,9x)
(x,t

FeF )eSuxT
Rp * b Rp = b
Ssup Pp| sup |Equ(x,t,0F)| = 5 |+sup Pr| sup |&,,(x50,)| ==
FeF (x,t)eSyxT 2 FeF (t)eSyxT ' 2 (53'2‘23)
1
=0
, — _ = \1/4\\1
m ’/’Wl, 7m Wm,
(12 et (8- e Tt ) (- T~ B ) )
Now let us analyze /R\p(x, t,0r). For a given (x,t) € Sx x7T, 0 € © and h > 0 denote
R 1o Ag(X;,x,0) Ag(X;,x,0)
v (%,8,0,h) = X(spm,t)wp<g<x,~,6>>1<(g(+)—EF [spm,t)wp(g(Xi,e))K(%

i=1
From Assumptions 3 and 4, the class of functions

Ag(x,u,0)

@gh = {m : Sy — R m(v) = S,(y,u, t)wp(g(x,Q))K( -

) forsomeueSX,teT,QGG,h>O}

is Euclidean for an envelope @ - K - G;(Y) s.t Ep [67(Y)4‘7] < ﬁ@ < oo VY F € F, with q being the
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integer described in Assumption 1. From here, Result S1 yields that, for any b > 0,

1
sup Pr| sup vn "(x,t,0, h)| >b|=0|——, and therefore,
FeF 0co (nl/z-b)
(x,1)eSxxT
h>0 (53.2.24)
1
sup i "(x,,0, h)| (—) uniformly over F.
P S n nl/2
(x,1)eSyxT
h>0
Recall that we have defined R, p(x,t,0%) =, p(x,1,0%) - w,(g ))- fo(8(x,6F)). Let
R 1 A (X,X,Q*) *
B’ (x,t) = o -Ep [sp(y,t)wp(g(x,e))K(¥)] — Ry p(x,1,0}).
n n
bias
We have, R\p(x, t,0p) = Ry p(x,t,0p) + hD v,]; (x,t,0%,hy, )+B5p(x,t). From here, (S3.2.21) yields,

—

n) * 1 R % R R " R —
R,(x,t,0) = Ry p(x,t,0F) + D V' (X, 8,0, hy) + By’ (x,£) + Ean(x, £, 0F) + &, 0 (x,1,04),  (53.2.25)

n

From Assumptions 4 and the smoothness conditions described in Assumption 2, an M*"-order
approximation implies that there exists a constant B;, f < oo such that

sup BS”(x,t)|§§LR~hQ/I VFEeF. (53.2.26)
(x,t)eXxT
Thus,
— — 1 R =
sup |Rp(x,t,9)—Rp,F(x,t,6;) <-—5- sup v’ (x,t,0%,h,) +BLRohﬁ4

(x,1)eXXT hi  (xexxT

R . R —
fga,;(x: t; 613) + éb,l];(xl t; Qx)

+ sup
(x,)eXxT
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Thus, for any b > 0,

sup Pr| sup |§p(x, t,0) - Ry p(x,t,0F)| > b)
FeF (x,t)eXxT
1 Rp * RP * Rp 0 B M
<sup Pr h—D- sup V' (%,1,0p,h,)|+ sup  |Ean(xt, QF)”Léb,n(x' t,0y)|2b~Byr-hy
FeF n  (xt)eeXxT (x,t)eXxT
1 R b—Byg-hM
Ssup PF _D . Sup vnp(x’ t; 6;, hn) > (¢)]
FeF hi  (xexxT 2
_ b—B g -hM
+sup Pr| sup cff,ﬁ(x, tﬁ;)"'éii(x: t,0x) 2( léR s )]
FeF (x,t)eXxT

(53.2.27)
>0,and h, <1V n>ny.

; ; 7b_Bir M _ Twa _ mg
For any given b > 0, there exists an 1 such that” 7 ——=-hy" - nj:ﬁ’“ =D

From (53.2.23) and (S3.2.24), the inequality in (S3.2.27) yields

sup PF[ sup |§p(x,t,A)—Rp,F(x,t,6;)|Zb]
(

FeF X )eXXT
-0 1 _ g
(5 )
o) 1 (S3.2.28)
.
(1 (5 B = e~ B (5 - et - e Peg) )
-0 1
(72 ({3 B - T~ o (4 Bt - T o)

7What follows is true more generally if we replace the constant b with a sequence s,, > 0 which may converge to zero
as long as iM /s, — 0 and s,, - n- hD*1 — 0. See footnote 4.
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§3.2.1 A general result for sup Pp[ sup |ﬁp(x, t,fi) —Ry (%t 6;)| >s
FeF (x,t)eXxT

From (S3.2.28), 4 K4 > 0, K5 > 0, K¢ > 0 and C; > 0 such that, for any sequence s, > 0 (possibly

converging to zero) such that ZLM — 0and s, -n-hP — oo,
sup PF( sup |§p(x, t,é\) — Ry p(x,t,0F)| 2 sn]
FeF (x,t)eXxT
1
=0
D+1 M Ky Cs M K Cs VA
(nl/z/\rn)'hn : (K4'Sn_K5'hn - DA _m)/\(KAL'Sn_KS'hn _W_ n~h£))
(S3.2.29)

$3.2.2 A uniform linear representation result for Ep(x, t,é) —Rp,p(x, t, 0;)

Recall that R, p(xt, 0) = (x,t 07 )+é§2(x, t,6;)+<§§f1(x, t,0,). From (S3.2.5),

— 1
sup |5§Z(x,t,9x):0p(m) uniformly over F.
n

(x,t)eSyxT

R
Let us focus on the term &,7,(x,t,0%). From (S3.2.18) and the Hoeffding decompositions of U{Q\ "
o
and ng’n in (S3.2.15) we have,

R . n—1 1 1 . 1 0
éa,]p’l(xltlaF):(_) (]’lD+1 EP[AR V x,t, epzh )]+E.EP[ﬂRp(V’x’t’QFlhﬂ)])'EZII)F(ZZI)

EF[AR (V,x,t,0%,h, )] thH -EF[/iRP(V,x,t,G;,hn)])eg
n

(o
g

-1 A * 1 ~[3 *
Ny ) (hD+1 URp’n(x,t,QF,hnHh—D-URp’n(x,t,GF,hn))

n

+% (hl,?lﬂ Ep[Ag,(V,x, 1,6}, h )‘bg(z)]Jré'EF[ﬁR"(V'x't'e;'h")lpg(Z)])

1
p * * 7]
+ WEH . mA,n(X’ t, 61:, hn) + hET . VARp’n(X’ t, 61;‘, hn)gﬂ
1 . 0
+ —" .mﬁ”’n(x, t,0p, hy,)+ Ve n(% 1,0, hy)ey,
n n

(S3.2.30)
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Therefore we can express

R L (n-1 1 X 1 X 1o
Ean(x,1,0}) = (T) : (W Ep[Ar,(V,x,1,05, 1) + R [Br, (V. x,t, eF,hn)]) ) vz
i=1

(83.2.31)
1 . 1 . P R,
+ ]’IET : EF [ARP(fo; £ 9}31 hn)] * hET : EF [ﬁRP(Vle £ 91:; hn)] &, + (;Ln(x, t), where
R, _(n-1 1~ ) 1 ~p )
ey (x,1) =( = )(W Oyl Osb) 5 O 0,05 )
1 1 * (2] 1 * 0
. ;(hD—l Ep[Ag, (V,2,1,05, h,)p2(2)] + b Er [Br, (V.5 t, eF,hn>¢F<Z)])
1 R . 1 . 1 R . 1 .
+ PR mp’ (61,05, hy) + DT VAg, (%1, 0%, hy)el + D -yt (x,t, 05, ) + WD Vo, (01, 0%, hy)el

R
Let us analyze each of the components of ¢, (x,t). From (S3.2.13),

n-1 ) 1 ~A * 1 =B *
— || == sup ‘UR ) (x,t,0%, hy)|+ — - sup Up ,(x,t,0%,hy)
( 2n [h?r1 (et)esyxT | 7" " D pesyxT | Rt !

1 1 1
:O”(n-heﬂ)+O”(n-hf2)zo”(n-h9“)'

|

From (S3.2.9),

1 * 0 1 —
s, b (e[ (V. 007 g2 < Sk
y X

. VFeF

n-hP

sup [Er [Br, (V.05 h)W2(2)]| < L5 7T,
(x,t)eSxxT

From (S3.2.10),

R
1 P *
e sup |y (0,05, h)

_ 1 1 _ 1
(%, )eSxxT ot 'Op(m) - Op("3/z~hnD”)
» X

uniformly over F
=-1_. i _1
~ nhb) Op ( nl/2 ) - OP (,13/2‘;1;,3 )

1 .
n-h?

R
sup |mﬁpn(x, t,0%,hy,)
(x,1)eSx xT ’

Let T > 0 be the constant in Assumption 1. From the conditions described there and (53.2.8),

1
hD+1 : Sup ||VARp,n(xl t} 6;:‘1 hn)

ol — 1 1 1\ _ 1
) ”gn” = D 'OP(W)'OP(WM) - Op(nm.hgﬂ )

" (x,t)eSxxT uniformly
1 * ol — 1 1 1) _ 1 over F
59 et O sl = -0 5t)-o i) = (e
’ X
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Therefore,

R, 1 1 1 1
su G x,t|:O ( )+O(—)+O ( )+o ( )
p 1n(%1) P\ . pD+1 n-hD+1 PA\n3/2. pb+1 PA\nt+c. pD+1

(x,1)eSxxT
1 1 1 1
- - - - S3.2.32
+O”(n-h9)+O(n-h9)+o”(n3/2-hl,?)””(nl”-hf?) ( )

=0 (%) uniformly over F

With this result at hand, going back to (S3.2.30) we see that we need to analyze the term

hD+1 EF[AR (V,x,t,0%,h, )]+$-EF[ﬁRP(V,x,t,e;,hn)].

As defined in Assumption 2, foreachp=1,...,P,¢=1,...,kandd =1,...,D, let
984(X, %)

O (81 = Er |Sy(Y, (g, 01) =" g(x,e;a:g],

§(X,0p) = g],

Qr,2(8:t) = Ep | Sp(Y, t)w,(8(X, O))

dwy(8(X, 0r))

l _ *\
QRP,?z(gtt) —EF hSp(Yrt) 86€ g(X'GF) _g]

As we defined in equation (A1), for a given F € F and (x,t) € X x T let

dl *
I g, 2(8(x,01), ) fo (8(x,01))] Dgy(x,0%) 9[%1 ) )fe(8(x, 0F) ]
\—IZ,RP (x; ’ F) = ‘; agd : aeg - agd

+Q§p3( (x,0F), 1) - fg(8(x, OF) ]

ER, (x,t,05) = (Er, (%, 1,05),..., E g, (%,1,05))

—R

————
1xk

From the smoothness conditions described in Assumption 2 and M'" order approximation yields

the existence of a constant Ez’ g < oo such that,

1 1 . _ . E
o B [AR, (V.. 1,05, 1) |+ —5 - Er[Br, (V.. £, 03, )| = B, (x,£,05) + B, ” (x,1),  where
sup B:R”(x, t)“ <Bor-hM VFeF.
(x,)eXXT
(S3.2.33)
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By Assumption 2, 37z < oo such that
14

sup HHR (x,t,07%)
(x,t)eXxT

<7.. VYFefF. (S3.2.34)

Rp

Plugging (S3.2.33) into (S3.2.31),

n

R . n—1 _ 1 _ . E R
Eht,00) = (") (S, (01, 00+ B 1)) 0200+ (S, (3 1,07) + By (30 e+ 61 ),

i=1

From here we can express

n

R * = * 1 R R
Ean(6,1,0F) = g, (0, 1,65)~ ) PR(Zi) + ¢y (1) +6 ) (D) (83.2.35)
i=1
where ¢37(x,1) = ((%)-Bi'{” (x,1)— l) nw0(Zi)+ (HRp(x, t,@;)+B§"”(x,t))s§. Let 7 > 0 be

the constant in Assumption 1. From the cond1t1ons described there, (S3.2.33) and (53.2.34) yield,

ip [l =(o0) - 0(3))- 00 7)o+ 010))-on e

0 | 1 —_—
= Op | max 2 2 e uniformly over F

Combining this with (S3.2.32), and defining gﬁ”(x, t) = c;ipn(x, t)+ gi’;(x, t), (S3.2.35) becomes

R * ~
551,’;1(3(: £ 613) = =R X,t QF lep +Cn X, );

WMo 1 1 )
where su R x,t)|=0,[max{ -2, , , uniformly over F
(x’t)e)lng Gn' ( )| p( {nl/z 23727 izt n_hgﬂ} y
(S3.2.36)
Let
R, .
‘pF (Virxl treFlhn)
1 . Ag(X;,x,0%) . Ag(X;,x,0%)
E@'(Sp(Y,-,t)a)p(g(Xi,GF))K(;l—nF —Ep [ Sp(Yi, t)wp(g(X;, 0F))K llz—nF
+Eg, (%,1,01)9p(Z;)
(S3.2.37)
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Combining (S3.2.25) and (53.2.36), we have

f{\p(x,t,é\): (X,t QF ZIIJF VZ,X,t 91:; )+Cn ( X, )r
(53.2.38)

where 0y’ (x,1) = By (x, 1) +c5 (x,t) + Eb,n(x, t,0,)

Let € > 0 be the constant described in Assumption 4. Applying the results from (53.2.5), (S3.2.26)
and (S3.2.36),

RP _ hM h% 1 1 —1
Cn (X;f)| = O( p )+ Op (max 1727 3027 2T +Op n- hD*2

1 1 1 1
_ M _ .
= Op (max{hn oy Ry re iy hlnj+2 }) =0y (m) uniformly over F
(53.2.39)
By the conditions in Assumptions 1, 2, 3 and 4 along with the results in (53.2.24) and (S3.2.34),
we can once again invoke Result S1 to show that

sup
(x,)eXxT

sup

1
=0 (—) uniformly over F. (53.2.40)
(x,t)eXxT

P\nt/2.pD

ZIZDF (Vi,x,t, 05, hy)

And therefore,

O ( ! ) uniformly over F.

su R, (x,t,0)—R, r(x,t,0%)| = O +0 ( ):
) /’I\f)xT | p( ) P,F( P) P(nl/z'hg) P n1/2+e 14 n1/2-h],13

(x,t)e
(S3.2.41)

$3.3 Asymptotic properties of ap(x, t,é\)

Recall that Qp(x,t 9) T (e@d) (x ! 9) g which is an estimator for the functional,
g
. Ry p(x,t,0F)
Qpr(x,t,0F) =L, p(x, 1, 0F) - w,(g(x, 0F)) = m-

Combining our results for E( g(x, 0)) and Ep(x, t,0) we can obtain the relevant asymptotic proper-
ties of ap(x, t ’9\) These are summarized in the following result.

Proposition S1 Under Assumptions 1-4, the following results hold.

(i) There exist finite constants Ay >0, A, >0, C; >0, C, > 0 and C5 > 0 such that, for any sequence
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s, > 0 such that s,, — 0, with

hM
0 and s, -n-hP — oo,

S?’l
we have,
sup Pg| sup ||(§(x,t,’\)—Qp(x,t,9}) an]
FeF (x,1)eXXT

1

=0
=)

D+1 M
((”1/2/\7:1)‘}171+ '(Al'sn_cl'hn DT T D

(ii) Let Efg(x, 0r) and ERp(x, t,01) be as described in (A1) and, for each p, define

- o) ERp(x,t,Q;)—Qp,p(x,t,f);)-Efg(x,Q;) $33.1
qu(x,t, F)= f( (x 6*)) ( 3.3- )
- ) g\&\X, U
1xk
and
Q, X 1 {(SP(Yi t)—l"p,p(x,t,e;)) . (Ag(Xi,x,Gli))
Vi, x, 1,0, h,) =— - cw,(9(X;,07)) - K| —————
¢F ( 1 F Tl) hE fg(g(x)QF)) pg( 1 F)) hn
Sy,(Y;,t)-T, F(X,t,(?*)) (Ag(X- X 9*))]}
p\ i P, F . i»%,0p
- cwy(g(X;,00) K [~ ZF
P[( (8%, 67) pl8Xi OF) o
+ 2, (%1, 01)pF(Z)).
And let
YE(Vi 1,07, 1) = (P8 (Vi x, £, 05, ), 22 (Vi 2,1, 03, 1))
We have Y
—~ — 1
Q(x,t,0) = Qp(x, t,@})+;Zgb§(Vi,x, t,@},hn)+(:,?(x,t), where
i=1
sup C,zQ(x,t)”:op(%) uniformly over F.
(x,1)eXxT ni/ere
where € > 0 is the constant described in Assumption 4. And we have,

1

=0p (m) uniformly over F.

sup  ||Q(x,£,0) - Qk(x,1,6})
(x,t)eXXT
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S$3.3.1 Proof of part (i) of Proposition S1

Let Ky, K, and K3 be the constants described in (S3.1.45) and let K4, K5, Ky and C3 be the constants

described in (S3.2.29), and define Cy = K; A Ky, C; = K; VK5 and C, = K3 V Kg¢. Then, for any
M

sequence s, > 0 (possibly converging to zero) such that }% — 0ands, -n-hP*! — oo, we have

sup Pp(sup |fg x,0)) - folg(x, GP))| >sn)+sup PF( sup |R\p'1:(x,t,é\)—Rp,F(X,t,QE) an]
FeF xeX FeF (x,t)eXxT

- q
((n1/2/\r).hD+1.((c e _C .hM_L_&),\(C e C .hM_L_&)m))
n n 0 °n 1 Fn kDT T D 0 °n 1°"n kD nhD
(S3.3.2)
We have
o fe(g(x,01)) — fo(g(x,0)))  (Ry(x,£,0) =Ry p(x,1,0})
Qp(%,1,0) = Qpr(x,1,0%) + Qp p(x,1,05) - (fs(sx:0p) )+( P P 2)

fe(8(x,6)) fe(g(x,0))

Recall from Assumption 2 that 3 fg >0, T < co such that, V F € F, in/{/ fe(g(x,6F)) > fg, and
L xe L

sup |I‘p,p(x, t, 91*:)| <T, for each p =1,...,P. Also recall that the nonnegative weight function
(x,t)eXxT

wp(-) is bounded above by w. Therefore, sup |Qp rlx,t,0p)| < = Q. Thus,
(x,t)eXxT
Q-sup|fo(g(x.0) - fy(g(x,03)]  suP [Rp(xt,0) =Ry (1,6}
A ) * xeX (x,t)eXxT
sup |Qp(x,t,6)—Qp’F(x,t,6P)| < — — — —
(x,1)e T inf (g(x,e))| inf (g(x,e))|
xeX xXeX

Recall from (S3.1.59) that sup
xeX fg

From here and the previous expression,

1 .
———— = 0,(1) uniformly over F. Take any s > 0.
i?;ﬁ‘fg(g(x,e))‘ p(1) v ,

fe(8(x,0)) - fy(8(x, 0F) (%)-;g; \E(g(x,é‘»]}

xeX

13 sup |§p(x, t,é\)—Qp’F(x, t,0p)| =5 < ]l{sup
(x,t)eXXT

(A)

+1 sup |§p(x,t,§)—Rp,p(x,t,9;) ( )mf |fg (x,0 |
(x,)eXXT xeX

(B)

(53.3.3)
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Let us analyze the indicator function (A) in (53.3.3). We have

ﬂ{sup fa(g(x,0)) - fe(g(x.6})) ( ) inf |f;(g(x.0 |}
xeX
— s . — —~ 1
= plftse @ pise 2 ) s o [ D23 £
<{onffiesd-pissonl )
R e (S3.3.4A)
1 {sup st 00 - a0 > 5 ) int [t @]} 1 {ing [Tt ] <5 1,
Slx]l{i:}:() E( ))~fg(g(x,0%)) ' ig}
_ (L v
<1 ilel)I() fg(g( )~ fo(8(x, 0F)) E'S /\7 :
Next, the indicator function (B) in (S3.3.3). We have
1{ sup |f2\ (x,t,é\)— E(x,t,0p) > (i) inf ‘J/‘\(g(x,é\))’
(x,)eXxT P 2) xex I'8
— —~ s — 1
{ e R0 = (5 o [t 1 o s ]2 5
]1{( s;u}? T|R xt@) (xtGF)| (iTg)s
et (S3.3.4B)
B . 1
+]l{(X’SZEXT‘RP(JC,LG)—Rplp(x,t,QF) ( ) ;ggf( |fg '} ]l 1nf |fg x,@))|<§'£g}
<1><]1{i1€1§‘fg (x,0)) (g(x,0%)) 2%£g}

<1 sup |§p(x, t,é\)—Rp’p(x, t,0%)| =
(x,)eXXT

f
[4g] s}vﬂ{sup |fg (x,0)) - fo(g(x,0%))

xeX

fof f
Let Dy = % A % and D, = 5. Combining (S3.3.4A) and (S3.3.4B) with (53.3.3), V s >0,

]l{( sup (Qp x,t@) QPF(x,tQF))>s}<]l{sup |fg (x,0 ) fo(g(x,0F) )| (Dl.s)/\Dz}

x,t)eXxT

+1{ sup |§p(x, t,0)— Ry p(x,t,0F)
(x,t)eXxT

> (Dl 'S)/\Dz}
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Let Kl = Cy-Dj and A; = Cy- D,. From here and (S3.3.2), we have that for any s > 0,

sup PF[ sup |§p(x, t,0) - Qp,r(x, t,9})| 2 5)
FeF (x,1)eXxT

=0

~ — 1/4\\1
(2 ({5 -5) o) oo = o = (A2 5) n ) - ot - =55 ) )

—~\/ ’

Next, 1et us Stack Q\(x, t; é\) = (61 (xr t; /\)! cees QP(X: t; )) ’ and QF(XJ t; 6;) = (Q],F(xr t: 6;)1 ey QP,F(x/ tr 6;‘))
By the equivalence of norms in Euclidean space, for some constant m > 0 that depends only on P,

P
ZS)S Zsup Pp( sup |6p(x,t,A)—Qp,F(x, t,0%) Zm-s]
(x,t)eXxT

sup Pp( sup ||6(x,t,§)—QF(x,t,6;)
( p:lFe}'

FeF x,t)eXXT

for any s > 0. Therefore, if we let A} =m - A}, the above result yields,

sup PF[ sup ||§(x,t,§)—Qp(x,t,6}) Zs]
FeF (x,1)eXxT

=0

-+ D D+ D

q
((nl/z/\r,,)-hﬁ?ﬂ-((((A1~S)/\Az)—C1'hﬁ\z/f— G _&)/\(((Ays)/\Az)—Cyh%— G G )1/4))

M
Take any sequence s, > 0 such that s, — 0 and hsi — 0and s, -n-hP*! — co. Since s, — 0,
d ng such that

G G
n-hP+ gy pD

Aq-s, <A, and Al-sn—Cl-hQ/I— <1l Vn>n,.

Note that for any such s,,,

1/4
C C C C
M 2 3 M 2 3
((A1-sy) NA7) = Cy -y, b _n.hln))/\(((Al‘Sn)/\Az)_Cl'hn T DT D
:Al'Sn—Cl'hf,lVI— C2 C3 V?’l>1’lo.

n-hP*1 p. Bl
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Therefore, for any such sequence s, we have

sup Pr| sup ||§(x, t,0) - Qp(x, t,0p)| = sn)
FeF (x,t)eXxT

1
q
((nl/z/\rn)-h]nD“ .(A1 .5, —Cy WM - & _&))

nhPt R

(S3.3.5)

=0

This proves part (i) of Proposition S1, m

S$3.4 Proof of part (ii) of Proposition S1

A second-order approximation yields

— — 1 - — Qpr(x,t,0}) — —
Qu(x,1,0) = Qp p(x,1,0F) + ———— - (Ry(x,1,0) =R, p(x,1,0F) ) = ——————— - fo(8(x,0)) — fo(x, OF
’ pr it 00+ gy (Rt 00~ Ryt 00) = Sy (el O = s 05)

— —~ — —~ ~ — —~ 2

_ (Rolot,0) ~ Ry p(x,1,07)) - (fe(86, ) - fe(x,0p) Ryl ) (8. 8)) ~ fy(x,07)
fo(x)? fo(x)?
(S3.4.1)

where g(x) is an intermediate point between E(g(x,é\)) and f,(x,60%), and Ep(x, t) is an intermedi-
ate point between R\p(x, t, 5) and R, p(x,t,0%). In (§3.1.59) we showed that il;}v) E(g(lx,§)) = 0p(1)

uniformly over F. We showed that this follows because, for any 6 € (0,1),

> a _;) i )S sup Pr (sup |E(g(x,5))—fg(g(x,9;))| > 5.£g)

sup Pr|sup
FeF xeX

FeF xeX fg( 2(x,0))

and, from (S3.1.45), for any 0 € (0,1) and € > 0, 3 14 such that

sup Py (sup [felg(x.0) - felg(x,07))| > 0 f ) <e Vn>ung..
FeF xeX -
Similarly, we have

1
fe(g(x)

FeF xeX FeF xeX

sup Pp[sup > (1_;).]( ]§sup Pp(sup |E(x)—fg(g(x,9}))|>6-£g .
—8
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Since E(x) is an intermediate value between E(g(x, é\)) and f,(x, 0), we have

1
sup Pr|sup > <sup Pp(sup fo(g(x,0)) — fo(g(x,0%)| > 6- f )
FeF [xeX folg(x)] (1-9) i ] FeF  \xeX | g8 (800 08) |
and thus,
1
sup |[=—|=0,(1) uniformly over F. (53.4.2)
xeX fg(X)
From Assumption 2, sup |RP,F(x, t, 6;)| < f-a-fg =R, and from (S3.2.41),
(x,1)eXxT

sup |R\p(x, t é\) — Ry p(x,t,0F)

1
=0 (—) uniformly over F.
(x,t)eXxT

P\prz. D

Therefore, since ﬁp(x, t) is an intermediate point between f{\p(x, t, 5) and Rplp(x, t,0%),

sup |Ep(x,t)|§§+ sup |§p(x,t)—Rp,F(x,t,6})

(x,t)eXXT (x,t)eXxT
<R+ sup R\(x,t,é\)—R F(x,1,0%)
(x,t)eXXT | P P i (83.4.3)
=0(1)+ 0, (m) = Op(1) uniformly over F.

Let ¢£g(Vl-,x, 0%, h,) and wﬁp(\/i,x, t,07,h,) be as described in (S3.1.54) and (S3.2.37) and define

, ) 1 Qpr(x,t,6r)  f
¥r (Vi x, 1,05, )zf—) 4; P(Vi,x, 1,05, ) — JZFT f(vl,x,eF,h )
Yt t9 A X, , 07
e R e
Yl, ) pp X,t 9 ) . Ag(Xi,X,G;)
e R e |

+[5 X,1,6%) — Qp (%, 1,6%) Hfg(x,e;)) .

fe(g(x,0%)) Y(Zi)-

Defining
_ ) ERp(x,t,G;)—QpF(x,t Or)-E,(x,6F)
‘:‘Qp(x' t, 61:) = f .X' 6* ’
N — g8
1xk
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we can re-write lpgp(Vi,x, t,0r, hy) as,

Vi) = o (LD o050k SEE2 )

[ R e Ly (R
EP [( fg( ( )) P(g(XZ,QF)) K hn

+ EQP(X, £ 613)'7[)13( i):

From the uniform linear representation in (S3.1.55) and (53.2.38), equation (53.4.1) becomes

Q,(x,1,0) = Qpr(x,1,05) + Z¢ (Vi t, 0% 1) + T (x, 1), where

Qp _ 1 R, Qp r(x,t, 9*) fe
n )= e G (X8 —* -Cy
! fo(8(x,0%)) Cn ()~ fo(g(x,67) Cu (%)
) (Rp(x,£,0) = Ry p(x,1,67)) (fg ,0)) — f(x,07)) (S3.4.5)
fg x)?
— _ 2
. ) (Fo(8(x,0)) — f(x,07))
fe(x)?
Let € > 0 be the constant in Assumption 4. From (S3.1.56) and (S3.2.39), sup C,If” (x,t)| =
(x,t)eXxT

0p (#), uniformly over . And from (S3.1.58) and (53.2.41),

sup |fgx9 — fo(x,0F)

=0 ( ! ) uniformly over F.
xeX

P\prz. D

sup  |R,(x,1,0) ~ R, p(x,1,0})
(x,t)eXxT

1 .
=0, ( 2,0 ) uniformly over F.
n
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1/2-¢ , };2D
n

In Assumption 4 we stated that the constant € > 0 satisfies n —> oo. These results,

combined with (S3.4.2) and (S3.4.3) yield,

Q 1 Q
sup [e (o< 2 sup [ei 0]+ Zsup|ch )
(x,1)eXxT L- x,1)eXXT fg xeX

+sup|= sup ‘R\p(x,t,é\)— r(x,t,0%) |><sup |fg (x,0) = fo(x,0F)

xeX | fo(X)? | (xt)exxT xeX
2 (S3.4.6)

+sup | =——/|sup |fg (x,0) = fo(x,0F)

xeX xeX

1 1 _
=0p (m)+ Op (W) uniformly over F

1
=0p (W) uniformly over F.

From (S§3.1.57), (S3.2.40) and the conditions in Assumption 2 which assert that, for each F € F,

<Q, p=1,...,P

inf fo(g(x,0p))>f , sup fg(g(x,Q}))ng, and sup |Qp,p(x,t,9})
xeX —8 xeX (x,t)eXXT

we have that

sup

1
=0, (—) uniformly over F. (53.4.7)
(x,t)eXxT

nl/2. D

Zeb (Vi .1, 65, h)

and therefore, from (S3.4.5) and (53.4.6),

= I~ 1 1 1
su x,t,0)— x,t,0%) =0 +0 ( ) =0 (—) uniformly over F.
(x,t)e/'l\?)xT |Qp( )~ Qo P)| p(nl/Z.hE) P\nl/2ve P\nt/2.pyD Y

1/2-€ ;2D
n

In particular, since n —> oo by Assumption 4, the previous result implies that

uniformly over F.

— —~ . 1
sup |Qp (x,1,0) - QP’F(x’ t, GF) =0p ( nl/d+e/2 )

(x,t)eXXT

Let p2(Vi, %, 1,05, 1) = (92 (Vi x, 1,05, ), 9 (Vi 1,00, 1)) L 0230, 1) = (T (0,8, T (3, 1))
From (S3.4.5) and (S3.4.6), we have

n

— — 1
Qx,1,0) = Qe(x,1,03) + Zl,bf(\/,-,x, t,0%,h,) +C2(x,t), where
i=1

Cr(x, t)“ =0, (;) uniformly over F.

sup Y

(x,t)eXxT
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where € > 0 is the constant described in Assumption 4. And we have,

1
=0 (—) uniformly over F.

sup [|Q(x,1,0) - Qr(x,t,07)|| = 0 | 7275

(x,)eXxT

The previous two results prove part (ii) of Proposition S1. m

S$3.5 Asymptotic properties of B(a(x, t,ﬁ)) - B(Qf(x,t,6%))

From Assumption 5, the following second-order approximation is valid,

B(Q(x,1,0)) = B(Qr(x,1,07)) + VoB(Qr(x,1,07)) (Q(x, 1, 0) - Qe(x,1,6}))

(Qx,1,0) - Qr(x,,6})) Voo B(Q(x, 1) (Qlx, £,8) - Qr(x,£,6})),

+

N | =

where (j(x, t) belongs in the line segment connecting ’Q\(x, t ’9\) and Qr(x,t,0%), and thus

|Q(x,t) = Qr(x,1,03)|| < [|Q(x. £, 0) — Qe (x, £, 03)||-

From here, the results in Proposition S1 yield

n

B(O£,8)) = B(Qs(x, £, 07) + VoB(Qe( 1, 07)) Y $2(Virx 1,65,y

i=1

+VoB(Qr(x, 1,00 2(x, 1)
o L (53.5.1)

+ (0 £,0) - Qr(x,1,67)) Voo BQ(x, 1) (Qlx. 1, 8) - Qr(x,1,6})

TR .
= B(Qe(x,1,00)) + = ) PR (Vi 1,05, hy) + T3 (1),
i=1

where,

¢1§(Vilxr £ beh ) = VQB(QF(x;t 6;))71[’19(‘/1'3@ £ 9;1hn)
ZaB Qr(x,1,0}))

CBxt) = va’(Qp(x, t, 9p>>c,9<x, t)
1

+ (0 £,8) - Qr(x,1,6})) Voo BIQ(x, 1) (Qlx, ,8) - Qr (x,1,6})).

gp(Vi,x, t,0,h,), and
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We proceed by noting that, under the conditions of Assumption 5 and the results in Proposition

S1, we have

sup ||VQQ,B(§(x,t))|| =0,(1) uniformly over F.
(x,t)eXXT

to see this, recall that sup ||Qp(x, t, 9;)” <T-w= 6, where T is as described in Assumption 2
(x,t)eXxT

and recall that ||§(x, t)— Qp(x, t, 6;)” < ||(§(x, t,0)— Qg (x, t, 6;)”. Therefore,

sup ||§(x,t)|| < sup “@(x,t) - Qp(x,t, 6})” +Q< sup ||(§(x, t,0) - Qr(x,t,0%)||+Q
(x,t)eXxT (x,t)eXxT (x,t)eXxT
Thus, from the conditions in Assumption 5 and the results in Proposition S1,
sup Pr| sup ||VQQ,B(f(x, t))” > EQ) <sup Pp( sup ||§(x, t)” >Q+ CQ]
FeF (x,1)eXxT FeF (x,t)eXxT
<sup PF( sup ||(§(x, t @\) —Qr(x,t,0p)|| > CQ] —0,
FeF (x,t)eXxT

with the last result following from Proposition S1. Thus, sup ||VQQ/B(§(x,t))|| = Op(1) uni-
(x,t)eXxT
formly over F, as claimed. From here and the results in Proposition S1, we have

sup
(x,)eXxT

(Qx,,8) - Qr(x,1,67)) Voo BOx, 1)) (Qx, £, 8) - Qp(x, 1,6}

2
< sup ||VQQ,B(§(x,t))||x( sup ||§(x,t,A)—Qp(x,t,6}) )
(x,t)eXxT (x,t)eXxT

1 2 1 :
:Op(l)x(op(m)) :op(m) uniformly over F,

where € > 0 is the constant in Assumption 4. By Assumption 5 and the results in Proposition S1,

sup VQB(QF(X,t,Q}))CS(x,t)|SHQ- sup
(x,t)eXxT (x,t)eXxT

uniformly over F.

200 =0 (75

Therefore, from the conditions described in Assumption 5 and the results in Proposition S1,

sup |C,[f(x,t)|s sup

VoB(Qr(x, 1, 07))T (x|
(x,t)eXxT (x,t)eXxT

+ sup

e (Qx,1,0) - Q¢ (x,1,6})) Voo BQ(x, 1) (Qlx, £,0) - Qx(x, t,9;>)|
x,t)eX x

1 .
=0p (m) uniformly over F.
(83.5.2)
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Together, (53.5.1) and (S3.5.2) yield

— —

B@Ux1,0) = BQe(x, 6, 07)) + ) 9E(Viix t,07,hy) + T 1), where
i=1

1 .
sup ”Cf(x, t)” =0, (m) uniformly over F,
(x,t)eXXT

where € > 0 is the constant described in Assumption 4. Finally, recall from (S3.4.7) that

sup
(x,t)eXXT

1y~ 0 . 1 .
;Z#’F(Virxrtr@phn) —Op(m) uniformly over F.

i=1

Therefore, from here and Assumption 5,

n

n
%Zl,b?(‘/i,x,t,@;,hn)g sup  |[VoB(Qr(x,1,05)- sup th/}?(Vi,x,t,O},hn)

sup
(x,0)eXxT |4 (x,t)eXxT (x,)eXxT || 43
— 1
<HH-O,| ———— uniformly over F.
Q"™ ( nl/2. b ) Y

Since n!/27€ . h2P — co by Assumption 4, the above result combined with ($3.5.1) and (S3.5.2)

implies,

L !
sup  |B(O(x,1,8)) = B(Qp(x,1,0%)| = 0 (—) uniformly over . (53.5.3)
(x,t)eXxT| P =0 men

Next, note from Assumption 5 that, for any s > 0 we have

sup Pr| sup |B<c§<x,tf>>—B(QF<x,t,6;>>|Zs]
FeF (x,t)eXxT

- ) s
<sup PF[ sup ||Q(x,t,0) - Qr(x,t,0}) Z(M)/\Mz]
FeF (x,t)eXxT 1

In particular, from Proposition S1, if we take any positive sequence s, > 0 such that s, — 0, with
hM

= — 0ands, n-hD* — co, we have
n

sup Pg| sup |B(§(x, t,§))—B(Qp(x, t, 9}))| an]
FeF (x,t)eXXT




In particular, take the sequence b, used in the construction of T. By the bandwidth convergence

M
restrictions described in Assumption 4, we have ;;L —0and b, -n- hE” —> 00, and therefore,
n

sup Pr| sup |B(Q(x,1,0)) - B(Qp(x,t,0}))| > b, |— 0. (S3.5.4)
FeF (x,t)eXxT

$3.6 Proof of Proposition 1

§3.6.1 Asymptotic properties of T}

Recall that T; p ELTO’F(t)dW( ), where Ty (t) EF[ (QF X,t, 07 )))+¢(X,t)]. Our corresponding
estimators are T\z = f?o )dW(t), with Ty(t) = 1 v lB(Q(XZ,t,Q))]l{B((’Q\(Xi,t,’é\))Z—bn}q{)(Xi).

Let Ty p(t) = & (Q(X tQ)) { (Qp(Xl,t,Q )= }¢(xi). Note that Ty p(t) takes Ty(f) and
replaces ]l{ ( )) } with IL{B(QF(Xi,t, 9;)) > 0}. Let ‘E%o,n(t) = T\O(t) — Ty,r(t), and note
that €2, (¢ |B(0x; t,6))| O(X;, t)|Il{B(§(XZ-, £,6)) > b}~ 1{B(Qe(X;,1,6)) > o}|, and

‘11{3( (X )) buj - 1{B(Qr(X;,1,67)) > 0}

]1{ (Q(Xi,,0)) 2 ~b,, , —2b, < B(Qp(X;, tQF)<O}+]1{B(Q(X t,0)) = -b ,B(QF(X,-,t,Q;))<—2bn}
+1{B(Q(x )< bu ) B(Qr(Xi,t,07)) > 0]

<1{-2b,, < B(Qe(X;.1,6})) < 0 +]1{|B Q(X;,1,0))- (QF(X,-,t,Q;))|2bn}.

From here, we have
|5, 0(1)]
‘Z’B Q(X;,1,0)) |¢X H)1{-2b, < B(Qr(X;,1,6})) < 0}
i Z|B (X;,1,0) |qb {| Q(X; t9)) (QF(Xi,t;Q;))Ian}
= ;(|B(QF(XZ', 1 OR)]+ [B(QUX.1.8)) - B(Qr (X 1,0} X)1{-2b, < B(Qr(X, 03 < )

+% i|B(§(Xi,t, 5))| o(X;,t)1 {|B(§(Xi,t, 5)) - B(Qp(X;,t, 9;))) > bn}

< [2bn + sup
(x,t)eXxT

B(Q(x,1,0)) - B(Qr(x,1,05) |)><—Z¢ ~2b, < B(Qr(X;,t,60})) < 0}

= Z|B (X;,1,8))| p(X)) {| Q(X;,1,0)) - (QF(Xi,tIGF))'an}
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Therefore,

|7, ()]
s(zbn o B(Q(x,1,0))- B(Qr(x.t, 9;))|] X % Y (Xi)1{-2b, < B(QF(X;,1,6})) < 0}
x,t)eX x i=1

+% i|5(§(Xi, t,5))| O(X;)1 {|B(§(Xi, t, 5)) - B(Qr(Xj, t, 9;))| > bn}

From (§3.5.3), we have sup B((/Q\(x,t,é\))—B(Q(x,t,@}))|:op(W)uniformlyover}',where

(x,1)eXxT
€ > 0 is the constant described in Assumption 4. Therefore, uniformly over F we have

|£%0,n(t)|s(2bn+o ( 1/4%/2)) Z¢ {~2b, < B(Q(X;,1,0})) < 0]
" (S3.6.1)
+ % ;|B(§(Xi,t,g))|¢(Xi)l{'B(§(Xi,t,é\))_B(Q(Xi,t,g;))| > bn}-

We will analyze each of the two summands in (53.6.1). For a given b>0and t € T, let

n

Y (6(Xi)1{-b < B(Qr(X;,1,63)) < 0} - B¢ [p(X)1{-b < B(Q(X,1,0})) < 0}])

i=1

1

mr, (b t)=— "

From Assumption 6, there exist constants (A, V) such that, for each F € F, the following class of

indicator functions is Euclidean (A, V) for the constant envelope 1,

m: X — R:m(x)=1{-b < B(Qp(x,t,0%)) <0f forsome 0<b<byandteT .
F

From here, Result S1 yields, sup |mT LDt | = (IL,Z) uniformly over F. For n large enough
0<b<b
teTO
0 < 2b,, < by. Therefore,

1
|m‘% n(an,t)| < sup |mT 2 (b, t)| OP(W) uniformly over F. (53.6.2)
v 0<b<b, n
teT

We have Y1, ¢(X;)1{-2b, < B(Qp(X;,t,05)) < 0} = mf (2by,, 1)+ E¢[¢(X)1{-2b, < B(Qr(X,1,6})) < 0}].
From Assumption 7,3 b, > 0 and 63,2 > 0 such that, forall 0<b <b,,

sup Ep[¢(X)1{-b < B(Qr(X,1,05)) <0}| <¢-Cpo-b VFeF,
teT
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For n large enough, we have 0 < 2b,, < b, A by, and from Assumption 4, we have n'/2.b, — oo.

This, combined with equation (53.6.2) and Assumption 7 yields,

n

sup — ch)(xi)n{_zbn < B(Qp(X;,t,05)) < 0} <0 ( 11/2)+ o(b,)

:bn.(op(ﬁ)+0(l)) (53.6.3)
by - (0p(1)+0(1))

Op(b,) uniformly over F.

From Assumption 5 and (S3.5.3), sup
(x,t)eXxT

B (a(x, t,é\))| = Op(1) uniformly over F. Therefore,

sup — Z|B Q(X;,1,8)| ¢() {‘B Q(X,,,0)) - B(Q(Xi,t,e}))'zbn}

teT
S(X’SSEXT B(@(x, t,é\))| Xstz%) %Z'CP(XZ')IL“B(Q\(XI-,L?)\)) - B(Q(X;, t, 9;))| > bn}

, uniformly over F.

=0,(1 >><[sup 1 i¢ (xi)1{|B(Q(X:,1,8)) - BQX;.1,67)| = by |

n
teT 1

Next, note that

sup Pr [sup Zqﬁ {'B (X;, t, 9)) B(Q(Xi,t,G}))| > bn} % 0]

FeF teT

<sup pF( sup |B(<§(x,t,é‘))—B(QF(x,t,e;))jzbn]_w
FeF (x,t)eXxT

where the last equality follows from (53.5.4). In particular, for any 6 >0 and A > 0,

supPp[sup Z(j) {|B Xl,tG)) B(Q(Xz-,t,e}é))|>b} 1/52 A)—>0.

FeF teT

1 — — 1
sup — qu)(Xi)]l{'B(Q(Xi,t,@))—B(Q(Xi,t,Q;))‘ > bn} = op(m) ¥ A >0, uniformly over F.
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Therefore,

su}) ” Z|B Q(X;,1,0) 'cj) {‘B (Xi, t, 9)) B(Q(X,',t,e;))' > bn}
te

1 .
=0y (—n1/2+A ) ¥ A >0, uniformly over F.

Plugging the results in (S3.6.3) and in the previous expression into (53.6.1), for any A > 0 we have

1 1
sup |, ,(1)] < (2bn +0p, (m)) x 0, (by) +0, (_)
teT n

nl/2+A

b 1
— 2 n .
—Op(bn)'l'op(m)-i'op(m) unlformly over F.

1/2
Take any A > 0 and note that ( 1/4%/2) nl/2HA = (nl/z*m’e . b%)

36y > 0s.t n!/2*% . p2 — 0. Therefore, l/ﬁﬁe/z = 0(111}2%) YVO<AZ 5—20. From here, we obtain

. In Assumption 4 we stated that

1 .
stg.) |cf%0’n(t)| =0, (W) uniformly over F. (53.6.4)

Therefore, using the linear representation result in (53.5.1),

To(t) = Top(t)+ &5 ,(¢)

= — ZB Xl,l’ 9 {B(QF(th GF)) }(P(Xi)"’_é%o,n(t)

1 n
_EZ(B(Qp(xi,t,e;)n;j;zp?(vj,xi,t,ep )+ CB(X,1) )1{3 (QF(Xi t,03) = 0} §(X:) + &5, (1)

n n

—Z (Qr (X3, 6 01)), BOX) + 5 Y ) WE(V; Xiot, 03 )L (B (Qr(Xi,,07)) 0] (%, 1)

i=1 j=1

—ch (X, LB (Qr(Xi, £, 07)) 2 0} (X, 1) + EF, (1)

i=1
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Recall that Ty (t) EF[ Qr(X,t, 05 ))) ¢(X)] Thus, from the above expression,

n

To() =To.r(t)+ ) ((B(Qe(Xis1,0)), $(X)~ Tor (1)

i=1

+ % Y ) BV Xit, 00, 1) 1{B(QE(Xi,1,03)) 2 0} p(X;)
i=1 j=1 (S3.6.5)

F ) CBOG (B (Qr(X:,1,07)) 2 0} §(X:) +&5 (1)

i=1

=7 (1)

Let us analyze each of the terms in (S3.6.5). From (S3.5.2) we have,

sup [£7,(1)| = —ch” Xi, )L{B(Qr(X;,1,67) 2 0} p(Xi)| < §- sup [c(x.1)]
teT (x,t)eXxT
1
:op(m) uniformly over F
(53.6.6)
Recall that

YE(V;x, 1,07, hy) = VoB(Qr(x, 1, 01) R (Vi x, 1,07, )

L 9B(Qr(x1,6})) g

- O (Vi,x, 1,05, 1)
p=1 9Qy

For h>0,xeSxand te T, let

Q
AR’

* (Y, 8) =T, b (x,1,6}) ooy [A8(X %, OF)
(Vj,x,t,QF,h)z( ]fg(g(x’jg*j) )w,,(g(Xjﬁp))K( : ]hx F)

Sp(Yj, t) =T, p(x, t,0F) g%, 03)
_EF[( fe(g(x,0})) )wp(g(Xj,eF))K(T)]'

From the definition in (S3.4.4), " (Vj, 1,05 )1,) = L AZ" (Vj,x,1,03) + S, (x,1,05)92(Z;). For
teT,h>0andv1 ESV,VQGSV let

p Q (x1,t,6%)
AT p(vy,vp,t,h) = Z i Ql )AQp(vz;xpt, OF, ) 1{B(Qrp(x1,t,0F)) > 0} Pp(x1),
p=1 p
P 9B Q (x1,t,0%)
AT F(V],'Uz, = Z F Ql )H{B QF Xl,t 61: > 0}¢ Xl Xl,t GF)]¢1Q(22)
p= P
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and define

1 1 1 n .
Ut n(th) = mZZA%,F(Vi;Vj’ th), v ,(th)=- » Z(AT r(Vi, Vi, t,h) - Ep [A (V,V,t, h)])
i=1 j=i P
1 n
UYh“o,n(t)E ZZA (Vi, Vj, 1), v%),n(t)s;Z(A?O’P(Vi,\/,’,t)—]ip [AL V.V, 1)]).
i=1 j#i i=1
(53.6.7)
We have,
1 n n )
pzl 14’ F (Vi Xi 1,05, h,) L{B(QF(X;, 1, 6F)) = 0} p(X;)
1=1 j=
(%=1 5 v o et e Lo $3.6.8
_( - .@.UTO’n(t,hn)Jr( " ).UTO’n(t)jL D 'vTo,n(t'hﬂ)“L;'VTo,n(t) ( )
1
+——5 - Ee[Ag, (V. V, 1, hy) ]+— Ep[A} p(V,V,1)]
n-hl

Let us analyze U{.  (t,h,), beginning with of, (Vi t,h,) = Ep[AS, ¢(Vi, Vit b))+ AL p(Vj, Vi, 1) | Vi

Let
S Ag(X,x,0%) )]

:uan(x’ t) = hLD : EF |:(Sp(Y’ t) - rp,F(x’ t 6;))wp(g(x’ 9;))K( h

n
Recall that in Assumption 2 we defined Qg (g, t) = Er [S (Y,t |g X,0p) = g], By iterated expec-
tations, P‘?n(x't) th (QR o(u,t) =L, p(x, £, 9}))wp(u)K(u ~$(x6;) )fg )du. From here, using the

smoothness properties described in Assumption 2, performmg an M*'"—order approximation and
noting that QRP'O(g(x 0r),t) = L, p(x,t,0%), there exists a finite constant EVS > 0 such that,

sup |7, (0| < By, WM VEeF. ($3.6.9)
(x,1)eXxT
We have,
S
1 0 1 Sp(Yj,t)—Fp,F(x,t,G;)) (Ag(Xj,x,e;)) He (%, 1)
— A (Vi x,t, 00 b)) = — - - X.,0%))-K _ Tk
pp e Vit O ) h?( femeny ) “rEXOr) » A CA)
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And, from here,

. IB(Qr(X; 1,6}))
w9,
IB(Qr(X;,t,07) 1

) it O} D1 (X ) i (X $3.6.10
S0 fg<g(xi,9;)>ﬂ‘B(QF(X“""@F”20}¢<Xz>(m:,n(xut> X)) (83:6:10)

AfP(V]»Xi, t,0p, hy)1{B(Qp(Xi,t,0F)) > 0}<P(Xi)‘Vi

=0
=0 VFelkF.

From Assumptions 2 and 5

IB(Qr(x1,67) 1
IQp  fe(8(x0F)
IB(Qr(x,t,03) 1
IQp  fe(8(x,0p)

sup
(x,t)eSxxT

L{B(Qr(x,t,0F)) = 0} p(x)

<¢- sup
(x,1)eXxT

<¢- VFeF

I\h‘ T
= |0

Also from Assumption 2, 3 EEQ >0s.t sup
Y (x,)eXxT

Eq,(x,1,0p)| < Cz o Y F € F. Therefore, from

Assumptions 2 and 5,

dB(Qr(x,t,0)
sup ( 30 )]{B(Qp(xyt,ez))z0}q5(x)EQp(x,t19;)
(x,t)eSxxT p (83 6 11)
3 Gl CIGT) I 3 HoTa o VECF
<¢- sup = X, t, <do- .Cg,. =Cg
(x,1)eXXT 2Q, Q E Q" ~Eq, 7,

Thus, from (S3.6.10),

9B(QF(X;,t,6}))

AP (V)Xo 03, 1)L {B(Qr(Xi,1,03)) > 0} d(X;)
8Qp

V;| =0, and therefore,

EF [AL'II"O,F(V]'; ‘/1'1 9;, t, hn)] =0 Vte 7(—é3v61:1€2‘)7:

Next, let us analyze b - Ef [%ﬁ;“ﬁ))/\fﬁ(w,xba 03, 1) L{B(Qr (X, 1,67)) > 0} §(X))[V;|. Re-

call from Assumption 7 that we defined

9B(Qr(X,1,6}))

p _
Qr,(.t,8) = Er 30,

(Sp0:6)- T r(X,1,67) HX)L{B(QE(X,1,6})) > 0}]g<x, 0;) = g]
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Using iterated expectations, we have

1 B (Qr(X;,t,0%)
h—D-EF ( FaQ r )A "(Vj, X, t, 08, hy ) 1{B(QF(X;, t,01)) 2 0} p(X;)|V;
n p
1 QP( ‘tg( Ae*)) Ag(X;, X;,0%) .
S
e (X, 1) aB(QF<Xi,t,6;>) .
- Ep Folg(X,,00) 20, H{B(QF(Xi,t,05)) > 0} p(X;)
We have, ,
1 Qr (Y, 1,8(X;,0F))  (Ag(X;, X, 6F) .
h_D F fg Xve* ( g hn] ) )lX/] (‘)P(g(X]’GF))
1 (O (Y tu)  (u-g(X;,0}) .
- ng(]u ) ( - ) f ()i - w,(g(X;, 07)

Since w,(g) # 0 © g € G, the above expression is nonzero only if g(X;, 6;) € G, and since the kernel
K has bounded support such that K(¢) = 0 if and only if ||| < S and since h, — 0, for large

enough n, |%|I < S for g € Gimplies f,(u) > ig > 0. Therefore, for large enough n the terms f,(u)

in the numerator and in the denominator of the previous expression can cancel each other out

(since they are nonzero) and we have

1 [OF (Y, 6,8(X:,6})  (Ag(X:,X;,0%) .
| (e 07) ( I )'VJ - 0p(8(X;,07)
1 p -8(X;,6p) .
=5 OF (Y, t,u)K h— du-wy(g(X;,03) YteT,VFeF

From here, the smoothness conditions described in Assumption 7 and an M""—order approxima-

tion imply that there exists a finite constant EQTO > 0 such that

1 [OF (Y, 1,8(X;,67) (Ag(xi,xj,ep)
F

Wb fo(8(X;,07)) hy
=OF (Y),1,8(X),0)) - 0, (§(X;, 03)) + By, (), X, 1) wp(8(X;, 63),

V]} - wp(8(X;, 0F))

where sup ’BP %1 w,(g(x, 6}))| < EQTO ~hﬁ4 VFelF.
(vx)eSy x
teT
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Next, from Assumptions 2 and 5 and from the result in (S3.6.9),

(X ) aB(Qﬂxl»w;))

fe(8(X;, 07) 70, L{B(Qr(Xi 1, 07)) = 0} (X))

sup |Ef
teT

These results combined yield,

1 IB(Qr(X;,1,0})) o )

— *Er A "(Vi, X, t, 08, hy ) L{B(QF(X;, £, 07)) 2 0} (X;)|V;

hk 2Q,

- Q‘;O(Yj, Lg(X;,0h)) - w,(g(X),07)) + B’}O'H(Yj,X]-, t), (53.6.13)
- — Hp — —
where sup |BT 20X, t)| [BQT0 +¢._Q.B”S].hﬁ4 = CL;O WM vV FerF.
(yx)€Sy x ig
teT

Denote 2521 Bl}oyn(Yi,Xi, t)= ETO,H(YZ-,XZ-, t). Combining (53.6.12) and (S3.6.13), we have

1
o5 PR (Virti ) = S Ep[AG (Vi Vi) 4 A o (V, Vit )| Vi]

1D
n
P —
= Z ert g XZJGF)) p(g(Xife;))+BTO,n(Yi1Xilt)r (83.6.14)
=1
where sup |§T0,n(y, x,t)| <P ~E§O M = EI;O WM v FeF.
(p,x)eSy x
teT

Next, let S% F(Vi,V]-,t,h)zA‘%o’F(Vl,V],t h)+A‘} (Vi Vit h)— (pT Vit h)- (pT p(Vj,t,h). Note that
8 b (Vi Vpt, h) 98 p(V},Vi,t,h) and Ep [9 (Vi, Vi, t, h) |V] Ep [s (Vi, Vi, t,h) |V] 0. Define
UT a(th) = W i Zj::i S“TO,F(VZ, Vi, t,h). From the conditions in Assumption 6, there exist con-
stants (A, V) such that, for each F € F, the following class of functions is Euclidean (A, V) for the
constant envelope 1, {m X —R:m(x)= H{B(Qp(x, t 6})) > 0} for some t € T}. Combining this
with the bounded-variation properties of the kernel K and the conditions in Assumptions 2-5
and 7, applying Pakes and Pollard (1989, Example 2.10) and Nolan and Pollard (1987, Lemma
20) (or Sherman (1994, Lemma 5)), and Pakes and Pollard (1989, Lemma 2.14), the class of func-
tions {m : S‘z/ — R: m(vy,vy) = S%O’F(vl,vz, t,h) for some h > O} is Euclidean for an envelope E;O(-)
s.t Ep [E{; Vi, Vo) 4‘7] <Cy< ooV F e F (with (V;,V,) ~ FQF) and g being the integer in Assumption
1. From here, Result S1 yields sup |U (t,h)|=0 (1)uniform1y over F. Therefore,

teT ,h>0
— 1
sup |U%0’n(t,hn)| < sup |UT WL h |_ (—) uniformly over F (53.6.15)
teT teT ,h>0 h
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The Hoeffding decomposition of U%O’n(t, h,) (see Serfling (1980, pages 177-178) or Sherman (1994,
equations (6)-(7))) yields,

n

1 1 1 1 ~
@ ’ U%O,n(tlhn) = z ;’hD (PTO (Vi t, hy) + zhln) ’ U%O,n(trhn)

:—ZZ (Y3, £,8(X;,0})) - w,(8(X;, 03)) ZBTO (i Xi )+ 55 Ut ),

(53.6.16)
where, from (S3.6.14) and (S3.6.15),
ZBTO 2V, X )+ UTO (t,h,)| < sup |BT[J (v, x, t)| + sup |UT W6 h)|
20D (,%)€Sy x teT , h>0
teT (S3.6.17)
1 1
_ M _
_O(hn)'i'op(m)—op(m) VFeF
where (once again), € > 0 is the constant described in Assumption 4. Next, note that
Ep|OF (Y,1,8(X,6}) - wp(8(X,65)| =0 VteT, VFeF (53.6.18)

foreachp=1,...,P. Let (V},V,) ~ FQF. Then, by the definition of QI% , we have
0

Q}%O(YI: t,g(X1,0F)) - w,(8(X1,0F)) =

IB(Qp(X,, t,a;))¢(

Ep 70,

(Sp(Y1, Xo, 1) =T, £ (X, £,6))

X2)L{B(Qr(Xa,t,0F)) > 0}|g(X, 0F) = g(X1,0F), Vi

wp(g(Xl’G;-‘))
Therefore, by iterated expectations, we have
Ep[OF, (Y1,,8(X1,0})) - wp(3(X1,05))| =

Er

EF[(SP(Y11X2r t) = Ipp(X2.t, 9})) - wp(8(X1, 9;))‘8()(1, Or) = (X, 0), Vz]

| IB(Qr(Xy,1,0}))
9Q,

G(X2)1{B(Qp(X>,t,0F)) = O}}

IB(Qr(Xy,1,6}))
an qb(

- EF[(rpF<x2,t 07) =T 5(X2,,07))- 0y(g(X2,07 ) Xo)L{B(Qr(Xa,1,07)) > 0}

=0

=0.
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By Assumption 7, 3 77 Mo, > 0 s.t sup Ep [|Q (Y,t,8(X,0%))- p(g(X,Q;)|2] <7q, YF€F. From
teT 0
here, a Chebyshev 1nequahty yields

P
) OF (Y 1,8(X,,07)) - wp(g(Xi,67))
p=1

n

sup lZ

1
=0 (—) uniformly over F.
teT |M i P\ ;172

(53.6.16), (S3.6.17) and the previous expression yield,

1 1
sup — - Ur (t,h,) =0, (1—/2) uniformly over F. (53.6.19)
teT hn v n

In (S3.6.7), we defined the U-statistic U%O’n(t) = #_1) " Zj::i AZ%O,F(VZ" Vi, t), where A?O,F(vl,vz, t) =
dB(QF(x1,t,07}) . - N .

(25:1 %R{B(QF(M, L63)) 2 0} (x1)Eq, (x1, 1, GF))¢§(ZZ). Define,

IB(Qr(X,t,0}))
2Q,

L{B(Qr(X,t,0F)) > 0} p(X)Eq, (X, 1, 9})];
(S3.6.20)

p
p=1

Let @} p(Vi,t) = Ep [A (Vi Vi, )+ AY L(V, Vi,t)|Vi]. Then, @ (Vi) = E, p(t)p2(Z;). Note
that EF[(P%),P Vi, t) ]— 0V teT,F € F. Therefore, EF[AZ%O’F i Vi ] 0VteTVteT,FeF.Now
let S%O’F(Vi, Vi, t) = AZIJ’O,F(Vi’ Vi, t)+Al%0’F(Vj, Vi, t)—(p%)’F(Vi, t)- (PTO,F( t), and define the degenerate

U-statistic ﬁ%o’n(t) = ﬁ 1 Z]-ii S?O,F(Vi' Vi, t). From Assumption 1, Ep [||1/}F9(Z)H4q] < ﬁz/) VFe

F, where g is the integer described there. Also, as we stated in (53.6.11), Assumptions 2 and
5 imply sup ”ETO,F(t)” <P 'EETZ VY F € F. Therefore, there exists an envelope ETO(-) and a finite
teT

constant ﬁTob > 0 such that sup |S§10,F(v1, vy, t)| < ETO(vl,vz) and Ep [ETO(Vl, V2)4‘1] < ﬁsz forall Fe F
teT
(with (V7, V) ~ F®F). From here, applying Result S1 we obtain

~ 1
su}) |U%0’n(t)| =0, (;) uniformly over F. (53.6.21)
te

The Hoeffding decomposition of Ufloln(t) is,

U, Z(PT Viet)+ 3 UT u(t)
i=1

=&, Z ng (%) uniformly over F.

(S3.6.22)
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"1 z,bFQ(Z,-)” =0, (#) uniformly over 7. Combined with (53.6.11),

_ 1 ¢ _ 1 ¢ 1 ,
su}) ‘:'TO,F(t); leg(zi) < CETO 5 l,bpe(Z,) = Op(m) uniformly over 7.  (53.6.23)
te i=1 i=1
(53.6.22) and (S3.6.23) yield
sup |UT0 | = (n1/2) uniformly over F. (53.6.24)
teT

Let v%o’n(t,h) be as in (S3.6.7). The same arguments that led to (S3.6.15) yield

1
sup |vT Wt h )| < sup |vT Wt h I— (W) uniformly over F. (53.6.25)
teT teT ,h>0 n

And from (S3.6.11), we have

sup ’EF[AT r(V,V,t,h )]
teT

< sup |EF[A VVth)”gP.EET VFEeF (53.6.26)
teT,h>0 0

Next, take the process vT (1) defined in (53.6.7). The same arguments that led to (S3.6.21) yield

1
stu}) |vT ul t)| = Op(m) uniformly over F. (53.6.27)
(S

By Assumption 1, there exists a finite constant 7,>0 such that Eg [”1,0?(2)”] <y forall F e F.
Combined with the result in (S3.6.11), this yields

sup |EF (AL p(v, vV, t)]| <P.Cg, 7, VFeF. (53.6.28)
teT 0
$3.6.2 Proof of Proposition 1
From (S3.6.8), we have
ZZ% Xi t, 03, ) 1{B(Qr(X;,1,07)) 2 0} p(X;)
i=1 j=1
L b 11 Lo b
@' UT n(t’hi’l)+ UTO n(t)__'ﬁ‘ UT n(t’hn) - UTO n(t)+ L vToT’l(t h ) VT n(t)
+ EF[A (V,V,t,h,) ]+— EF[A VVt)]
n-hP
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Using (53.6.16) and (53.6.22), the above expression becomes

ZZ% Xit,03, 1) 1{B(Qr(X;,1,07)) 2 0} $(X;)

i=1 j=1

. (S3.6.29)
=—Z Y of n,tgXz,ep»-wp<g<xi,6;>>]+a% (pf(z >]+5T0n<t>,
p=1
where
1 ~, 11 -
‘STO ZBTO Y”X“t h UTon(t’hn)-i_E'UTo;n(t)_;'E'UTO (th) o UTo;n(t)
+L-v51 (t,hn)+1-v§ (t)+ —— 1 EF[A (V,V,t,h,) ]+— EF[ATFVVt)]
Ylh? o n o n'hn

Combining (S3.6.17), (53.6.19), (S3.6.21), (53.6.24), (S3.6.25), (S3.6.26), (53.6.27), and (S3.6.28),

1 1 1 1
Cc
sup 65,000 e )+ On ) 005 00 5 ) 00l3)

1 1 1 1
- _— - S3.6.30
+Op(n3/2-h9)+op(n3/2)+O(n-hD)+O(n) ( )

n

1 .
=0p (m) uniformly over F.

where € > 0 is as described in Assumption 4. Let

P

P (Virt) = ((B(QR(X;, £, 0)), $(X) = To (1)) + )~ O (Yi 80X, 07)- (80X 07) + B r(019(Z).
=1
! ($3.6.31)

Let A = € A(9¢/2). Plugging (53.6.29), (S3.6.30), (53.6.6) and (S3.6.4) into (S3.6.5), we have

— T, 1 .
To(t) = To,r(t) Z’P (Vi,t) +én ’(t), where Up sno(t)| = op(m) uniformly over F.
(S3.6.32)
The influence function z,b;"(V, t) has two key features,
. T,
(i) Ep[pp(V.H]=0 YteT,VEeF,
. (S3.6.33)
(i) Pe(B(Tp(X,£,07) <0 XeAf)=1 = Pp(¢"(V,1)=0)=1.
Part (i) of ($3.6.33) follows from ($3.6.18), Ex [p£(2)] = 0, and E|(B(Qr(X; £, 0} )) ~ To.r(t)] =

0V teT. For part (ii), note that, from (8), having Pr (B(FF(X, t,0r) ) < 0|X € X*) mphes that
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Pe((B(Qe(X,t, 9;)))+ $(X)=0) =P ((B(Tp(Xt, 9;)))+ H(w(8(X,07)))d(X) = 0) =1,and Ty p(t) =
0. Also, if Pr(B(Tp(X,t,60})) < 0|X € A7) = 1, then

P (6(0)1{B(Qr(X,1,67)) > 0} =0 | 8(x, ;) € )
=P (OB (T X, £,07) - H(w(g(X,07))) > 0} = 0| g(X,0}) € G ) =
Thus, for any (y,1, g), the above result implies

OF (9,4,8) w,(g)

9B (Qr(X,1,0%)
=Ep ( p(@ 1) —Ipp(X,t, GF)) ( ZQ F )(P(X)H{B(QF(X,t,Q}))zo} ‘g(xﬁf‘:)zg}wp(g)
P —_—
OF g s < !
=0.

Therefore, Py (B(Ix(X,t,0})) <0|X € Xf) =1 = Pr(QF (Y,£,8(X,0}))- w,(g(X,0;) = 0) = 1. Fi-
nally, recall from (A4) that EQ (x,t,07) = 0 Vx:g(x,0%) ¢ g Thus, for each t € 7, we have
(j)(x)EQp(x, t,0p) =0 Vx & A7 And from our definition of 2 ‘-‘T p(t) and Eg, p(t) in (83.6.20), if
P (B(T(X,1,05)) < 0|X € A7) = 1, then

dB(Qr(X,t,0%)
) ()= ( o )1{B<QF<X»,9;>)20}¢<X>EQP<X»,6;>]
p
dB(Qr(X,t,0%)
:EF[ ( FaQ F)H{B(FF(X,t,Q}))-H(w(g(X,Q})))20}¢(X)EQP(X,t,6;)l
p
=0if X € X =0
if X & X
=0 Vp=1,...,P

Thus, ETD’F(t)gbg(Z) = 0. Combined, these results yield that, if Pr (B (FP(X, t 9;)) <0 | Xe X;) =1,
then we must have Pr (l,bI_TO(V,t) = 0) = 1, which establishes part (ii) of (53.6.33). Equipped with
(53.6.32), we can characterize a linear representation for T, by recalling that, T, = LT\O(t)dW(t),
and T, p = [, To (t)dW(t), with [ dW(t) =1. Let

flp (Vi )dW(t), ,s,?sfg,?(t)dwm. (S3.6.34)
t
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From (S3.6.32), we have

To=Top+- Z#’ Vi) + e,
) (S3.6.35)
where <sup en ' d Wi(t : ) uniformly over F.
teT Tl /2+A

Equations (53.6.31), (S3.6.32), (S3.6.34) and (S3.6.35) prove the linear representation result in

Proposition 1. m

S$3.6.3 Properties of the influence function 1P§2(V)

From (S3.6.33), we have the following properties for the influence function z/;gz(V),

(i) Ep[pp(V)]=0 VFeF,

. (S3.6.36)
(i) Pr(B(Ip(X,£,0;) < 0| X €Xf)=1 for W-aeteT = Pp(p(V)=0)=1

Part (i) of (S3.6.36) follows directly from part (i) of (53.6.33) since,

EF[IPF )] = EFUz,b (V, ) dW(t ] j(EF[ll) ])dW()

=0V teT

Similarly, part (ii) of (53.6.36) follows directly from part (ii) of (53.6.33) since,
Pr(B(Tp(X,1,05)) < 0| X €Xf)=1 for W-aeteT = pp(lpl_TO(v,t) =0 for W-aeteT )=
And,
PF( I{O(V,t) 0 for W- aeteT)_l :>Pp(1[)F PF(J¢ (V,t)aw(t) = ):1.
. . . T
S4 An estimator for the influence function z*(V)

Here we describe how we obtained the influence function estimators discussed in Section 4.5.2 of

the paper and in Appendix A, which are used in the construction of and 7.
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S4.1 Construction of our estimators

Fix g, x and t. We will first decompose the functionals defined in Assumption 2 as follows,

dc dg4(X, 0F) A?ge(g )
(1) Qfg (§)=Er a—egg(X’GF):g = AV

where Azg(g) = Q?g'g(g) “f¢(8),

dl
| L 98aX0p)| AR, (8:1)
(2) Qf{f]l(glt)EEF_Sp(Ylt)wp(g(X'eF)) daag . g(X'QF):g]: flg)
where AR’ (g,1)= O (2,)- fe(g) (S4.1.1)
r . . AR 2(8:1)
(3) Qg 2(8t) =Ep|Sp(Y,Hw,(g(X, 0F)) g(X;GF)=g]=—:
P i fg(g)
where ARP,z(g, t) = QRP,z(g, t) 'fg(g)’
o, (9(X,0%)) AR 5(81)
¢ _ p F *\ _ 4
(4) QO 5(81)=Er Sp(Y’f)a—egg(X’eF)_g]_ fe(8)

where AR 5(g,1)=Qf 5(8.1) f(9)

In addition to the above functionals, the following derivatives will be relevant,

dl ,
007 (g) IR (g1) Qg 2(8,1)
, , an Ew—
8gd agd agd

From the expressions in (S4.1.1), we have

dl d,l
ang (&) aAfg( g 1 Afg g) afg

dga 9% (&) fil )2 dgq
et Mt 1 M o

aga  ds Kl fg g1
dQR,2(81) AR 2(gt) 1 Ag,p g, 9f5(8)

aga  du  K®  f®? Iz

We will estimate the above functionals and the derivatives described using the same type of kernel

estimators we employed to construct T,. Our estimator of folg)is

J&(s) " hDZK( B0~ )
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From here, we estimate

_ A 994(X;,0) [ g(X;,0)-
1) By =L, Fg= ngdae (X0,
fg(g) ¢ nhy 4 n
.y AGaet) 924(%,0)  (£(%.,0)-g
(2) QRP,I(g’t) =T = AR 1(gl ): hD ZS Yllt wp(g(XwQ)) 20 K h ’
fg(g) noi=1 ¢ n
_ Ap 2(81) 1 < _ X;,0) -
(3) Oralet)= % 2812 )5y ey g0 BK | SXHOZE,
g n =1 "
A% 5(81) a 2(X;, 8)) - 9)
¢ _TRy3 _ wp(g 8(X;,0)—¢g
(4) QRP’3(g’t)_ ]’f;(g) &= n- hD ZS it 26, K( hy, )’
From here, we have
~d,l “d,l — —
ang (g) i aAfg (g). 1 _Afg(g) . fe(8)
98 9 fols) folg)? 98
W0\ A (@) 1 ALY If)
984 B fle)  Kl@? %%
dr,o(gt) A1) 1 Apalgt) Iflg)
984 B fle) K@ %%

Under Assumptions 1-4, for each d, € and p we have that, uniformly over F,

sup
(x,t)eXXT

sup
(x,t)eXxT

sup
(x,)eXxT

sup (2 (g(0) - Q (g Op))| = 0p(L),
QR1(8(x.0),1) - Q" (8(x,03),1)| = 0,(1),
Qg,2(8(x,0),1) = Qg 2(g(x, 07),1)| = 0,(1),
Of,5(8(x,0),1) = O 3(g(x,67),1)| = 0,(1),
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and,

00§ (g(x,8)  IQF (g(x,6}))
sup |—= - = 0,(1),
xeX 98 984
A0 (306 0),1) 90 (3(x,07),1) N
su - —o0,(1),
(x,t)e/'I\,’)xT 984 9g4 k
90 2(8(x,0),t) Qg H(g(x,0})1)
sup 5 -
(x,1)eXxT 8a

dg4(x,0)
20,

—

9 5(x,0) 3[0“

984

984

(86 0)

£(%.0),....Erf (x,0)),

984

984

20,

g(x.0)|

9Ok, 2(3(x,0 )ng(g(xﬁ))].agAxﬁ) a[nggl

s

Next, we estimate = By, (x,0%) and E ER, (x,t,0%), where these functionals are described in (A1) and
Eq,(x,t,0), where this functional is described in equation (A3). Our estimators are

A

r/::kR (Xrt é\))
) Qp(xlt Q)Hf (X,Q)

fela(

—

s

(see (54.1.2)-(S4.1.3)), we obtain that, for each p and uniformly over F

where Q,(x,,0) is the estimator we described in (13). Under the conditions in Assumptions 1-4

2l (t

sup

(x,t)eXxT

». 9B(0(X,1,0))
=L

1
n 4
P
=1
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0,(x1,0) - Eq, (x,1,0})

—

1{B(Q(X;,0)) 2 by} $(X;, 1), (X;,1,0),

=0,(1).

For a given t, we estimate the functional 2, ¢(f) in Proposition 1, (eq. A15) with

—

984

(S4.1.4)

(S4.1.3)



Under the conditions in Assumptions 1-4 ( equations 54.1.2-54.1.4), uniformly over F we have

sup||Ey, (1) = E1, ¢ (1)]| = 0,(1),
teT

"LgTO(t)dW(t) - J;ETO,F(t)dW(t)H =0,(1)

ﬁigwnwﬁ%@)
AP
estimate the functional QF 1,(¥,1,8) described in Assumption 7 (eq 18) with

(S4.1.5)

Next, for a given x, t, we estimate f(x, t, 5) = . For a given (y,g,t), we

Qf (v.1,8) =
ﬁﬁZﬂi%@J%ﬁM&Jﬁ»ﬂﬂ%%fﬁ¢aﬁﬂB@X&J6»> mp%mﬁ?ﬂ)
f(8)

Under the conditions in Assumptions 1-6 and 7 (i.e, the conditions of Proposition 1), for each p

and uniformly over F we have

sup  [0F (v£,8(x.0))- wp(g(x,8) - OF, (3,£,8(x,6})) w0, (g(x,07)| = 0, (1),

(vx)€Sy x

teT

sup jﬁ’;o (v, t,g<x,’6‘>)dw<t>-wp<g<x,é‘>>—f@’;o (v, 8(x,01)) AW(1) - w0y (8(x,0}))| = 0, (1),
(y,x)eSy x 1t t

W B(Qx,1,6))1{B(Q(x1,0)) = =b,} $(x) — (B(Qlx 1,67))) d(x)| = 0, (1),

x,t)ESx X
sup| | B(@0x80)15(0c.8)) 2 b Jaw(ee)~ | (5(0x.00), 01909 = 0500,

|T2 = To,p| = 0,(1)
@41@

(the last line follows directly from equation (19) in Proposition 1). The last component is an
estimator of the influence function ¥¥(Z) for the estimator 5 From Assumption 8, we have at
hand an estimator ?(Z) that satisfies, % 1 ||1,b || = 0p(1) uniformly over F. Our

estimator for the influence function gbgz( V) of the statistic T2 is,

(V) = (I «X&JG» {(QMLL@)ZJMVM“WMX”_E)

[\4@

fo” (Y1, (X5, D)W1) - <g<xi,5>>+f’:JTO<t>dW<t>z$9<zi>

t
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From the results in (S4.1/5) and (S4.1]6), we have that under the conditions in Assumptions 1-8 in
2
the paper, % 1 I:DTZ(VI') - 1pgz(\/i) = 0,(1) uniformly over 7. m
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