
Econometric Supplement for “Testing functional

inequalities conditional on estimated functions”

Andres Aradillas-Lopez†

Abstract
This document includes step-by-step derivations leading to the main econometric re-
sults in the paper, along with additional details for the influence-function estimator
used in the construction of our test. Every section in this document has the format
SX.X and every equation has the format (SX.X.X). Any section, assumption or equa-
tion that we reference here which does not have this format refers to a section, as-
sumption or equation in the main paper, Appendix A (if it has the format AX.X.X) or
Appendix B (if it has the format BX.X.X).

S1 Introduction

Sections S2-S3 describe the step-by-step results leading to Proposition 1 in the paper. Section

S4 describes the properties of the influence function estimator used in the construction of our

test-statistic, which is discussed in Section 4.5.2 of the paper and in Appendix A.

S2 A useful maximal inequality result

Definition: Euclidean classes of functions

Let T be a space and d be a pseudometric defined on T . For each ε > 0, define the packing
number D(ε,d,T ) to be the largest number D for which there exist pointsm1, . . . ,mD in T such that

d(mi ,mj ) > ε for each i , j. We say thatG is an envelope for a class of functions G if supG |g(·)| ≤ G(·).
Let µ be a measure on SkZ and denote µh ≡

∫
h(z1, . . . , zk)dµ(z1, . . . , zk). We say that the class of

functions G is Euclidean (A,V ) for the envelope G if, for any measure µ such that µG2 < ∞, we

haveD(x,dµ,G ) ≤ Ax−V , 0 < x ≤ 1, where, dµ(g1, g2) =
(
µ|g1 − g2|2/µG2

)1/2
. The constantsA and V

must not depend on µ. Immediate-to-verify criteria for determining the Euclidean property have

long been established, for example, in Nolan and Pollard (1987) and Pakes and Pollard (1989).
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S2.1 A maximal inequality for degenerate U-processes

Let Z1, . . . ,Zn be i.i.d observations from a distribution F on a set SZ . Let k be a positive integer

and G a class of real-valued functions on SkZ = SZ ⊗ · · · ⊗ SZ (k factors). For each g ∈ G , define

U k
ng = (n)−1

k

∑
iiik
g(Zi1 , . . . ,Zik ), where (n)k = n(n − 1) · · · (n − k + 1) and

∑
iiik

denotes the sum over

the (n)k distinct integers {i1, . . . , ik} from the set {1, . . . ,n}. U k
ng is a U-statistic of order k and the

collection {U k
ng: g ∈ G } is called a U-process of order k, indexed by G . If every g ∈ G is such that

EF [g(s1, . . . , si−1,Z, si+1, . . . , sk)] ≡ 0︸                                       ︷︷                                       ︸
EF [g(Z1,...,Zk)|Z1=s1,...,Zi−1=si−1,Zi+1=si+1,...,Zk=sk]≡0

, i = 1, . . . , k,

G is an F−degenerate class of functions on SkZ and {U k
ng: g ∈ G } is a degenerate U-process of order k.

Result S1 (Sherman (1994, Corollary 4A)) Let G be a class of F−degenerate functions on SkZ , k ≥ 1.
Suppose G is Euclidean (A,V ) for an envelope G such that EF

[
G(Z1, . . . ,Zk)4p

]
<∞ for a positive integer

p. Then,

EF

[(
sup

G

∣∣∣nk/2U k
ng

∣∣∣)p] ≤ Υ ·
(
EF

[
G(Z1, . . . ,Zk)

4p
])1/2

≡M,

where Υ is a constant that depends only on p, A, V and EF
[
G(Z1, . . . ,Zk)2

]
. By a Chebyshev inequality,

this implies that for each ε > 0,

PF

(
sup

G

∣∣∣nk/2U k
ng

∣∣∣ > ε) ≤ M
εp

and therefore PF

(
sup

G

∣∣∣U k
ng

∣∣∣ > ε) ≤ M(
nk/2 · ε

)p .
S3 Details of Proposition 1

S3.1 Asymptotic properties of f̂g(x, θ̂)f̂g(x, θ̂)f̂g(x, θ̂)

Using Chebyshev’s inequality, the conditions in Assumption 1 yield

sup
F∈F

PF


∥∥∥∥∥∥∥1
n

n∑
i=1

ψθF (Zi)

∥∥∥∥∥∥∥ ≥ c
 =O

 1(
n1/2 · c

)q
 ∀ c > 0,

and combined with the assumed properties of εθn , this yields,

sup
F∈F

PF
(∥∥∥θ̂ −θ∗F∥∥∥ ≥ c) ≤ sup

F∈F
PF


∥∥∥∥∥∥∥1
n

n∑
i=1

ψθF (Zi)

∥∥∥∥∥∥∥ ≥ c2
+ sup

F∈F
PF

(∥∥∥εθn∥∥∥ ≥ c2)

=O

 1(
n1/2 · c

)q
+O

(
1

(rn · c)q

)
∀ c > 0

(S3.1.1)
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Therefore, for each 0 < δ < δ,

sup
F∈F

PF
(∥∥∥θ̂ −θ∗F∥∥∥ ≥ cn) = o

( 1
n1/2+δ

)
∀ cn :

(
n1/2 ∧ rn

)
·n−

(
1+2δ

2q

)
· cn −→∞. (S3.1.2)

The conditions in Assumption 1 also imply that

∥∥∥θ̂ −θ∗F∥∥∥ =Op
( 1
n1/2

)
uniformly over F , (S3.1.3)

meaning that, for every δ > 0, there exists a finite Mδ > 0 and Nδ such that

sup
F∈F

PF
(
n1/2 ·

∥∥∥θ̂ −θ∗F∥∥∥ ≥Mδ

)
< δ ∀ n ≥Nδ.

For {s,d} in 1, . . . ,D, and ψ ≡ (ψ1, . . . ,ψD )′, let

∇dK(ψ) ≡ κ(1)(ψd) ·
∏
`,d

κ(ψ`), ∇dsK(ψ) ≡

 κ(1)(ψd) ·κ(1)(ψs) ·
∏
`,d,sκ(ψ`) if d , s

κ(2)(ψd) ·
∏
`,d κ(ψ`) if d = s

(S3.1.4)

Also, as we defined previously, for any x1 ∈ SX , x2 ∈ SX and θ ∈Θ, let

∆gd(x1,x2,θ) ≡ gd(x1,θ)− gd(x2,θ), and ∆g(x1,x2,θ) ≡ (∆g1(x1,x2,θ), . . . ,∆gD(x1,x2,θ))′ .

For a given x ∈ SX , θ ∈Θ and h > 0, define

Υ
`,m
fg

(Xi ,x,θ,h) ≡
D∑
d=1

D∑
s=1

∇dsK
(
∆g(Xi ,x,θ)

h

)
∂∆gd(Xi ,x,θ)

∂θ`

∂∆gs(Xi ,x,θ)
∂θm

,

Φ
`,m
fg

(Xi ,x,θ,h) ≡
D∑
d=1

∇dK
(
∆g(Xi ,x,θ)

h

)
∂2∆gd(Xi ,x,θ)

∂θm∂θ`

(S3.1.5)

By the conditions described in Assumptions 3 and 4, there exist µΥ <∞ and µΦ <∞ such that

sup
(s,θ)∈SX×Θ

h>0

∣∣∣∣∣EF [Υ `,m
fg

(X,s,θ,h)
]∣∣∣∣∣ ≤ µΥ and sup

(s,θ)∈SX×Θ
h>0

∣∣∣∣∣EF [Φ`,m
fg

(X,s,θ,h)
]∣∣∣∣∣ ≤ µΦ ∀ F ∈ F . (S3.1.6)
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The conditions in Assumption 3, combined with Lemma 2.13 in Pakes and Pollard (1989) imply

that, for each d = 1, . . . ,D and `,m ∈ 1, . . . , k, the classes of functions

H `
1d =

{
m : SX −→R: m(x) =

∂∆gd(x,s,θ)
∂θ`

for some s ∈ SX , θ ∈Θ
}
,

H `,m
2d =

{
m : SX −→R: m(x) =

∂2∆gd(x,s,θ)
∂θ`∂θm

for some s ∈ SX , θ ∈Θ
}

are Euclidean for an envelopeG1(x) that satisfies EF
[
G1(X)4q

]
≤ µG1

<∞ for all F ∈ F , with q being

the integer described in Assumption 1. Now consider the following two classes of functions

G `,m
1 =

{
r : SX −→R: r(x) = Υ

`,m
fg

(x,u,θ,h) for some u ∈ SX , θ ∈Θ, h > 0
}
,

G `,m
2 =

{
r : SX −→R: r(x) = Φ

`,m
fg

(x,u,θ,h) for some u ∈ SX , θ ∈Θ, h > 0
}
,

By the Euclidean properties of H `
1d and H `,m

2d , and by the conditions in Assumptions 3 and 4,

the Euclidean-preserving properties described, e.g, in Pakes and Pollard (1989, Lemma 2.14),

yield that G `,m
1 and G `,m

2 are Euclidean classes for an envelope G(·) for which ∃ µG <∞ such that

EF
[
G(X)4q

]
≤ µG ∀ F ∈ F , with q being the integer described in Assumption 1. Next, define

ν`,m
Υf ,n

(x,θ,h) =
1
n

n∑
i=1

(
Υ
`,m
fg

(Xi ,x,θ,h)−EF
[
Υ
`,m
fg

(Xi ,x,θ,h)
])
,

ν`,m
Φf ,n

(x,θ,h) =
1
n

n∑
i=1

(
Φ
`,m
fg

(Xi ,x,θ,h)−EF
[
Φ
`,m
fg

(Xi ,x,θ,h)
])
,

(S3.1.7)

By the Euclidean properties of G `,m
1 and G `,m

2 , and the integrability condition of the corresponding

envelope, applying Result S1 we obtain that there exists M1 <∞ such that, for any b > 0,

sup
F∈F

PF

 sup
(x,θ)∈SX×Θ

h>0

∣∣∣∣ν`,mΥf ,n
(x,θ,h)

∣∣∣∣ ≥ b
 ≤ M1(

n1/2 · b
)q =O

 1(
n1/2 · b

)q


sup
F∈F

PF

 sup
(x,θ)∈SX×Θ

h>0

∣∣∣∣ν`,mΦf ,n
(x,θ,h)

∣∣∣∣ ≥ b
 ≤ M1(

n1/2 · b
)q =O

 1(
n1/2 · b

)q


(S3.1.8)
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for each {`,m} ∈ 1, . . . , k. Note that (S3.1.8) implies, in particular, that

sup
(x,θ)∈SX×Θ

h>0

∣∣∣∣ν`,mΥf ,n
(x,θ,h)

∣∣∣∣ =Op
( 1
n1/2

)
uniformly over F

sup
(x,θ)∈SX×Θ

h>0

∣∣∣∣ν`,mΦf ,n
(x,θ,h)

∣∣∣∣ =Op
( 1
n1/2

)
uniformly over F

(S3.1.9)

Denote

∂f̂g(g(x,θ))

∂θ︸        ︷︷        ︸
1×k

=

∂f̂g(g(x,θ))

∂θ1
, . . . ,

∂f̂g(g(x,θ))

∂θk

 , ∂2f̂g(g(x,θ))

∂θ∂θ′︸          ︷︷          ︸
k×k

=


∂2 f̂g (g(x,θ))

∂θ2
1

· · · ∂2 f̂g (g(x,θ))
∂θ1∂θk

...
. . .

...
∂2 f̂g (g(x,θ))
∂θk∂θ1

· · · ∂2 f̂g (g(x,θ))
∂θ2

k

 .
For a given (x,θ) ∈ SX ×Θ and F ∈ F , a second-order approximation yields,

f̂g(g(x, θ̂)) = f̂g(g(x,θ∗F)) +
∂f̂g(g(x,θ∗F))

∂θ

(
θ̂ −θ∗F

)
+

1
2

(
θ̂ −θ∗F

)′ ∂2f̂g(g(x,θx))

∂θ∂θ′
(
θ̂ −θ∗F

)
(S3.1.10)

where θx belongs in the line segment connecting θ̂ and θ∗F . Thus, since Θ is taken to be convex,

we have θx ∈Θ. Denote

ξ
fg
b,n(x,θ) ≡

(
θ̂ −θ∗F

)′ ∂2f̂g(g(x,θ))

∂θ∂θ′
(
θ̂ −θ∗F

)
. (S3.1.11)

Going back to the definitions in (S3.1.5)-(S3.1.7), we have

∂2f̂g(g(x,θ))

∂θ`∂θm
=

1

n · hD+2
n

n∑
i=1

Υ
`,m
fg

(Xi ,x,θ,hn) +
1

n · hD+1
n

n∑
i=1

Φ
`,m
fg

(Xi ,x,θ,hn)

=
1

hD+2
n
·EF

[
Υ
`,m
fg

(X,x,θ,hn)
]

+
1

hD+2
n
· ν`,m

Υf ,n
(x,θ,hn)

+
1

hD+1
n
·EF

[
Φ
`,m
fg

(X,x,θ,hn)
]

+
1

hD+1
n
· ν`,m

Φf ,n
(x,θ,hn)

(S3.1.12)
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From here, we have

ξ
fg
b,n(x,θ) =

k∑
`=1

k∑
m=1

∂2f̂g(g(x,θ))

∂θ`θm
·
(
θ̂m −θ∗m,F

)
·
(
θ̂` −θ∗`,F

)
=

k∑
`=1

k∑
m=1

1

hD+2
n
·EF

[
Υ
`,m
fg

(X,x,θ,hn)
]
·
(
θ̂m −θ∗m,F

)
·
(
θ̂` −θ∗`,F

)
+

k∑
`=1

k∑
m=1

1

hD+2
n
· ν`,m

Υf ,n
(x,θ,hn) ·

(
θ̂m −θ∗m,F

)
·
(
θ̂` −θ∗`,F

)
+

k∑
`=1

k∑
m=1

1

hD+1
n
·EF

[
Φ
`,m
fg

(X,x,θ,hn)
]
·
(
θ̂m −θ∗m,F

)
·
(
θ̂` −θ∗`,F

)
+

k∑
`=1

k∑
m=1

1

hD+1
n
· ν`,m

Φf ,n
(x,θ,hn) ·

(
θ̂m −θ∗m,F

)
·
(
θ̂` −θ∗`,F

)

(S3.1.13)

Take any b > 0. From (S3.1.13), we have

PF

 sup
(x,θ)∈SX×Θ

∣∣∣∣ξfgb,n(x,θ)
∣∣∣∣ ≥ b ≤ k∑

`=1

k∑
m=1

PF

(
µΥ
hD+2
n
·
∣∣∣θ̂m −θ∗m,F ∣∣∣ · ∣∣∣θ̂` −θ∗`,F ∣∣∣ ≥ b

4k2

)
︸                                                         ︷︷                                                         ︸

(A)

+
k∑
`=1

k∑
m=1

PF

 1

hD+2
n
· sup

(x,θ)∈SX×Θ
h>0

∣∣∣∣ν`,mΥf ,n
(x,θ,h)

∣∣∣∣ · ∣∣∣θ̂m −θ∗m,F ∣∣∣ · ∣∣∣θ̂` −θ∗`,F ∣∣∣ ≥ b

4k2

︸                                                                                          ︷︷                                                                                          ︸
(B)

+
k∑
`=1

k∑
m=1

PF

(
µΦ
hD+1
n
·
∣∣∣θ̂m −θ∗m,F ∣∣∣ · ∣∣∣θ̂` −θ∗`,F ∣∣∣ ≥ b

4k2

)
︸                                                         ︷︷                                                         ︸

(C)

+
k∑
`=1

k∑
m=1

PF

 1

hD+1
n
· sup

(x,θ)∈SX×Θ
h>0

∣∣∣∣ν`,mΦf ,n
(x,θ,h)

∣∣∣∣ · ∣∣∣θ̂m −θ∗m,F ∣∣∣ · ∣∣∣θ̂` −θ∗`,F ∣∣∣ ≥ b

4k2

︸                                                                                           ︷︷                                                                                           ︸
(D)

(S3.1.14)
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We will describe bounds for each of the terms in (S3.1.14). First, note that for any c > 0,

PF
(∣∣∣θ̂m −θ∗m,F ∣∣∣ · ∣∣∣θ̂` −θ∗`,F ∣∣∣ ≥ c) ≤ PF (∥∥∥θ̂ −θ∗F∥∥∥2

∞ ≥ c
)

= PF
(∥∥∥θ̂ −θ∗F∥∥∥∞ ≥ c1/2

)
≤ PF

(∥∥∥θ̂ −θ∗F∥∥∥ ≥mk · c1/2
)
,

where the last inequality follows from the equivalence of norms in Euclidean space and mk is a

constant that depends only on k (the dimension of θ). Using the result in equation (S3.1.1),

sup
F∈F

k∑
`=1

k∑
m=1

PF

(
µΥ
hD+2
n
·
∣∣∣θ̂m −θ∗m,F ∣∣∣ · ∣∣∣θ̂` −θ∗`,F ∣∣∣ ≥ b

4k2

)
︸                                                         ︷︷                                                         ︸

(A)

≤ k2 · sup
F∈F

PF

∥∥∥θ̂ −θ∗F∥∥∥ ≥mk · (hD+2
n · b

4µΥ k
2

)1/2

=O

 1(
n1/2 · h

D+2
2
n · b1/2

)q
+O

 1(
rn · h

D+2
2
n · b1/2

)q
 ,

sup
F∈F

k∑
`=1

k∑
m=1

PF

(
µΦ
hD+1
n
·
∣∣∣θ̂m −θ∗m,F ∣∣∣ · ∣∣∣θ̂` −θ∗`,F ∣∣∣ ≥ b

4k2

)
︸                                                         ︷︷                                                         ︸

(C)

≤ k2 · sup
F∈F

PF

∥∥∥θ̂ −θ∗F∥∥∥ ≥ (
hD+1
n · b

4µΦk
2

)1/2

=O

 1(
n1/2 · h

D+1
2
n · b1/2

)q
+O

 1(
rn · h

D+1
2
n · b1/2

)q


Next, for any c > 0, equations (S3.1.2) and (S3.1.8) yield,

sup
F∈F

PF

 sup
(x,θ)∈SX×Θ

h>0

∣∣∣∣ν`,mΥf ,n
(x,θ,h)

∣∣∣∣ · ∣∣∣θ̂m −θ∗m,F ∣∣∣ · ∣∣∣θ̂` −θ∗`,F ∣∣∣ ≥ c


≤sup
F∈F

PF

 sup
(x,θ)∈SX×Θ

h>0

∣∣∣∣ν`,mΥf ,n
(x,θ,h)

∣∣∣∣ ≥ c1/2

+ sup
F∈F

PF
(∣∣∣θ̂m −θ∗m,F ∣∣∣ · ∣∣∣θ̂` −θ∗`,F ∣∣∣ ≥ c1/2

)

≤sup
F∈F

PF

 sup
(x,θ)∈SX×Θ

h>0

∣∣∣∣ν`,mΥf ,n
(x,θ,h)

∣∣∣∣ ≥ c1/2

+ sup
F∈F

PF
(∥∥∥θ̂ −θ∗F∥∥∥ ≥mk · c1/4

)

=O

 1(
n1/2 · c1/2

)q
+O

 1(
n1/2 · c1/4

)q
+O

 1(
rn · c1/4

)q
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From here we have that, for any b > 0,

sup
F∈F

k∑
`=1

k∑
m=1

PF

 1

hD+2
n
· sup

(x,θ)∈SX×Θ
h>0

∣∣∣∣ν`,mΥf ,n
(x,θ,h)

∣∣∣∣ · ∣∣∣θ̂m −θ∗m,F ∣∣∣ · ∣∣∣θ̂` −θ∗`,F ∣∣∣ ≥ b

4k2

︸                                                                                          ︷︷                                                                                          ︸
(B)

=O

 1(
n1/2 · h

D+2
2
n · b1/2

)q
+O

 1(
n1/2 · h

D+2
4
n · b1/4

)q
+O

 1(
rn · h

D+2
4
n · b1/4

)q


Similarly, the results in equations (S3.1.2) and (S3.1.8) yield for any b > 0,

sup
F∈F

k∑
`=1

k∑
m=1

PF

 1

hD+1
n
· sup

(x,θ)∈SX×Θ
h>0

∣∣∣∣ν`,mΦf ,n
(x,θ,h)

∣∣∣∣ · ∣∣∣θ̂m −θ∗m,F ∣∣∣ · ∣∣∣θ̂` −θ∗`,F ∣∣∣ ≥ b

4k2

︸                                                                                           ︷︷                                                                                           ︸
(D)

=O

 1(
n1/2 · h

D+1
2
n · b1/2

)q
+O

 1(
n1/2 · h

D+1
4
n · b1/4

)q
+O

 1(
rn · h

D+1
4
n · b1/4

)q


Next note that, since hn −→ 0, we have

1

h
D+1

2
n

=
h1/2
n

h
D+2

2
n

= o

 1

h
D+2

2
n

 .
For n large enough, h1/2

n < h1/4
n . From the results above and (S3.1.14) we obtain that, for any b > 0,

sup
F∈F

PF

 sup
(x,θ)∈SX×Θ

∣∣∣∣ξfgb,n(x,θ)
∣∣∣∣ ≥ b =O

 1(
h
D+2

2
n · (n1/2 ∧ rn) · (b1/2 ∧ b1/4)

)q
 (S3.1.15)
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Next, going back to (S3.1.12), and using the results in (S3.1.6) and (S3.1.9), we have

sup
(x,θ)∈SX×Θ

∣∣∣∣∣∣∣∂
2f̂g(g(x,θ))

∂θ`∂θm

∣∣∣∣∣∣∣ ≤ 1

hD+2
n
· sup

(x,θ)∈SX×Θ

∣∣∣∣∣EF [Υ `,m
fg

(X,x,θ,hn)
]∣∣∣∣∣+

1

hD+2
n
· sup

(x,θ)∈SX×Θ

∣∣∣∣ν`,mΥf ,n
(x,θ,hn)

∣∣∣∣
+

1

hD+1
n
· sup

(x,θ)∈SX×Θ

∣∣∣∣∣EF [Φ`,m
fg

(X,x,θ,hn)
]∣∣∣∣∣+

1

hD+1
n
· sup

(x,θ)∈SX×Θ

∣∣∣∣ν`,mΦf ,n
(x,θ,hn)

∣∣∣∣
≤ 1

hD+2
n
·µΥ +

1

hD+2
n
·Op

(
1
√
n

)
+

1

hD+1
n
·µΦ +

1

hD+1
n
·Op

(
1
√
n

)
uniformly over F . Therefore, under Assmptions 3 and 4,

sup
(x,θ)∈SX×Θ

∣∣∣∣∣∣∣∂
2f̂g(g(x,θ))

∂θ`∂θm

∣∣∣∣∣∣∣ =Op

(
1

hD+2
n

)
uniformly over F . (S3.1.16)

Let us go back to the definition of ξ
fg
b,n(x,θ) in (S3.1.11). Combining (S3.1.16) and (S3.1.3),

sup
(x,θ)∈SX×Θ

∣∣∣∣ξfgb,n(x,θ)
∣∣∣∣ ≤ ∥∥∥θ̂ −θ∗F∥∥∥2 × sup

(x,θ)∈SX×Θ

∥∥∥∥∥∥∥∂
2f̂g(g(x,θ))

∂θ∂θ′

∥∥∥∥∥∥∥ =Op

(
1

n · hD+2
n

)
(S3.1.17)

uniformly over F . Let us go back to the second-order approximation in (S3.1.10). We have,

f̂g(g(x, θ̂)) = f̂g(g(x,θ∗F)) +
∂f̂g(g(x,θ∗F))

∂θ

(
θ̂ −θ∗F

)
+

1
2

(
θ̂ −θ∗F

)′ ∂2f̂g(g(x,θx))

∂θ∂θ′
(
θ̂ −θ∗F

)
︸                                      ︷︷                                      ︸

=ξ
fg
b,n(x,θx)

.
(S3.1.18)

From (S3.1.15) and (S3.1.17),

sup
F∈F

PF

sup
x∈SX

∣∣∣∣ξfgb,n(x,θx)
∣∣∣∣ ≥ b ≤ sup

F∈F
PF

 sup
(x,θ)∈SX×Θ

∣∣∣∣ξfgb,n(x,θ)
∣∣∣∣ ≥ b

=O

 1(
h
D+2

2
n · (n1/2 ∧ rn) · (b1/2 ∧ b1/4)

)q
 ∀ b > 0, and

sup
x∈SX

∣∣∣∣ξfgb,n(x,θx)
∣∣∣∣ ≤ sup

(x,θ)∈SX×Θ

∣∣∣∣ξfgb,n(x,θ)
∣∣∣∣ =Op

(
1

n · hD+2
n

)
uniformly over F .

(S3.1.19)
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Let us now focus on the linear term
∂f̂g (g(x,θ∗F ))

∂θ

(
θ̂ −θ∗F

)
in the approximation (S3.1.17). Let ∇dK(·)

be as defined in (S3.1.4) and for each ` = 1, . . . , k, and a given x ∈ SX , θ ∈Θ and h > 0, let

Λ`
fg

(Xi ,x,θ,h) ≡
D∑
d=1

∇dK
(
∆g(Xi ,x,θ)

h

)
∂∆gd(Xi ,x,θ)

∂θ`
,

Λfg (Xi ,x,θ,h)︸           ︷︷           ︸
1×k

≡
(
Λ1
fg

(Xi ,x,θ,h), . . . ,Λk
fg

(Xi ,x,θ,h)
) (S3.1.20)

By the conditions described in Assumptions 3 and 4, there exists µΛ <∞ such that

sup
(x,θ)∈SX×Θ

h>0

∥∥∥∥EF [Λfg (X,x,θ,h)
]∥∥∥∥ ≤ µΛ ∀ F ∈ F . (S3.1.21)

Using the linear representation property of θ̂ −θ∗F described in Assumption 1, we have

∂f̂g(g(x,θ∗F))

∂θ

(
θ̂ −θ∗F

)
=

 1

n · hD+1
n

n∑
i=1

Λfg (Xi ,x,θ
∗
F ,hn)

(θ̂ −θ∗F)
=

1

n2 · hD+1
n

n∑
i=1

n∑
j=1

Λfg (Xi ,x,θ
∗
F ,hn)ψθF (Zj ) +

 1

n · hD+1
n

n∑
i=1

Λfg (Xi ,x,θ
∗
F ,hn)

 · εθn
Next, define

ν`
Λfg ,n

(x,θ,h) =
1
n

n∑
i=1

(
Λ`
fg

(Xi ,x,θ,h)−EF
[
Λ`
fg

(Xi ,x,θ,h)
])
,

νΛfg ,n
(x,θ,h)︸         ︷︷         ︸

1×k

=
(
ν1
Λfg ,n

(x,θ,h), . . . ,νk
Λfg ,n

(x,θ,h)
)

and consider the following class of functions on SX ,

G `
3 =

{
m : SX −→R: m(x) = Λ`

fg
(x,s,θ,h) for some s ∈ SX , θ ∈Θ, h > 0

}
By the conditions in Assumptions 3 and 4 in the paper, and the Euclidean-preserving proper-

ties in Pakes and Pollard (1989, Lemma 2.14), G `
3 is a Euclidean class for an envelope G3(·) for

which ∃ µG3
<∞ such that EF

[
G3(X)4q

]
≤ µG3

for all F ∈ F , with q being the integer described in

10



Assumption 1. Applying Result S1, ∃M3 <∞ such that, for any b > 0,

sup
F∈F

PF

 sup
(x,θ)∈SX×Θ

h>0

∥∥∥∥νΛfg ,n
(x,θ,h)

∥∥∥∥ ≥ b
 ≤ M3(

n1/2 · b
)q =O

 1(
n1/2 · b

)q
 (S3.1.22)

Note that (S3.1.22) implies, in particular, that

sup
(x,θ)∈SX×Θ

h>0

∥∥∥∥νΛfg ,n
(x,θ,h)

∥∥∥∥ =Op
( 1
n1/2

)
uniformly over F

(S3.1.23)

Now, consider the following class of functions on S2
V ,

G4,F =
{
m : S2

V −→R: m(v1,v2) = Λfg (x1, s,θ,h)ψθF (z2) for some s ∈ SX , θ ∈Θ, h > 0
}

By the conditions in Assumptions 1, 3 and 4, and the Euclidean-preserving properties in Pakes

and Pollard (1989, Lemma 2.14), G4 is a Euclidean class for an envelope G4(·) for which ∃ µG4
<∞

such that EF
[
G4(X1,Z2)4q

]
≤ µG4

for all F ∈ F (with (X1,Z2) ∼ F ⊗ F), with q being the integer

described in Assumption 1. Define the following U-statistic

Ufg ,n(x,θ,h) =
1

n(n− 1)

n∑
i=1

∑
j,i

Λfg (Xi ,x,θ,h)ψθF (Zj ) (S3.1.24)

Since EF
[
ψθF (Z)

]
= 0, iterated expectations yields EF

[
Λfg (Xi ,x,h)ψθF (Zj )

]
= 0. Therefore,

EF
[
Ufg ,n(x,θ,h)

]
= 0 ∀ x ∈ SX , θ ∈Θ, h > 0.

We will characterize the relevant properties of the U-process
{
Ufg ,n(x,θ,h): x ∈ SX , θ ∈Θ, h > 0

}
by

first looking at its Hoeffding decomposition (see Serfling (1980, pages 177-178) or Sherman (1994,

equations (6)-(7))). For a given s ∈ SX , θ ∈Θ and h > 0, let

ϕ
fg
F (Zi ,x,θ,h) = EF

[
Λfg (X,x,θ,h)

]
ψθF (Zi),

ϑF(Vi ,Vj ,x,θ,h) = Λfg (Xi ,x,h)ψθF (Zj ) +Λfg (Xj ,x,h)ψθF (Zi)−ϕ
fg
F (Zi ,x,θ,h)−ϕfgF (Zj ,x,θ,h)

(S3.1.25)

Note that ϑ
fg
F (Vi ,Vj ,x,θ,h) = ϑ

fg
F (Vj ,Vi ,x,θ,h) and EF

[
ϑ
fg
F (Vi ,Vj ,x,θ,h)|Vi

]
= EF

[
ϑ
fg
F (Vi ,Vj ,x,θ,h)|Vj

]
=

0. Define the following degenerate U-statistic of order 2,

Ũfg ,n(x,θ,h) =
1

n(n− 1)

n∑
i=1

∑
j,i

ϑ
fg
F (Vi ,Vj , s,θ,h)

11



From the conditions in Assumptions 1-4, Nolan and Pollard (1987, Lemma 20) (or Lemma 5 in

Sherman (1994, Lemma 5)), and Lemma 2.14 in Pakes and Pollard (1989, Lemma 2.14), the class

of functions

G5,F =
{
m : S2

V −→R: m(v1,v2) = ϑ
fg
F (v1,v2,x,θ,h) for some x ∈ SX , θ ∈Θ, h > 0

}
is Euclidean for an envelope G5(·) s.t EF

[
G5(V1,V2)4q

]
≤ µG5

< ∞ ∀ F ∈ F (with (V1,V2) ∼ F ⊗ F),

with q being the integer described in Assumption 1. From here, Result S1 implies that ∃M5 <∞
such that, for any b > 0,

sup
F∈F

PF

 sup
(x,θ)∈SX×Θ

h>0

∣∣∣∣Ũfg ,n(x,θ,h)
∣∣∣∣ ≥ b

 ≤ M5

(n · b)q
=O

(
1

(n · b)q

)
, and therefore,

sup
(x,θ)∈SX×Θ

h>0

∣∣∣∣Ũfg ,n(x,θ,h)
∣∣∣∣ =Op

(1
n

)
uniformly over F

(S3.1.26)

Let ϕ
fg
F (Zi ,x,θ,h) be as described in (S3.1.25), and define

νϕfg ,n(x,θ,h) =
1
n

n∑
i=1

ϕ
fg
F (Zi ,x,θ,h) (S3.1.27)

EF[ϕ
fg
F (Zi ,x,θ,h)] = 0 (and therefore, EF[νϕfg ,n(x,θ,h)] = 0) for all x ∈ SX , θ ∈ Θ and h > 0. Again,

the conditions in Assumptions 1-4, Nolan and Pollard (1987, Lemma 20) (or Sherman (1994,

Lemma 5)), Pakes and Pollard (1989, Lemma 2.14) imply that the class of functions

G6,F =
{
m : SZ −→R: m(z) = ϕ

fg
F (z,x,θ,h) for some x ∈ SX , θ ∈Θ, h > 0

}
is Euclidean for an envelope G6(·) s.t EF

[
G6(Z)4q

]
≤ µG6

< ∞ ∀ F ∈ F , with q being the integer

described in Assumption 1. From here, Result S1 implies that ∃M6 <∞ such that, for any b > 0,

sup
F∈F

PF

 sup
(x,θ)∈SX×Θ

h>0

∣∣∣∣νϕfg ,n(x,θ,h)
∣∣∣∣ ≥ b

 ≤ M6(
n1/2 · b

)q =O

 1(
n1/2 · b

)q
 , and therefore,

sup
(x,θ)∈SX×Θ

h>0

∣∣∣∣νϕfg ,n(x,θ,h)
∣∣∣∣ =Op

( 1
n1/2

)
uniformly over F

(S3.1.28)

The Hoeffding decomposition of the U-statisticUfg ,n(x,θ,h) defined in (S3.1.24) (see Serfling (1980,
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pages 177-178) or Sherman (1994, equations (6)-(7))) is,

Ufg ,n(x,θ,h) = νϕfg ,n(x,θ,h) +
1
2
· Ũfg ,n(x,θ,h) (S3.1.29)

From (S3.1.26) and (S3.1.28), for any b > 0 we then have

sup
F∈F

PF

 sup
(x,θ)∈SX×Θ

h>0

∣∣∣∣Ufg ,n(x,θ,h)
∣∣∣∣ ≥ b


≤sup
F∈F

PF

 sup
(x,θ)∈SX×Θ

h>0

∣∣∣∣νϕfg ,n(x,θ,h)
∣∣∣∣ ≥ b2

+ sup
F∈F

PF

1
2
· sup

(x,θ)∈SX×Θ
h>0

∣∣∣∣Ũfg ,n(x,θ,h)
∣∣∣∣ ≥ b2


=O

(
1

(n · b)q

)
+O

 1(
n1/2 · b

)q
 =O

 1(
n1/2 · b

)q


(S3.1.30)

Go back to the second-order approximation in (S3.1.18). For a given (x,θ) ∈ SX ×Θ and F ∈ F , let

ξ
fg
a,n(x,θ) ≡ ∂f̂g (g(x,θ))

∂θ

(
θ̂ −θ∗F

)
. We have,

f̂g(g(x, θ̂)) = f̂g(g(x,θ∗F)) +
∂f̂g(g(x,θ∗F))

∂θ

(
θ̂ −θ∗F

)
︸                     ︷︷                     ︸

=ξ
fg
a,n(x,θ∗F )

+
1
2

(
θ̂ −θ∗F

)′ ∂2f̂g(g(x,θx))

∂θ∂θ′
(
θ̂ −θ∗F

)
︸                                      ︷︷                                      ︸

=ξ
fg
b,n(x,θx)

.
(S3.1.31)

The properties of ξ
fg
b,n(x,θx) were analyzed in (S3.1.15) and (S3.1.17). We can now study the prop-

erties of ξ
fg
a,n(x,θ∗F). Letm

fg
n (x,θ,h) ≡ 1

n

∑n
i=1

(
Λfg (Xi ,x,θ,h)ψθF (Zi)−EF

[
Λfg (Xi ,x,θ,h)ψθF (Zi)

])
. Note

that, under our assumptions, there exists µm <∞ such that

sup
(x,θ)∈SX×Θ

h>0

∣∣∣∣EF [Λfg (Xi ,x,θ,h)ψθF (Zi)
]∣∣∣∣ ≤ µm ∀ F ∈ F . (S3.1.32)

Our previous arguments and Euclidean properties of G4,F yield, through Result S1,

sup
F∈F

PF

 sup
(x,θ)∈SX×Θ

h>0

∣∣∣∣mfgn (x,θ,h)
∣∣∣∣ ≥ b

 =O

 1(
n1/2 · b

)q
 ∀ b > 0, and therefore,

sup
(x,θ)∈SX×Θ

h>0

∣∣∣∣mfgn (x,θ,h)
∣∣∣∣ =Op

( 1
n1/2

)
uniformly over F

(S3.1.33)
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We have ξ
fg
a,n(x,θ) ≡

(
1

n·hD+1
n

∑n
i=1Λfg (Xi ,x,θ,hn)

)(
θ̂ −θ∗F

)
. Therefore,

ξ
fg
a,n(x,θ) =

1

n2 · hD+1
n

n∑
i=1

n∑
j=1

Λfg (Xi ,x,θ,hn)ψθF (Zj ) +

 1

n · hD+1
n

n∑
i=1

Λfg (Xi ,x,θ,hn)

εθn
=

1

hD+1
n
·
(n− 1
n

)
·Ufg ,n(x,θ,hn) +

1

n · hD+1
n
·EF

[
Λfg (X,x,θ,hn)ψθF (Z)

]
+

1

n · hD+1
n
·m

fg
n (x,θ,hn)

+
1

hD+1
n
·EF

[
Λfg (X,x,θ,hn)

]
εθn +

1

hD+1
n
· νΛfg ,n(x,θ,hn)εθn

(S3.1.34)
From (S3.1.21) and (S3.1.32), for any F ∈ F we have,∣∣∣∣ξfga,n(x,θ)

∣∣∣∣ ≤ 1

hD+1
n
·
(n− 1
n

)
·
∣∣∣∣Ufg ,n(x,θ,hn)

∣∣∣∣+
1

n · hD+1
n
·
∣∣∣∣mfgn (x,θ,hn)

∣∣∣∣+
1

hD+1
n
·
∥∥∥∥νΛfg ,n(x,θ,hn)

∥∥∥∥ · ∥∥∥εθn∥∥∥
+
µΛ
hD+1
n
·
∥∥∥εθn∥∥∥+

µm
n · hD+1

n
.

Thus, for any b > 0,

sup
F∈F

PF

 sup
(x,θ)∈SX×Θ

∣∣∣∣ξfga,n(x,θ)
∣∣∣∣ ≥ b ≤sup

F∈F
PF

 1

hD+1
n
·
(n− 1
n

)
· sup

(x,θ)∈SX×Θ
h>0

∣∣∣∣Ufg ,n(x,θ,h)
∣∣∣∣ ≥ 1

4
·
(
b −

µm
n · hD+1

n

)︸                                                                                     ︷︷                                                                                     ︸
(A)

+sup
F∈F

PF

 1

n · hD+1
n
· sup

(x,θ)∈SX×Θ
h>0

∣∣∣∣mfgn (x,θ,h)
∣∣∣∣ ≥ 1

4
·
(
b −

µm
n · hD+1

n

)︸                                                                           ︷︷                                                                           ︸
(B)

+sup
F∈F

PF

 1

hD+1
n
· sup

(x,θ)∈SX×Θ
h>0

∥∥∥∥νΛfg ,n(x,θ,h)
∥∥∥∥ · ∥∥∥εθn∥∥∥ ≥ 1

4
·
(
b −

µm
n · hD+1

n

)︸                                                                                    ︷︷                                                                                    ︸
(C)

+sup
F∈F

PF

(
µΛ
hD+1
n
·
∥∥∥εθn∥∥∥ ≥ 1

4
·
(
b −

µm
n · hD+1

n

))
︸                                               ︷︷                                               ︸

(D)

(S3.1.35)
Using our previous results we can analyze each of the terms in (S3.1.35). If b > 0 is fixed1, there

1What follows is true for any sequence bn > 0 such that bn ·n · hD+1
n −→∞.
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exists n0 such that b − µm
n·hD+1

n
> 0 ∀ n > n0. From (S3.1.30), it follows that

sup
F∈F

PF

 1

hD+1
n
·
(n− 1
n

)
· sup

(x,θ)∈SX×Θ
h>0

∣∣∣∣Ufg ,n(x,θ,h)
∣∣∣∣ ≥ 1

4
·
(
b −

µm
n · hD+1

n

)
=sup
F∈F

PF

 sup
(x,θ)∈SX×Θ

h>0

∣∣∣∣Ufg ,n(x,θ,h)
∣∣∣∣ ≥ 1

4
·
( n
n− 1

)
· hD+1
n ·

(
b −

µm
n · hD+1

n

) =O

 1(
n1/2 · hD+1

n ·
(
b − µm

n·hD+1
n

))q


(S3.1.36A)

From (S3.1.33),

sup
F∈F

PF

 1

n · hD+1
n
· sup

(x,θ)∈SX×Θ
h>0

∣∣∣∣mfgn (x,θ,h)
∣∣∣∣ ≥ 1

4
·
(
b −

µm
n · hD+1

n

)
=sup
F∈F

PF

 sup
(x,θ)∈SX×Θ

h>0

∣∣∣∣mfgn (x,θ,h)
∣∣∣∣ ≥ 1

4
·n · hD+1

n ·
(
b −

µm
n · hD+1

n

) =O

 1(
n3/2 · hD+1

n ·
(
b − µm

n·hD+1
n

))q


(S3.1.36B)

Next, from (S3.1.22) and Assumption 1,

sup
F∈F

PF

 1

hD+1
n
· sup

(x,θ)∈SX×Θ
h>0

∥∥∥∥νΛfg ,n
(x,θ,h)

∥∥∥∥ · ∥∥∥εθn∥∥∥ ≥ 1
4
·
(
b −

µm
n · hD+1

n

)
≤sup
F∈F

PF

 sup
(x,θ)∈SX×Θ

h>0

∥∥∥∥νΛfg ,n
(x,θ,h)

∥∥∥∥ ≥ (
1
4
· hD+1
n ·

(
b −

µm
n · hD+1

n

))1/2


+sup
F∈F

PF

∥∥∥εθn∥∥∥ ≥ (
1
4
· hD+1
n ·

(
b −

µm
n · hD+1

n

))1/2
=O


1(

n1/2 · h
D+1

2
n ·

(
b − µm

n·hD+1
n

)1/2
)q

+O


1(

rn · h
D+1

2
n ·

(
b − µm

n·hD+1
n

)1/2
)q


=O


1(

(n1/2 ∧ rn) · h
D+1

2
n ·

(
b − µm

n·hD+1
n

)1/2
)q



(S3.1.36C)
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Finally, also from Assumption 1,

sup
F∈F

PF

(
µΛ
hD+1
n
·
∥∥∥εθn∥∥∥ ≥ 1

4
·
(
b −

µm
n · hD+1

n

))
= sup
F∈F

PF

(∥∥∥εθn∥∥∥ ≥ hD+1
n

4µm
·
(
b −

µm
n · hD+1

n

))

=O

 1(
rn · hD+1

n ·
(
b − µm

n·hD+1
n

))q


(S3.1.36D)

For large enough n, we have2 b − µm
n·hD+1

n
> 0 and hn < 1 (and therefore hD+1

n < h
D+1

2
n ). Combining

(S3.1.36A)-(S3.1.36D) with (S3.1.35), we obtain,

sup
F∈F

PF

 sup
(x,θ)∈SX×Θ

∣∣∣∣ξfga,n(x,θ)
∣∣∣∣ ≥ b =O


1(

(n1/2 ∧ rn) · hD+1
n ·

((
b − µm

n·hD+1
n

)
∧

(
b − µm

n·hD+1
n

)1/2
))q


Going back to the second-order approximation in (S3.1.31),

f̂g(g(x, θ̂)) = f̂g(g(x,θ∗F)) + ξ
fg
a,n(x,θ∗F) + ξ

fg
b,n(x,θx), (S3.1.37)

where, for any b > 0

sup
F∈F

PF

sup
x∈SX

∣∣∣∣ξfga,n(x,θ∗F)
∣∣∣∣ ≥ b ≤ sup

F∈F
PF

 sup
(x,θ)∈SX×Θ

∣∣∣∣ξfga,n(x,θ)
∣∣∣∣ ≥ b

=O


1(

(n1/2 ∧ rn) · hD+1
n ·

((
b − µm

n·hD+1
n

)
∧

(
b − µm

n·hD+1
n

)1/2
))q


(S3.1.38)

Note that, for any c > 0, we have min
{
c, c1/2 , c1/4

}
= min

{
c , c1/4

}
. Using this and combining

(S3.1.19) with (S3.1.38), we have that for any b > 0,

sup
F∈F

PF

sup
x∈SX

∣∣∣∣ξfga,n(x,θ∗F) + ξ
fg
b,n(x,θx)

∣∣∣∣ ≥ b
≤sup
F∈F

PF

sup
x∈SX

∣∣∣∣ξfga,n(x,θ∗F)
∣∣∣∣ ≥ b2

+ sup
F∈F

PF

sup
x∈SX

∣∣∣∣ξfgb,n(x,θx)
∣∣∣∣ ≥ b2


=O


1(

(n1/2 ∧ rn) · hD+1
n ·

((
b
2 −

µm
n·hD+1

n

)
∧

(
b
2 −

µm
n·hD+1

n

)1/4
))q


(S3.1.39)

2See footnote 1.
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For a given x ∈ SX , θ ∈ Θ and h > 0, let ν
fg
n (x,θ,h) ≡ 1

n

∑n
i=1

(
K

(
∆g(Xi ,x,θ)

h

)
−EF

[
K

(
∆g(Xi ,x,θ)

h

)])
.

Directly from Assumption 4, the class of functions

G7 =
{
m : SX −→R: m(x) = K

(
∆g(x,u,θ)

h

)
for some u ∈ SX , θ ∈Θ, h > 0

}
is Euclidean for the constant envelope K . From Result S1, ∃M7 <∞ such that, ∀ b > 0,

sup
F∈F

PF

 sup
(x,θ)∈SX×Θ

h>0

∣∣∣∣νfgn (x,θ,h)
∣∣∣∣ ≥ b

 ≤ M7(
n1/2 · b

)q =O

 1(
n1/2 · b

)q
 , and therefore,

sup
(x,θ)∈SX×Θ

h>0

∣∣∣∣νfgn (x,θ,h)
∣∣∣∣ =Op

( 1
n1/2

)
uniformly over F .

(S3.1.40)

For a given x ∈ SX let

B
fg
n (x) ≡ 1

hDn
·EF

[
K

(
∆g(X,x,θ∗F)

hn

)]
− fg(g(x,θ∗F))︸                                              ︷︷                                              ︸

bias

.

We have, f̂g(g(x,θ∗F)) = fg(g(x,θ∗F)) + 1
hDn
· νfgn (x,θ∗F ,hn) +B

fg
n (x). From here, (S3.1.37) yields,

f̂g(g(x, θ̂)) = fg(g(x,θ∗F)) +
1

hDn
· νfgn (x,θ∗F ,hn) +B

fg
n (x) + ξ

fg
a,n(x,θ∗F) + ξ

fg
b,n(x,θx), (S3.1.41)

From Assumptions 4 and the smoothness conditions described in Assumption 2, an Mth-order

approximation implies that there exists a constant B1,f <∞ such that

sup
x∈X

∣∣∣∣Bfgn (x)
∣∣∣∣ ≤ B1,f · hMn ∀ F ∈ F . (S3.1.42)

From here,3

sup
x∈X

∣∣∣∣f̂g(g(x, θ̂))− fg(g(x,θ∗F))
∣∣∣∣ ≤ 1

hDn
· sup
x∈X

∣∣∣∣νfgn (x,θ∗F ,hn)
∣∣∣∣+B1,f · hMn + sup

x∈X

∣∣∣∣ξfga,n(x,θ∗F) + ξ
fg
b,n(x,θx)

∣∣∣∣
3Note that here we are focusing on our testing range X .
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Thus, for any b > 0,

sup
F∈F

PF

(
sup
x∈X

∣∣∣∣f̂g(g(x, θ̂))− fg(g(x,θ∗F))
∣∣∣∣ ≥ b)

≤sup
F∈F

PF

(
1

hDn
· sup
x∈X

∣∣∣∣νfgn (x,θ∗F ,hn)
∣∣∣∣+ sup

x∈X

∣∣∣∣ξfga,n(x,θ∗F) + ξ
fg
b,n(x,θx)

∣∣∣∣ ≥ b −B1,f · hMn

)
≤sup
F∈F

PF

 1

hDn
· sup
x∈X

∣∣∣∣νfgn (x,θ∗F ,hn)
∣∣∣∣ ≥ b −B1,f · hMn

2


+sup
F∈F

PF

sup
x∈X

∣∣∣∣ξfga,n(x,θ∗F) + ξ
fg
b,n(x,θx)

∣∣∣∣ ≥ b −B1,f · hMn
2



(S3.1.43)

For each4 b > 0, ∃ n0 :
b−B1,f ·hMn

4 − µm
n·hDn

> 0, hn < 1 ∀ n > n0. (S3.1.39), (S3.1.40), and (S3.1.43) yield

sup
F∈F

PF

(
sup
x∈X

∣∣∣∣f̂g (g(x, θ̂))− fg (g(x,θ∗F))
∣∣∣∣ ≥ b)

=O

 1(
n1/2 · hDn ·

(
b−B1,f ·hMn

2

))q
+O


1(

(n1/2 ∧ rn) · hD+1
n ·

((
b
4 −

B1,f ·hMn
4 − µm

n·hD+1
n

)
∧

(
b
4 −

B1,f ·hMn
4 − µm

n·hD+1
n

)1/4))q


=O


1(

(n1/2 ∧ rn) · hD+1
n ·

((
b
4 −

B1,f ·hMn
4 − µm

n·hD+1
n

)
∧

(
b
4 −

B1,f ·hMn
4 − µm

n·hD+1
n

)1/4))q


(S3.1.44)

S3.1.1 A general result for sup
F∈F

PF

(
sup
x∈X

∣∣∣∣f̂g(g(x, θ̂))− fg(g(x,θ∗F))
∣∣∣∣ ≥ sn)sup

F∈F
PF

(
sup
x∈X

∣∣∣∣f̂g(g(x, θ̂))− fg(g(x,θ∗F))
∣∣∣∣ ≥ sn)sup

F∈F
PF

(
sup
x∈X

∣∣∣∣f̂g(g(x, θ̂))− fg(g(x,θ∗F))
∣∣∣∣ ≥ sn)

From (S3.1.44), ∃ K1 > 0, K2 > 0 and K3 > 0 such that, for any sequence sn > 0 (possibly converging

to zero) such that hMn
sn
−→ 0 and sn ·n · hD+1

n −→∞, we have

sup
F∈F

PF

(
sup
x∈X

∣∣∣∣f̂g(g(x, θ̂))− fg(g(x,θ∗F))
∣∣∣∣ ≥ sn)

=O


1(

(n1/2 ∧ rn) · hD+1
n ·

((
K1 · sn −K2 · hMn −

K3

n·hD+1
n

)
∧

(
K1 · sn −K2 · hMn −

K3

n·hD+1
n

)1/4
))q


(S3.1.45)

4What follows is true more generally if we replace the constant b with a sequence sn > 0 which may converge to zero
as long as hMn /sn −→ 0 and sn ·n · hD+1

n −→ 0.
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Recall from (S3.1.37) that, f̂g(g(x, θ̂)) = f̂g(g(x,θ∗F)) + ξ
fg
a,n(x,θ∗F) + ξ

fg
b,n(x,θx). From (S3.1.19),

sup
F∈F

PF

sup
x∈SX

∣∣∣∣ξfgb,n(x,θx)
∣∣∣∣ ≥ b =Op

(
1

n · hD+2
n

)
uniformly over F .

From (S3.1.34) and the Hoeffding decomposition of Ufg ,n in (S3.1.29), we have

ξ
fg
a,n(x,θ∗F) =

(n− 1
n

)
·
(

1

hD+1
n
·EF

[
Λfg (X,x,θ

∗
F ,hn)

])
· 1
n

n∑
i=1

ψθF (Zi)︸                                                  ︷︷                                                  ︸
=νϕfg ,n(x,θ∗F ,hn) (see (S3.1.25) and (S3.1.27))

+
1

hD+1
n
·EF

[
Λfg (X,x,θ

∗
F ,hn)

]
εθn

+
(n− 1

2n

)
· 1

hD+1
n
· Ũfg ,n(x,θ∗F ,hn) +

1

n · hD+1
n
·EF

[
Λfg (X,x,θ

∗
F ,hn)ψθF (Z)

]
+

1

n · hD+1
n
·mfgn (x,θ∗F ,hn) +

1

hD+1
n
· νΛfg ,n

(x,θ∗F ,hn)εθn .

(S3.1.46)

Therefore we can express

ξ
fg
a,n(x,θ∗F) =

(n− 1
n

)
·
(

1

hD+1
n
·EF

[
Λfg (X,x,θ

∗
F ,hn)

])
· 1
n

n∑
i=1

ψθF (Zi)+
1

hD+1
n
·EF

[
Λfg (X,x,θ

∗
F ,hn)

]
εθn+ς

fg
1,n(x)

(S3.1.47)

where
ς
fg
1,n(x) ≡

(n− 1
2n

)
· 1

hD+1
n
· Ũfg ,n(x,θ∗F ,hn) +

1

n · hD+1
n
·EF

[
Λfg (X,x,θ

∗
F ,hn)ψθF (Z)

]
+

1

n · hD+1
n
·mfgn (x,θ∗F ,hn) +

1

hD+1
n
· νΛfg ,n

(x,θ∗F ,hn)εθn

Let us analyze ς
fg
1,n(x). From (S3.1.26),

(
n−1
2n

)
· 1
hD+1
n
·sup
x∈SX

∣∣∣∣Ũfg ,n(x,θ∗F ,hn)
∣∣∣∣ =Op

(
1

n·hD+1
n

)
. From (S3.1.32),

1
n·hD+1

n
·sup
x∈SX

∣∣∣∣EF [Λfg (X,x,θ
∗
F ,hn)ψθF (Z)

]∣∣∣∣ ≤ 1
n·hD+1

n
·µm ∀ F ∈ F . From (S3.1.33), 1

n·hD+1
n
·sup
x∈SX

∣∣∣∣mfgn (x,θ∗F ,hn)
∣∣∣∣ =

1
n·hD+1

n
·Op

(
1
n1/2

)
= Op

(
1

n3/2·hD+1
n

)
uniformly over F . Let τ > 0 be the constant described in Assump-

tion 1. From the conditions described there and the result in (S3.1.23),

1

hD+1
n
·sup
x∈SX

∥∥∥∥νΛfg ,n
(x,θ∗F ,hn)

∥∥∥∥·∥∥∥εθn∥∥∥ =
1

hD+1
n
·Op

( 1
n1/2

)
·op

( 1
n1/2+τ

)
= op

(
1

n1+τ · hD+1
n

)
uniformly over F

Therefore,

sup
x∈SX

∣∣∣∣ςfg1,n(x)
∣∣∣∣ =Op

(
1

n · hD+1
n

)
+O

(
1

n · hD+1
n

)
+Op

(
1

n3/2 · hD+1
n

)
+ op

(
1

n1+τ · hD+1
n

)
=Op

(
1

n · hD+1
n

)
,

(S3.1.48)
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uniformly over F . With this result at hand, going back to (S3.1.46) we see that we need to analyze

the term 1
hD+1
n
·EF

[
Λfg (X,x,θ

∗
F ,hn)

]
. From the definitions in (S3.1.4) and (S3.1.20), we have

1

hD+1
n
·EF

[
Λfg (X,x,θ

∗
F ,hn)

]
=

(
1

hD+1
n
·EF

[
Λ1
fg

(X,x,θ∗F ,hn)
]
, . . . ,

1

hD+1
n
·EF

[
Λk
fg

(X,x,θ∗F ,hn)
])
.

For each ` = 1, . . . , k, we have

1

hD+1
n
·EF

[
Λ`
fg

(X,x,θ∗F ,hn)
]

=
D∑
d=1

1

hD+1
n
·EF

[
∇dK

(
∆g(X,x,θ∗F)

hn

)
∂∆gd(X,x,θ)

∂θ`

]
.

It suffices to analyze 1
hD+1
n
·EF

[
∇dK

(
∆g(X,x,θ∗F )

hn

)
∂∆gd (X,x,θ)

∂θ`

]
for any (d,`). We have,

1

hD+1
n
·EF

[
∇dK

(
∆g(X,x,θ∗F)

hn

)
∂∆gd(X,x,θ∗F)

∂θ`

]
=

1

hD+1
n
·EF

[
∇dK

(
g(X,θ∗F)− g(x,θ∗F)

hn

)(
∂gd(X,θ∗F)

∂θ`
−
∂gd(x,θ∗F)
∂θ`

)]
=

1

hD+1
n
·EF

[
∇dK

(
g(X,θ∗F)− g(x,θ∗F)

hn

)
∂gd(X,θ∗F)

∂θ`

]
− 1

hD+1
n
·EF

[
∇dK

(
g(X,θ∗F)− g(x,θ∗F)

hn

)]
∂gd(x,θ∗F)
∂θ`

As we defined in Assumption 2, for a given g ≡ (g1, . . . , gD ) ∈ Sg,F , and each (`,d), let

Ω
d,`
fg

(g) = EF

∂gd(X,θ∗F)
∂θ`

∣∣∣∣∣∣g(X,θ∗F) = g

 .
From the kernel properties described in Assumption 4, we have∫

· · ·
∫
∇dK(ψ1, . . . ,ψD )dψ1 · · ·dψD = 0,

∫
· · ·

∫
ψd∇dK(ψ1, . . . ,ψD )dψ1 · · ·dψD = −1,

∫
· · ·

∫
ψ
j1
1 · · ·ψ

jD
D ∇dK(ψ1, . . . ,ψD )dψ1 · · ·dψD = 0 ∀ (j1, . . . , jD ) :


∑D
s=1 js ≤M,

j` , 0 for some ` , d, or jd , 1∫
· · ·

∫ ∣∣∣ψ1

∣∣∣j1 · · · ∣∣∣ψD ∣∣∣jD · ∣∣∣∇dK(ψ1, . . . ,ψD )
∣∣∣dψ1 · · ·dψD <∞ ∀ (j1, . . . , jD ) :

D∑
s=1

js =M + 1.
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For a given x ∈ X let

Ξ`,fg (x,θ
∗
F) ≡

D∑
d=1

∂gd(x,θ∗F)
∂θ`

·
∂fg(g(x,θ∗F))

∂gd
−
∂
[
Ω
d,`
fg

(g(x,θ∗F)) · fg(g(x,θ∗F))
]

∂gd

 ,
Ξfg (x,θ

∗
F)︸     ︷︷     ︸

1×k

≡
(
Ξ1,fg (x,θ

∗
F), . . . ,Ξk,fg (x,θ

∗
F)

)

From the smoothness conditions in Assumption 2, an Mth-order approximation yields that there
exists a constant B2,f <∞ such that

1

hD+1
n
·EF

[
Λfg (X,x,θ∗F ,hn)

]
= Ξfg (x,θ∗F) +B

Ξfg
n (x), where sup

x∈X

∥∥∥∥∥BΞfgn (x)
∥∥∥∥∥ ≤ B2,f · hMn ∀ F ∈ F .

(S3.1.49)

By Assumption 2, ∃ µΞfg <∞ such that

sup
x∈X

∥∥∥∥Ξfg (x,θ∗F)
∥∥∥∥ ≤ µΞfg ∀ F ∈ F . (S3.1.50)

Plugging (S3.1.49) into (S3.1.47),

ξ
fg
a,n(x,θ∗F) =

(n− 1
n

)
·
(
Ξfg (x,θ

∗
F) +B

Ξfg
n (x)

) 1
n

n∑
i=1

ψθF (Zi) +
(
Ξfg (x,θ

∗
F) +B

Ξfg
n (x)

)
εθn + ς

fg
1,n(x).

From here we can express

ξ
fg
a,n(x,θ∗F) = Ξfg (x,θ

∗
F)

1
n

n∑
i=1

ψθF (Zi) + ς
fg
2,n(x) + ς

fg
1,n(x), (S3.1.51)

where ς
fg
2,n(x) ≡

((
n−1
n

)
·B

Ξfg
n (x)− 1

n

)
· 1
n

∑n
i=1ψ

θ
F (Zi) +

(
Ξfg (x,θ

∗
F) +B

Ξfg
n (x)

)
εθn . Let τ > 0 be as de-

scribed in Assumption 1. From the conditions described there, (S3.1.49) and (S3.1.50) yield,

sup
x∈X

∣∣∣∣ςfg2,n(x)
∣∣∣∣ =

(
O

(
hMn

)
+O

(1
n

))
·Op

( 1
n1/2

)
+
(
O(1) +O

(
hMn

))
· op

( 1
n1/2+τ

)
=Op

(
max

{
hMn
n1/2

,
1
n3/2

,
1

n1/2+τ

})
uniformly over F

(S3.1.52)
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Combining (S3.1.48) and (S3.1.52) and defining ς
fg
n (x) ≡ ςfg1,n(x) + ς

fg
2,n(x), (S3.1.51) becomes

ξ
fg
a,n(x,θ∗F) = Ξfg (x,θ

∗
F) · 1

n

n∑
i=1

ψθF (Zi) + ς
fg
n (x),

where sup
x∈X

∣∣∣∣ςfgn (x)
∣∣∣∣ =Op

(
max

{
hMn
n1/2

,
1
n3/2

,
1

n1/2+τ
,

1

n · hD+1
n

})
uniformly over F

(S3.1.53)

S3.1.2 A uniform linear representation result for f̂g(g(x, θ̂))− fg(g(x,θ∗F))f̂g(g(x, θ̂))− fg(g(x,θ∗F))f̂g(g(x, θ̂))− fg(g(x,θ∗F))

Let

ψ
fg
F (Vi ,x,θ

∗
F ,hn) ≡ 1

hDn
·
(
K

(
∆g(Xi ,x,θ∗F)

hn

)
−EF

[
K

(
∆g(Xi ,x,θ∗F)

hn

)])
+Ξfg (x,θ

∗
F)ψθF (Zi). (S3.1.54)

Combining (S3.1.41) and (S3.1.53), we have

f̂g(g(x, θ̂)) = fg(g(x,θ∗F)) +
1
n

n∑
i=1

ψ
fg
F (Vi ,x,θ

∗
F ,hn) + ζ

fg
n (x),

where ζ
fg
n (x) ≡ Bfgn (x) + ς

fg
n (x) + ξ

fg
b,n(x,θx)

(S3.1.55)

Let ε > 0 be as described in Assumption 4. (S3.1.19), (S3.1.42) and (S3.1.53) yield,

sup
x∈X

∣∣∣∣ζfgn (x)
∣∣∣∣ =O

(
hMn

)
+Op

(
max

{
hMn
n1/2

,
1
n3/2

,
1

n1/2+τ

})
+Op

(
1

n · hD+2
n

)
=Op

(
max

{
hMn ,

1
n3/2

,
1

n1/2+τ
,

1

n · hD+2
n

})
= op

( 1
n1/2+ε

)
uniformly over F

(S3.1.56)

By the conditions in Assumptions 1 and 4 along with the results in (S3.1.40) and (S3.1.50), we can

once again invoke Result S1 to show that

sup
x∈X

∣∣∣∣∣∣∣1n
n∑
i=1

ψ
fg
F (Vi ,x,θ

∗
F ,hn)

∣∣∣∣∣∣∣ =Op

(
1

n1/2 · hDn

)
uniformly over F . (S3.1.57)

And therefore,

sup
x∈X

∣∣∣∣f̂g(g(x, θ̂))− fg(g(x,θ∗F))
∣∣∣∣ =Op

(
1

n1/2 · hDn

)
+ op

( 1
n1/2+ε

)
=Op

(
1

n1/2 · hDn

)
uniformly over F .

(S3.1.58)
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From our previous results and Assumption 2, it also follows that

sup
x∈X

∣∣∣∣∣∣∣ 1

f̂g(g(x, θ̂))

∣∣∣∣∣∣∣ =Op(1) uniformly over F . (S3.1.59)

To see why, recall from Assumption 2 that inf
x∈X

fg(g(x,θ∗F)) ≥ f
g
> 0 for all F ∈ F . Take any δ ∈ (0,1).

Note that, for any x ∈ X , f̂g(g(x, θ̂)) < (1− δ) · f
g

only if
∣∣∣∣f̂g(g(x, θ̂))− fg(g(x,θ∗F))

∣∣∣∣ > δ · f g . Therefore,

sup
F∈F

PF

sup
x∈X

∣∣∣∣∣∣∣ 1

f̂g(g(x, θ̂))

∣∣∣∣∣∣∣ > 1
(1− δ) · f

g

 ≤ sup
F∈F

PF

(
sup
x∈X

∣∣∣∣f̂g(g(x, θ̂))− fg(g(x,θ∗F))
∣∣∣∣ > δ · f g

)

From (S3.1.45), ∃Mfg > 0, K1 > 0, K2 > 0 and K3 > 0 s.t, for each c > 0, ∃ nc such that

sup
F∈F

PF

(
sup
x∈X

∣∣∣∣f̂g(g(x, θ̂))− fg(g(x,θ∗F))
∣∣∣∣ ≥ c)

≤
Mfg(

(n1/2 ∧ rn) · hD+1
n ·

((
K1 · c −K2 · hMn −

K3

n·hD+1
n

)
∧

(
K1 · c −K2 · hMn −

K3

n·hD+1
n

)1/4
))q ∀ n > nc

Thus, for any δ ∈ (0,1) there exists nδ such that

sup
F∈F

PF

sup
x∈X

∣∣∣∣∣∣∣ 1

f̂g(g(x, θ̂))

∣∣∣∣∣∣∣ > 1
(1− δ) · f

g


≤

Mfg(
(n1/2 ∧ rn) · hD+1

n ·
((
K1 · δ · f g −K2 · hMn −

K3

n·hD+1
n

)
∧

(
K1 · δ · f g −K2 · hMn −

K3

n·hD+1
n

)1/4
))q ∀ n > nδ

Now take any ε > 0 and let nδ,ε be the smallest integer such that

Mfg(
(n1/2 ∧ rn) · hD+1

n ·
((
K1 · δ · f g −K2 · hMn −

K3

n·hD+1
n

)
∧

(
K1 · δ · f g −K2 · hMn −

K3

n·hD+1
n

)1/4
))q < ε.

Thus, for any ε > 0 and δ ∈ (0,1), there exists nδ,ε such that

sup
F∈F

PF

sup
x∈X

∣∣∣∣∣∣∣ 1

f̂g(g(x, θ̂))

∣∣∣∣∣∣∣ > 1
(1− δ) · f

g

 ≤ ε ∀ n > nδ,ε,

which proves (S3.1.59).
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S3.2 Asymptotic properties of R̂p(x, t, θ̂)R̂p(x, t, θ̂)R̂p(x, t, θ̂)

Recall that R̂p(x, t,θ) = 1
n·hDn

∑n
i=1Sp(Yi , t)ωp(g(Xi ,θ))K

(
∆g(Xi ,x,θ)

hn

)
, which is an estimator for the

functional Rp,F(x, t,θ∗F) ≡ Γp,F(x, t,θ∗F) · ωp(g(x,θ∗F)) · fg(g(x,θ∗F)). The purpose of this section is

to derive the type of asymptotic results we obtained in Sections S3.1.1-S3.1.2 for R̂p(x, t,θ) −
Rp,F(x, t,θ∗F). Our analysis will closely follow parallel steps to our study of the asymptotic proper-

ties of f̂g(g(x, θ̂)) in Section S3.1. For this reason, readers who are familiar with the steps we took

in Section S3.1 may wish to skip directly to Section S3.3. As we did in Section S3.1, we begin

with a second-order approximation,

R̂p(x, t, θ̂) = R̂p(x, t,θ∗F) +
∂R̂p(x, t,θ∗F)

∂θ

(
θ̂ −θ∗F

)
+

1
2

(
θ̂ −θ∗F

)′ ∂2R̂p(x, t,θx)

∂θ∂θ′
(
θ̂ −θ∗F

)
(S3.2.1)

where θx belongs in the line segment connecting θ̂ and θ∗F . Thus, since Θ is taken to be convex,

we have θx ∈Θ. Parallel to the definitions in (S3.1.5), let

Υ
`,m
Rp

(Vi ,x, t,θ,h) ≡ Sp(Yi , t)ωp(g(Xi ,θ))
D∑
d=1

D∑
s=1

∇dsK
(
∆g(Xi ,x,θ)

h

)
∂∆gd(Xi ,x,θ)

∂θ`

∂∆gs(Xi ,x,θ)
∂θm

,

Φ
`,m
Rp

(Vi ,x, t,θ,h) ≡ Sp(Yi , t)
D∑
d=1

∇dK
(
∆g(Xi ,x,θ)

h

)
×

ωp(g(Xi ,θ))
∂2∆gd(Xi ,x,θ)

∂θm∂θ`

+
∂ωp(g(Xi ,θ)

∂θ`

∂∆gd(Xi ,x,θ)
∂θm

+
∂ωp(g(Xi ,θ)

∂θm

∂∆gd(Xi ,x,θ)
∂θ`

,
ρ`,mRp (Vi ,x, t,θ,h) ≡ Sp(Yi , t)

∂2ωp(g(Xi ,θ))

∂θm∂θ`
K

(
∆g(Xi ,x,θ)

hn

)
.

By the conditions in Assumptions 3 and 4, ∃ ηΥ <∞, ηΦ <∞ and ηρ <∞ such that, ∀ F ∈ F ,

sup
θ∈Θ

(x,t)∈SX×T
h>0

∣∣∣∣∣EF [Υ `,m
Rp

(V ,x, t,θ,h)
]∣∣∣∣∣ ≤ ηΥ sup

θ∈Θ
(x,t)∈SX×T

h>0

∣∣∣∣∣EF [Φ`,m
Rp

(V ,x, t,θ,h)
]∣∣∣∣∣ ≤ ηΦ

sup
θ∈Θ

(x,t)∈SX×T
h>0

∣∣∣∣∣EF [ρ`,mRp (V ,x, t,θ,h)
]∣∣∣∣∣ ≤ ηρ
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As we stated in the paragraph following Assumption 3, the conditions there, combined with Pakes

and Pollard (1989, Lemma 2.13) imply that, for each (`,d), the classes of functions

H `
1d =

{
m : SX −→R: m(x) =

∂∆gd(x,s,θ)
∂θ`

for some s ∈ SX , θ ∈Θ
}
,

H `,m
2d =

{
m : SX −→R: m(x) =

∂2∆gd(x,s,θ)
∂θ`∂θm

for some s ∈ SX , θ ∈Θ
}
,

H `
3 =

{
m : SX −→R: m(x) =

∂ωp(x,s,θ)

∂θ`
for some s ∈ SX , θ ∈Θ

}
,

H `,m
4 =

m : SX −→R: m(x) =
∂2ωp(x,s,θ)

∂θ`∂θm
for some s ∈ SX , θ ∈Θ


are Euclidean for an envelopeG1(x) that satisfies EF

[
G1(X)4q

]
≤ µG1

<∞ for all F ∈ F , with q being
the integer described in Assumption 1. Next, consider the following three classes of functions

G `,m
1,p =

r : SV −→R: r(v) = Υ
`,m
Rp

(v,u, t,θ,h) for some u ∈ SX , t ∈ T , θ ∈Θ, h > 0

,
G `,m

2,p =

r : SV −→R: r(v) = Φ
`,m
Rp

(v,u, t,θ,h) for some u ∈ SX , t ∈ T , θ ∈Θ, h > 0

,
G `,m

3,p =

r : SV −→R: r(v) = ρ`,mRp (v,u, t,θ,h) for some u ∈ SX , t ∈ T , θ ∈Θ, h > 0

.
The conditions in Assumptions 3 and 4 and the Euclidean-preserving properties described in

Pakes and Pollard (1989, Lemma 2.14), imply that G `,m
1,p , G `,m

2,p and G `,m
3,p are Euclidean for an enve-

lope G(·) s.t ∃ ηG <∞ s.t EF
[
G(V )4q

]
≤ ηG for all F ∈ F . Let

ν`,m
ΥRp ,n

(x, t,θ,h) =
1
n

n∑
i=1

(
Υ
`,m
Rp

(Vi ,x, t,θ,h)−EF
[
Υ
`,m
Rp

(Vi ,x, t,θ,h)
])
,

ν`,m
ΦRp ,n

(x, t,θ,h) =
1
n

n∑
i=1

(
Φ
`,m
Rp

(Vi ,x, t,θ,h)−EF
[
Φ
`,m
Rp

(Vi ,x, t,θ,h)
])
,

ν`,mρRp ,n(x, t,θ,h) =
1
n

n∑
i=1

(
ρ`,mRp (Vi ,x, t,θ,h)−EF

[
ρ`,mRp (Vi ,x, t,θ,h)

])
From here, Result S1 implies that ∃M1 <∞ s.t, ∀ b > 0,
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sup
F∈F

PF


sup
θ∈Θ

(x,t)∈SX×T
h>0

∣∣∣∣∣ν`,mΥRp ,n
(x, t,θ,h)

∣∣∣∣∣ ≥ b

≤ M1(

n1/2 · b
)q =O

 1(
n1/2 · b

)q


sup
F∈F

PF


sup
θ∈Θ

(x,t)∈SX×T
h>0

∣∣∣∣∣ν`,mΦRp ,n
(x, t,θ,h)

∣∣∣∣∣ ≥ b

≤ M1(

n1/2 · b
)q =O

 1(
n1/2 · b

)q
 ,

sup
F∈F

PF


sup
θ∈Θ

(x,t)∈SX×T
h>0

∣∣∣∣ν`,mρRp ,n(x, t,θ,h)
∣∣∣∣ ≥ b


≤ M1(

n1/2 · b
)q =O

 1(
n1/2 · b

)q


(S3.2.2)

Note that (S3.2.2) implies, in particular, that

sup
θ∈Θ

(x,t)∈SX×T
h>0

∣∣∣∣∣ν`,mΥRp ,n
(x, t,θ,h)

∣∣∣∣∣ =Op
(

1
n1/2

)

sup
θ∈Θ

(x,t)∈SX×T
h>0

∣∣∣∣∣ν`,mΦRp ,n
(x, t,θ,h)

∣∣∣∣∣ =Op
(

1
n1/2

)

sup
θ∈Θ

(x,t)∈SX×T
h>0

∣∣∣∣ν`,mρRp ,n(x, t,θ,h)
∣∣∣∣ =Op

(
1
n1/2

)



uniformly over F . (S3.2.3)

Denote ξ
Rp
b,n(x, t,θ) ≡

(
θ̂ −θ∗F

)′ ∂2R̂p(x,t,θ)
∂θ∂θ′

(
θ̂ −θ∗F

)
. We have

ξ
Rp
b,n(x, t,θ) =

k∑
`=1

k∑
m=1

∂2R̂p(x, t,θ)

∂θ`θm
·
(
θ̂m −θ∗m,F

)
·
(
θ̂` −θ∗`,F

)

=
k∑
`=1

k∑
m=1

1

hD+2
n

·EF
[
Υ
`,m
Rp

(V ,x, t,θ,hn)
]
·
(
θ̂m −θ∗m,F

)
·
(
θ̂` −θ∗`,F

)
+

k∑
`=1

k∑
m=1

1

hD+2
n

· ν`,m
ΥRp ,n

(x, t,θ,hn) ·
(
θ̂m −θ∗m,F

)
·
(
θ̂` −θ∗`,F

)

+
k∑
`=1

k∑
m=1

1

hD+1
n

·EF
[
Φ
`,m
Rp

(V ,x, t,θ,hn)
]
·
(
θ̂m −θ∗m,F

)
·
(
θ̂` −θ∗`,F

)
+

k∑
`=1

k∑
m=1

1

hD+1
n

· ν`,m
ΦRp ,n

(x, t,θ,hn) ·
(
θ̂m −θ∗m,F

)
·
(
θ̂` −θ∗`,F

)

+
k∑
`=1

k∑
m=1

1

hDn
·EF

[
ρ`,mRp

(V ,x, t,θ,hn)
]
·
(
θ̂m −θ∗m,F

)
·
(
θ̂` −θ∗`,F

)
+

k∑
`=1

k∑
m=1

1

hDn
· ν`,mρRp ,n(x, t,θ,hn) ·

(
θ̂m −θ∗m,F

)
·
(
θ̂` −θ∗`,F

)
.

(S3.2.4)

Take any b > 0. From (S3.2.4), using the results in (S3.2.2) and (S3.2.3) and the conditions in

Assumption 1, parallel steps to those we used in equations (S3.1.14)-(S3.1.17) lead us to the fol-
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lowing result, which is analogous to that in (S3.1.19)

sup
F∈F

PF

 sup
(x,t)∈SX×T

∣∣∣∣ξRpb,n(x, t,θx)
∣∣∣∣ ≥ b ≤ sup

F∈F
PF

 sup
θ∈Θ

(x,t)∈SX×T

∣∣∣∣ξRpb,n(x, t,θ)
∣∣∣∣ ≥ b


=O

 1(
h
D+2

2
n · (n1/2 ∧ rn) · (b1/2 ∧ b1/4)

)q
 ∀ b > 0, and

sup
(x,t)∈SX×T

∣∣∣∣ξRpb,n(x, t,θx)
∣∣∣∣ ≤ sup

θ∈Θ
(x,t)∈SX×T

∣∣∣∣ξRpb,n(x, t,θ)
∣∣∣∣ =Op

(
1

n · hD+2
n

)
uniformly over F .

(S3.2.5)

Denote ξ
Rp
a,n(x, t,θ) ≡ ∂R̂p(x,t,θ)

∂θ

(
θ̂ −θ∗F

)
. The decomposition of ξ

Rp
a,n(x, t,θ) will be described in detail

in equation (S3.2.18). First, we need to introduce each one of the terms that appear there, as well

as their relevant asymptotic properties. For each p = 1, . . . , P define

Λ`
Rp

(Vi ,x, t,θ,h) ≡ Sp(Yi , t)ωp(g(Xi ,θ))
D∑
d=1

∇dK
(
∆g(Xi ,x,θ)

h

)
∂∆gd(Xi ,x,θ)

∂θ`
,

β`Rp (Vi ,x, t,θ,h) ≡ Sp(Yi , t)
∂ωp(g(Xi ,θ))

∂θ`
K

(
∆g(Xi ,x,θ)

h

)
,

ΛRp (Vi ,x, t,θ,h)︸              ︷︷              ︸
1×k

≡
(
Λ1
Rp

(Vi ,x, t,θ,h), . . . ,Λk
Rp

(Vi ,x, t,θ,h)
)
,

βRp (Vi ,x, t,θ,h)︸             ︷︷             ︸
1×k

≡
(
β1
Rp

(Vi ,x, t,θ,h), . . . ,βkRp (Vi ,x, t,θ,h)
)
.

By the conditions in Assumptions 3 and 4, there exist ηΛ <∞ and ηβ <∞ such that, ∀ F ∈ F ,

sup
θ∈Θ

(x,t)∈SX×T
h>0

∥∥∥∥EF [ΛRp (V ,x, t,θ,h)
]∥∥∥∥ ≤ ηΛ sup

θ∈Θ
(x,t)∈SX×T

h>0

∥∥∥∥EF [βRp (V ,x, t,θ,h)
]∥∥∥∥ ≤ ηβ . (S3.2.6)

From the Euclidean properties of G `,m
1,p , G `,m

2,p and G `,m
3,p , the following classes are also Euclidean,

M `
4,p =

r : SV −→R : r(v) = Λ`
Rp

(v,u, t,θ,h) for some u ∈ SX , t ∈ T , θ ∈Θ, h > 0

,
M `

5,p =

r : SV −→R : r(v) = β`Rp(v,u, t,θ,h) for some u ∈ SX , t ∈ T , θ ∈Θ, h > 0
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for an envelope M1(·) such that EF
[
M1(V )4q

]
≤ ηM1

for all F ∈ F . From here, if we define

ν`
ΛRp ,n

(x, t,θ,h) =
1
n

n∑
i=1

(
Λ`
Rp

(Vi ,x, t,θ,h)−EF
[
Λ`
Rp

(Vi ,x, t,θ,h)
])
,

ν`βRp ,n
(x, t,θ,h) =

1
n

n∑
i=1

(
Λ`
Rp

(Vi ,x, t,θ,h)−EF
[
Λ`
Rp

(Vi ,x, t,θ,h)
])
,

νΛRp ,n
(x, t,θ,h)︸            ︷︷            ︸
1×k

=
(
ν1
ΛRp ,n

(x, t,θ,h), . . . ,νk
ΛRp ,n

(x, t,θ,h)
)
,

νβRp ,n(x, t,θ,h)︸            ︷︷            ︸
1×k

=
(
ν1
βRp ,n

(x, t,θ,h), . . . ,νkβRp ,n(x, t,θ,h)
)
,

then, Result S1 yields that, for any b > 0,

sup
F∈F

PF


sup
θ∈Θ

(x,t)∈SX×T
h>0

∥∥∥∥νΛRp ,n
(x, t,θ,h)

∥∥∥∥ ≥ b


=O

 1(
n1/2 · b

)q
 ,

sup
F∈F

PF


sup
θ∈Θ

(x,t)∈SX×T
h>0

∥∥∥∥νβRp ,n(x, t,θ,h)
∥∥∥∥ ≥ b


=O

 1(
n1/2 · b

)q
 , and

(S3.2.7)

sup
θ∈Θ

(x,t)∈SX×T
h>0

∥∥∥∥νΛRp ,n
(x, t,θ,h)

∥∥∥∥ =Op
(

1
n1/2

)

sup
θ∈Θ

(x,t)∈SX×T
h>0

∥∥∥∥νβRp ,n(x, t,θ,h)
∥∥∥∥ =Op

(
1
n1/2

)


uniformly over F . (S3.2.8)

Note that, under our assumptions, there exist ηm,Λ <∞ and ηm,β <∞ such that, for all F ∈ F ,

sup
θ∈Θ

(x,t)∈SX×T
h>0

∣∣∣∣EF [ΛRp(Vi ,x, t,θ,h)ψθF (Zi)
]∣∣∣∣ ≤ ηm,Λ, sup

θ∈Θ
(x,t)∈SX×T

h>0

∣∣∣∣EF [ΛRp(Vi ,x, t,θ,h)ψθF (Zi)
]∣∣∣∣ ≤ ηm,β

(S3.2.9)
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Recall that we have defined v ≡ (y,x,z). Take the classes of functions

M
p
6,F =

{
m : SV −→R: m(v1) = ΛRp(v1,u, t,θ,h)ψθF (z1) for some u ∈ SX , t ∈ T , θ ∈Θ, h > 0

}
,

M
p
7,F =

{
m : SV −→R: m(v1) = βRp (v1,u, t,θ,h)ψθF (z1) for some u ∈ SX , t ∈ T , θ ∈Θ, h > 0

}
By the properties of the classes M `

4,p and M `
5,p, and the integrability properties of the influence

function ψθF (Z) in Assumption 1, Pakes and Pollard (1989, Lemma 2.14) implies that both M
p
6,F

and M
p
7,F are Euclidean for an envelope M2(·) s.t EF

[
M2(V )4q

]
≤ ηM2

<∞ ∀ F ∈ F . Next, let

m
Rp
Λ,n(x, t,θ,h) =

1
n

n∑
i=1

(
ΛRp (Vi ,x, t,θ,h)ψθF (Zi)−EF

[
ΛRp (Vi ,x, t,θ,h)ψθF (Zi)

])
,

m
Rp
β,n(x, t,θ,h) =

1
n

n∑
i=1

(
βRp (Vi ,x, t,θ,h)ψθF (Zi)−EF

[
βRp (Vi ,x, t,θ,h)ψθF (Zi)

])
,

By the Euclidean properties of M
p
6,F and M

p
7,F , Result S1 yields that, for any b > 0,

sup
F∈F

PF


sup
θ∈Θ

(x,t)∈SX×T
h>0

∣∣∣∣mRpΛ,n(x, t,θ,h)
∣∣∣∣ ≥ b


=O

 1(
n1/2 · b

)q
 ,

sup
F∈F

PF


sup
θ∈Θ

(x,t)∈SX×T
h>0

∣∣∣∣mRpβ,n(x, t,θ,h)
∣∣∣∣ ≥ b


=O

 1(
n1/2 · b

)q
 , and

sup
θ∈Θ

(x,t)∈SX×T
h>0

∣∣∣∣mRpΛ,n(x, t,θ,h)
∣∣∣∣ =Op

(
1
n1/2

)

sup
θ∈Θ

(x,t)∈SX×T
h>0

∣∣∣∣mRpβ,n(x, t,θ,h)
∣∣∣∣ =Op

(
1
n1/2

)


uniformly over F .

(S3.2.10)

Consider the following classes of functions on S2
V ,

G
p
4,F =

{
m : S2

V −→R: m(v1,v2) = ΛRp(v1, s, t,θ,h)ψθF (z2) for some s ∈ SX , θ ∈Θ, h > 0
}
,

G
p
5,F =

{
m : S2

V −→R: m(v1,v2) = βRp (v1, s, t,θ,h)ψθF (z2) for some s ∈ SX , θ ∈Θ, h > 0
}
.

Similar to the case of M
p
6,F and M

p
7,F , the Euclidean properties of M `

4,p and M `
5,p, the integrability
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properties of ψθF (Z) in Assumption 1, and Pakes and Pollard (1989, Lemma 2.14) imply that G
p
4,F

and G
p
5,F are Euclidean for an envelopeG4(·) s.t EF

[
G4(V1,Z2)4q

]
≤ ηG4

<∞∀ F ∈ F (with (X1,Z2) ∼
F ⊗F), where q is the integer described in Assumption 1. Next, define the following U-statistics,

UΛ
Rp ,n

(x, t,θ,h) =
1

n(n− 1)

n∑
i=1

∑
j,i

ΛRp (Vi ,x, t,θ,h)ψθF (Zj ),

U
β
Rp ,n

(x, t,θ,h) =
1

n(n− 1)

n∑
i=1

∑
j,i

βRp(Vi ,x, t,θ,h)ψθF (Zj ).

(S3.2.11)

Let

ϕ
Rp
Λ,F(Zi ,x, t,θ,h) = EF

[
ΛRp (V ,x, t,θ,h)

]
ψθF (Zi),

ϑ
Rp
Λ,F(Vi ,Vj ,x, t,θ,h) = ΛRp (Vi ,x, t,h)ψθF (Zj ) +ΛRp (Vj ,x, t,h)ψθF (Zi)−ϕ

Rp
Λ,F(Zi ,x, t,θ,h)−ϕ

Rp
Λ,F(Zj ,x, t,θ,h),

ϕ
Rp
β,F(Zi ,x, t,θ,h) = EF

[
βRp (V ,x, t,θ,h)

]
ψθF (Zi),

ϑ
Rp
β,F(Vi ,Vj ,x, t,θ,h) = βRp (Vi ,x, t,h)ψθF (Zj ) + βRp (Vj ,x, t,h)ψθF (Zi)−ϕ

Rp
β,F(Zi ,x, t,θ,h)−ϕ

Rp
β,F(Zj ,x, t,θ,h),

(S3.2.12)

Note that ϑ
Rp
Λ,F(v1,v2,x, t,θ,h) = ϑ

Rp
Λ,F(v2,v1,x, t,θ,h) and ϑ

Rp
β,F(v1,v2,x, t,θ,h) = ϑ

Rp
β,F(v2,v1,x, t,θ,h)

(they are both symmetric in their first two arguments), and

EF
[
ϑ
Rp
Λ,F(Vi ,Vj ,x, t,θ,h)

∣∣∣Vi] = EF
[
ϑ
Rp
Λ,F(Vi ,Vj ,x, t,θ,h)

∣∣∣Vj] = 0,

EF
[
ϑ
Rp
β,F(Vi ,Vj ,x, t,θ,h)

∣∣∣Vi] = EF
[
ϑ
Rp
β,F(Vi ,Vj ,x, t,θ,h)

∣∣∣Vj] = 0

From the functionals in (S3.2.12), define the following degenerate U-statistics

ŨΛ
Rp ,n

(x, t,θ,h) =
1

n(n− 1)

n∑
i=1

∑
j,i

ϑ
Rp
Λ,F(Vi ,Vj ,x, t,θ,h),

Ũ
β
Rp ,n

(x, t,θ,h) =
1

n(n− 1)

n∑
i=1

∑
j,i

ϑ
Rp
β,F(Vi ,Vj ,x, t,θ,h)

From the Euclidean properties of G
p
4,F and G

p
5,F , Nolan and Pollard (1987, Lemma 20) (or Sherman

(1994, Lemma 5)) along with Pakes and Pollard (1989, Lemma 2.14) imply that

G
p
6,F =

{
m : S2

V −→R: m(v1,v2) = ϑ
Rp
Λ,F(v1,v2,x, t,θ,h) for some x ∈ SX , t ∈ T , θ ∈Θ, h > 0

}
,

G
p
7,F =

{
m : S2

V −→R: m(v1,v2) = ϑ
Rp
β,F(v1,v2,x, t,θ,h) for some x ∈ SX , t ∈ T , θ ∈Θ, h > 0

}
are Euclidean for an envelope G5(·) s.t EF

[
G5(V1,V2)4q

]
≤ ηG5

<∞ ∀ F ∈ F (with (V1,V2) ∼ F ⊗ F)
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and q being the integer described in Assumption 1. From here, Result S1 implies that, ∀ b > 0,

sup
F∈F

PF


sup
θ∈Θ

(x,t)∈SX×T
h>0

∣∣∣∣ŨΛ
Rp ,n

(x, t,θ,h)
∣∣∣∣ ≥ b


=O

(
1

(n · b)q

)
,

sup
F∈F

PF


sup
θ∈Θ

(x,t)∈SX×T
h>0

∣∣∣∣Ũβ
Rp ,n

(x, t,θ,h)
∣∣∣∣ ≥ b


=O

(
1

(n · b)q

)
, and

sup
θ∈Θ

(x,t)∈SX×T
h>0

∣∣∣∣ŨΛ
Rp ,n

(x, t,θ,h)
∣∣∣∣ =Op

(
1
n

)

sup
θ∈Θ

(x,t)∈SX×T
h>0

∣∣∣∣Ũβ
Rp ,n

(x, t,θ,h)
∣∣∣∣ =Op

(
1
n

)


uniformly over F

(S3.2.13)

Note from the definitions in (S3.2.12) that EF[ϕ
Rp
Λ,F(Zi ,x, t,θ,h)] = EF[ϕ

Rp
β,F(Zi ,x, t,θ,h)] = 0. Define

νΛϕRp ,n(x, t,θ,h) ≡ 1
n

∑n
i=1ϕ

Rp
Λ,F(Zi ,x, t,θ,h) and νβϕRp ,n(x, t,θ,h) ≡ 1

n

∑n
i=1ϕ

Rp
β,F(Zi ,x, t,θ,h). Let

G
p
8,F =

{
m : SZ −→R: m(z) = ϕ

Rp
Λ,F(z,x, t,θ,h) for some x ∈ SX , t ∈ T , θ ∈Θ, h > 0

}
,

G
p
9,F =

{
m : SZ −→R: m(z) = ϕ

Rp
β,F(z,x, t,θ,h) for some x ∈ SX , t ∈ T , θ ∈Θ, h > 0

}
,

By the same arguments used for G
p
6,F and G

p
7,F , both G

p
8,F and G

p
9,F are Euclidean classes of functions

for an envelope G6(·) s.t EF
[
G6(Z)4q

]
≤ ηG6

< ∞ ∀ F ∈ F , with q being the integer described in
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Assumption 1. From here, Result S1 yields that, for any b > 0,

sup
F∈F

PF


sup
θ∈Θ

(x,t)∈SX×T
h>0

∣∣∣∣νΛϕRp ,n(x, t,θ,h)
∣∣∣∣ ≥ b


=O

 1(
n1/2 · b

)q
 ,

sup
F∈F

PF


sup
θ∈Θ

(x,t)∈SX×T
h>0

∣∣∣∣νβϕRp ,n(x, t,θ,h)
∣∣∣∣ ≥ b


=O

 1(
n1/2 · b

)q
 , and

sup
θ∈Θ

(x,t)∈SX×T
h>0

∣∣∣∣νΛϕRp ,n(x, t,θ,h)
∣∣∣∣ =Op

(
1
n1/2

)

sup
θ∈Θ

(x,t)∈SX×T
h>0

∣∣∣∣νβϕRp ,n(x, t,θ,h)
∣∣∣∣ =Op

(
1
n1/2

)


uniformly over F

(S3.2.14)

The Hoeffding decompositions of the U-statistics UΛ
Rp ,n

(x, t,θ,h) and U
β
Rp ,n

(x, t,θ,h) defined in

(S3.2.11) are given by (see Serfling (1980, pages 177-178) or Sherman (1994, equations (6)-(7))),

UΛ
Rp ,n

(x, t,θ,h) = νΛϕRp ,n(x, t,θ,h) +
1
2
· ŨΛ

Rp ,n
(x, t,θ,h),

U
β
Rp ,n

(x, t,θ,h) = νβϕRp ,n(x, t,θ,h) +
1
2
· Ũβ

Rp ,n
(x, t,θ,h).

(S3.2.15)

Therefore, from (S3.2.13) and (S3.2.14), for any b > 0 we have

sup
F∈F

PF


sup
θ∈Θ

(x,t)∈SX×T
h>0

∣∣∣∣UΛ
Rp ,n

(x, t,θ,h)
∣∣∣∣ ≥ b


≤sup
F∈F

PF


sup
θ∈Θ

(x,t)∈SX×T
h>0

∣∣∣∣νΛϕRp,n(x, t,θ,h)
∣∣∣∣ ≥ b2


+ sup
F∈F

PF


1
2
· sup

θ∈Θ
(x,t)∈SX×T

h>0

∣∣∣∣ŨΛ
Rp ,n

(x, t,θ,h)
∣∣∣∣ ≥ b2


=O

(
1

(n · b)q

)
+O

 1(
n1/2 · b

)q
 =O

 1(
n1/2 · b

)q


(S3.2.16)
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and

sup
F∈F

PF


sup
θ∈Θ

(x,t)∈SX×T
h>0

∣∣∣∣Uβ
Rp ,n

(x, t,θ,h)
∣∣∣∣ ≥ b


≤sup
F∈F

PF


sup
θ∈Θ

(x,t)∈SX×T
h>0

∣∣∣∣νβϕRp,n(x, t,θ,h)
∣∣∣∣ ≥ b2


+ sup
F∈F

PF


1
2
· sup

θ∈Θ
(x,t)∈SX×T

h>0

∣∣∣∣Ũβ
Rp ,n

(x, t,θ,h)
∣∣∣∣ ≥ b2


=O

(
1

(n · b)q

)
+O

 1(
n1/2 · b

)q
 =O

 1(
n1/2 · b

)q


(S3.2.17)

We are ready to analyze the components of ξ
Rp
a,n(x, t,θ). We have,

ξ
Rp
a,n(x, t,θ) ≡

∂R̂p(x, t,θ)

∂θ

(
θ̂ −θ∗F

)
=

1

n2 · hD+1
n

n∑
i=1

n∑
j=1

ΛRp (Vi ,x, t,θ,hn)ψθF (Zj ) +

 1

n · hD+1
n

n∑
i=1

ΛRp (Vi ,x, t,θ,hn)

εθn
+

1

n2 · hDn

n∑
i=1

n∑
j=1

βRp (Vi ,x, t,θ,hn)ψθF (Zj ) +

 1

n · hDn

n∑
i=1

βRp (Vi ,x, t,θ,hn)

εθn
=

1

hD+1
n
·
(n− 1
n

)
·UΛ

Rp ,n
(x, t,θ,hn) +

1

hDn
·
(n− 1
n

)
·Uβ

Rp ,n
(x, t,θ,hn)

+
1

n · hD+1
n
·EF

[
ΛRp (V ,x, t,θ,hn)ψθF (Z)

]
+

1

n · hD+1
n
·m

Rp
Λ,n(x, t,θ,hn)

+
1

hD+1
n
·EF

[
ΛRp (V ,x, t,θ,hn)

]
εθn +

1

hD+1
n
· νΛRp ,n(x, t,θ,hn)εθn

+
1

n · hDn
·EF

[
βRp (V ,x, t,θ,hn)ψθF (Z)

]
+

1

n · hDn
·m

Rp
β,n(x, t,θ,hn)

+
1

hDn
·EF

[
βRp (V ,x, t,θ,hn)

]
εθn +

1

hDn
· νβRp ,n(x, t,θ,hn)εθn

(S3.2.18)

Thus, from (S3.2.6), (S3.2.9) and (S3.2.18),∣∣∣∣ξRpa,n(x, t,θ)
∣∣∣∣ ≤ 1

hD+1
n
·
(n− 1
n

)
·
∣∣∣∣UΛ
Rp ,n

(x, t,θ,hn)
∣∣∣∣+

1

hDn
·
(n− 1
n

)
·
∣∣∣∣Uβ
Rp ,n

(x, t,θ,hn)
∣∣∣∣

+
1

n · hD+1
n
·
∣∣∣∣mRpΛ,n(x, t,θ,hn)

∣∣∣∣+
1

hD+1
n
·
∥∥∥∥νΛRp ,n(x, t,θ,hn)

∥∥∥∥ · ∥∥∥εθn∥∥∥+
ηΛ
hD+1
n
·
∥∥∥εθn∥∥∥+

ηm,Λ
n · hD+1

n
,

+
1

n · hDn
·
∣∣∣∣mRpβ,n(x, t,θ,hn)

∣∣∣∣+
1

hDn
·
∥∥∥∥νβRp ,n(x, t,θ,hn)

∥∥∥∥ · ∥∥∥εθn∥∥∥+
ηβ

hDn
·
∥∥∥εθn∥∥∥+

ηm,β

n · hDn
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Thus, for any b > 0,

sup
F∈F

PF

 sup
θ∈Θ

(x,t)∈SX×T

∣∣∣∣ξRpa,n(x, t,θ)
∣∣∣∣ ≥ b


≤sup
F∈F

PF


1

hD+1
n
·
(n− 1
n

)
· sup

θ∈Θ
(x,t)∈SX×T

h>0

∣∣∣∣UΛ
Rp ,n

(x, t,θ,h)
∣∣∣∣ ≥ 1

8
·
(
b −

ηm,Λ
n · hD+1

n
−
ηm,β

n · hDn

)
+sup
F∈F

PF


1

hDn
·
(n− 1
n

)
· sup

θ∈Θ
(x,t)∈SX×T

h>0

∣∣∣∣Uβ
Rp ,n

(x, t,θ,h)
∣∣∣∣ ≥ 1

8
·
(
b −

ηm,Λ
n · hD+1

n
−
ηm,β

n · hDn

)
+sup
F∈F

PF


1

n · hD+1
n
· sup

θ∈Θ
(x,t)∈SX×T

h>0

∣∣∣∣mRpΛ,n(x, t,θ,h)
∣∣∣∣ ≥ 1

8
·
(
b −

ηm,Λ
n · hD+1

n
−
ηm,β

n · hDn

)
+sup
F∈F

PF


1

hD+1
n
· sup

θ∈Θ
(x,t)∈SX×T

h>0

∥∥∥∥νΛRp ,n(x, t,θ,h)
∥∥∥∥ · ∥∥∥εθn∥∥∥ ≥ 1

8
·
(
b −

ηm,Λ
n · hD+1

n
−
ηm,β

n · hDn

)
+sup
F∈F

PF

(
ηΛ
hD+1
n
·
∥∥∥εθn∥∥∥ ≥ 1

8
·
(
b −

ηm,Λ
n · hD+1

n
−
ηm,β

n · hDn

))

+sup
F∈F

PF


1

n · hDn
· sup

θ∈Θ
(x,t)∈SX×T

h>0

∣∣∣∣mRpβ,n(x, t,θ,h)
∣∣∣∣ ≥ 1

8
·
(
b −

ηm,Λ
n · hD+1

n
−
ηm,β

n · hDn

)
+sup
F∈F

PF


1

hDn
· sup

θ∈Θ
(x,t)∈SX×T

h>0

∥∥∥∥νβRp ,n(x, t,θ,h)
∥∥∥∥ · ∥∥∥εθn∥∥∥ ≥ 1

8
·
(
b −

ηm,Λ
n · hD+1

n
−
ηm,β

n · hDn

)
+sup
F∈F

PF

( ηβ
hDn
·
∥∥∥εθn∥∥∥ ≥ 1

8
·
(
b −

ηm,Λ
n · hD+1

n
−
ηm,β

n · hDn

))

(S3.2.19)

Using our previous results we can analyze each of the terms on the right hand side of (S3.2.19). If

b > 0 is fixed5, there exists n0 such that b− ηm,Λ
n·hD+1

n
−
ηm,β
n·hDn

> 0 ∀ n > n0. From (S3.2.16), it follows that

5As before, what follows is true for any sequence bn > 0 such that bn ·n · hD+1
n −→∞.

34



sup
F∈F

PF


1

hD+1
n

·
(n− 1
n

)
· sup

θ∈Θ
(x,t)∈SX×T

h>0

∣∣∣∣UΛ
Rp ,n

(x, t,θ,h)
∣∣∣∣ ≥ 1

8
·
b − ηm,Λ

n · hD+1
n

−
ηm,β

n · hDn




=sup
F∈F

PF


sup
θ∈Θ

(x,t)∈SX×T
h>0

∣∣∣∣UΛ
Rp ,n

(x, t,θ,h)
∣∣∣∣ ≥ 1

8
·
( n
n− 1

)
· hD+1
n ·

b − ηm,Λ

n · hD+1
n

−
ηm,β

n · hDn




=O


1(

n1/2 · hD+1
n ·

(
b −

ηm,Λ
n·hD+1

n
−
ηm,β

n·hDn

))q


(S3.2.20A)
From (S3.2.17),

sup
F∈F

PF


1

hDn
·
(n− 1
n

)
· sup

θ∈Θ
(x,t)∈SX×T

h>0

∣∣∣∣∣UβRp ,n(x, t,θ,h)
∣∣∣∣∣ ≥ 1

8
·
b − ηm,Λ

n · hD+1
n

−
ηm,β

n · hDn




=sup
F∈F

PF


sup
θ∈Θ

(x,t)∈SX×T
h>0

∣∣∣∣∣UβRp ,n(x, t,θ,h)
∣∣∣∣∣ ≥ 1

8
·
( n
n− 1

)
· hD+1
n ·

b − ηm,Λ

n · hD+1
n

−
ηm,β

n · hDn




=O


1(

n1/2 · hDn ·
(
b −

ηm,Λ
n·hD+1

n
−
ηm,β

n·hDn

))q


(S3.2.20B)

From (S3.2.10),

sup
F∈F

PF


1

n · hD+1
n

· sup
θ∈Θ

(x,t)∈SX×T
h>0

∣∣∣∣∣mRpΛ,n(x, t,θ,h)
∣∣∣∣∣ ≥ 1

8
·
b − ηm,Λ

n · hD+1
n

−
ηm,β

n · hDn




=sup
F∈F

PF


sup
θ∈Θ

(x,t)∈SX×T
h>0

∣∣∣∣∣mRpΛ,n(x, t,θ,h)
∣∣∣∣∣ ≥ 1

8
·n · hD+1

n ·
b − ηm,Λ

n · hD+1
n

−
ηm,β

n · hDn




=O


1(

n3/2 · hD+1
n ·

(
b −

ηm,Λ
n·hD+1

n
−
ηm,β

n·hDn

))q


(S3.2.20C)
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Next, from (S3.2.7) and Assumption 1,

sup
F∈F

PF


1

hD+1
n

· sup
θ∈Θ

(x,t)∈SX×T
h>0

∥∥∥∥νΛRp ,n(x, t,θ,h)
∥∥∥∥ · ∥∥∥∥εθn ∥∥∥∥ ≥ 1

8
·
b − ηm,Λ

n · hD+1
n

−
ηm,β

n · hDn




≤sup
F∈F

PF


sup
θ∈Θ

(x,t)∈SX×T
h>0

∥∥∥∥νΛRp ,n(x, t,θ,h)
∥∥∥∥ ≥ 1

8
· hD+1
n ·

b − ηm,Λ

n · hD+1
n

−
ηm,β

n · hDn

1/2


+ sup
F∈F

PF

∥∥∥∥εθn ∥∥∥∥ ≥
1

8
· hD+1
n ·

b − ηm,Λ

n · hD+1
n

−
ηm,β

n · hDn

1/2


=O


1n1/2 · h

D+1
2

n ·
(
b −

ηm,Λ
n·hD+1

n
−
ηm,β

n·hDn

)1/2q
+O


1rn · hD+1

2
n ·

(
b −

ηm,Λ
n·hD+1

n
−
ηm,β

n·hDn

)1/2q


=O


1(n1/2 ∧ rn) · h

D+1
2

n ·
(
b −

ηm,Λ
n·hD+1

n
−
ηm,β

n·hDn

)1/2q


(S3.2.20D)
Next, also from Assumption 1,

sup
F∈F

PF

 ηΛ
hD+1
n

·
∥∥∥∥εθn ∥∥∥∥ ≥ 1

4
·
b − ηm,Λ

n · hD+1
n

−
ηm,β

n · hDn

 = sup
F∈F

PF

∥∥∥∥εθn ∥∥∥∥ ≥ hD+1
n

4ηΛ
·
b − ηm,Λ

n · hD+1
n

−
ηm,β

n · hDn


=O


1(

rn · hD+1
n ·

(
b −

ηm,Λ
n·hD+1

n
−
ηm,β

n·hDn

))q


(S3.2.20E)

From (S3.2.10),

sup
F∈F

PF


1

n · hDn
· sup

θ∈Θ
(x,t)∈SX×T

h>0

∣∣∣∣∣mRpβ,n(x, t,θ,h)
∣∣∣∣∣ ≥ 1

8
·
b − ηm,Λ

n · hD+1
n

−
ηm,β

n · hDn




=sup
F∈F

PF


sup
θ∈Θ

(x,t)∈SX×T
h>0

∣∣∣∣∣mRpβ,n(x, t,θ,h)
∣∣∣∣∣ ≥ 1

8
·n · hDn ·

b − ηm,Λ

n · hD+1
n

−
ηm,β

n · hDn




=O


1(

n3/2 · hDn ·
(
b −

ηm,Λ
n·hD+1

n
−
ηm,β

n·hDn

))q


(S3.2.20F)
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From (S3.2.7) and Assumption 1,

sup
F∈F

PF


1

hDn
· sup

θ∈Θ
(x,t)∈SX×T

h>0

∥∥∥∥νβRp ,n(x, t,θ,h)
∥∥∥∥ · ∥∥∥∥εθn ∥∥∥∥ ≥ 1

8
·
b − ηm,Λ

n · hD+1
n

−
ηm,β

n · hDn




≤sup
F∈F

PF


sup
θ∈Θ

(x,t)∈SX×T
h>0

∥∥∥∥νβRp ,n(x, t,θ,h)
∥∥∥∥ ≥ 1

8
· hDn ·

b − ηm,Λ

n · hD+1
n

−
ηm,β

n · hDn

1/2


+ sup
F∈F

PF

∥∥∥∥εθn ∥∥∥∥ ≥
1

8
· hDn ·

b − ηm,Λ

n · hD+1
n

−
ηm,β

n · hDn

1/2


=O


1n1/2 · h

D
2
n ·

(
b −

ηm,Λ
n·hD+1

n
−
ηm,β

n·hDn

)1/2q
+O


1rn · hD2n · (b − ηm,Λ

n·hD+1
n
−
ηm,β

n·hDn

)1/2q


=O


1(n1/2 ∧ rn) · h

D
2
n ·

(
b −

ηm,Λ
n·hD+1

n
−
ηm,β

n·hDn

)1/2q


(S3.2.20G)

Also from Assumption 1,

sup
F∈F

PF

(
ηΛ
hDn
·
∥∥∥εθn∥∥∥ ≥ 1

4
·
(
b −

ηm,Λ
n · hD+1

n
−
ηm,β

n · hDn

))
= sup
F∈F

PF

(∥∥∥εθn∥∥∥ ≥ hDn
4ηΛ

·
(
b −

ηm,Λ
n · hD+1

n
−
ηm,β

n · hDn

))

=O

 1(
rn · hDn ·

(
b − ηm,Λ

n·hD+1
n
−
ηm,β
n·hDn

))q


(S3.2.20H)

For large enough n, we have6 b − ηm,Λ
n·hD+1

n
−
ηm,β
n·hDn

> 0 and hn < 1 (and therefore hD+1
n < h

D+1
2
n < h

D
2
n ).

Combining (S3.2.20A)-(S3.2.20H) with (S3.2.19) we obtain,

sup
F∈F

PF

 sup
θ∈Θ

(x,t)∈SX×T

∣∣∣∣ξRpa,n(x, t,θ)
∣∣∣∣ ≥ b

 =O


1(

(n1/2 ∧ rn) · hD+1
n ·

((
b − ηm,Λ

n·hD+1
n
−
ηm,β
n·hDn

)
∧

(
b − ηm,Λ

n·hD+1
n
−
ηm,β
n·hDn

)1/2
))q


Going back to the second-order approximation in (S3.2.1),

R̂p(x, t, θ̂) = R̂p(x, t,θ∗F) + ξ
Rp
a,n(x, t,θ∗F) + ξ

Rp
b,n(x, t,θx), (S3.2.21)

6See footnote 5.
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where, for any b > 0

sup
F∈F

PF

 sup
(x,t)∈SX×T

∣∣∣∣ξRpa,n(x, t,θ∗F)
∣∣∣∣ ≥ b ≤ sup

F∈F
PF

 sup
θ∈Θ

(x,t)∈SX×T

∣∣∣∣ξRpa,n(x, t,θ)
∣∣∣∣ ≥ b


=O


1(

(n1/2 ∧ rn) · hD+1
n ·

((
b − ηm,Λ

n·hD+1
n
−
ηm,β
n·hDn

)
∧

(
b − ηm,Λ

n·hD+1
n
−
ηm,β
n·hDn

)1/2
))q


(S3.2.22)

As we have done before, note that for any c > 0, we have min
{
c, c1/2 , c1/4

}
= min

{
c , c1/4

}
. Using

this and combining (S3.2.5) with (S3.2.22), we have that for any b > 0,

sup
F∈F

PF

 sup
(x,t)∈SX×T

∣∣∣∣ξRpa,n(x, t,θ∗F) + ξ
Rp
b,n(x, t,θx)

∣∣∣∣ ≥ b
≤sup
F∈F

PF

 sup
(x,t)∈SX×T

∣∣∣∣ξRpa,n(x, t,θ∗F)
∣∣∣∣ ≥ b2

+ sup
F∈F

PF

 sup
(x,t)∈SX×T

∣∣∣∣ξRpb,n(x, t,θx)
∣∣∣∣ ≥ b2


=O


1(

(n1/2 ∧ rn) · hD+1
n ·

((
b
2 −

ηm,Λ
n·hD+1

n
−
ηm,β
n·hDn

)
∧

(
b
2 −

ηm,Λ
n·hD+1

n
−
ηm,β
n·hDn

)1/4
))q


(S3.2.23)

Now let us analyze R̂p(x, t,θ∗F). For a given (x, t) ∈ SX ×T , θ ∈Θ and h > 0 denote

ν
Rp
n (x, t,θ,h) ≡ 1

n

n∑
i=1

(
Sp(Yi , t)ωp(g(Xi ,θ))K

(
∆g(Xi ,x,θ)

h

)
−EF

[
Sp(Yi , t)ωp(g(Xi ,θ))K

(
∆g(Xi ,x,θ)

h

)])

From Assumptions 3 and 4, the class of functions

G
p
10 =

{
m : SV −→R: m(v) = Sp(y,u, t)ωp(g(x,θ))K

(
∆g(x,u,θ)

h

)
for some u ∈ SX , t ∈ T , θ ∈Θ, h > 0

}

is Euclidean for an envelope ω · K ·G7(Y ) s.t EF
[
G7(Y )4q

]
≤ ηG7

< ∞ ∀ F ∈ F , with q being the
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integer described in Assumption 1. From here, Result S1 yields that, for any b > 0,

sup
F∈F

PF


sup
θ∈Θ

(x,t)∈SX×T
h>0

∣∣∣∣νRpn (x, t,θ,h)
∣∣∣∣ ≥ b


=O

 1(
n1/2 · b

)q
 , and therefore,

sup
θ∈Θ

(x,t)∈SX×T
h>0

∣∣∣∣νRpn (x, t,θ,h)
∣∣∣∣ =Op

( 1
n1/2

)
uniformly over F .

(S3.2.24)

Recall that we have defined Rp,F(x, t,θ∗F) ≡ Γp,F(x, t,θ∗F) ·ωp(g(x,θ∗F)) · fg(g(x,θ∗F)). Let

B
Rp
n (x, t) ≡ 1

hDn
·EF

[
Sp(Y ,t)ωp(g(X,θ))K

(
∆g(X,x,θ∗F)

hn

)]
−Rp,F(x, t,θ∗F)︸                                                                         ︷︷                                                                         ︸

bias

.

We have, R̂p(x, t,θ∗F) = Rp,F(x, t,θ∗F) + 1
hDn
· νRpn (x, t,θ∗F ,hn) +B

Rp
n (x, t). From here, (S3.2.21) yields,

R̂p(x, t, θ̂) = Rp,F(x, t,θ∗F) +
1

hDn
· νRpn (x, t,θ∗F ,hn) +B

Rp
n (x, t) + ξ

Rp
a,n(x, t,θ∗F) + ξ

Rp
b,n(x, t,θx), (S3.2.25)

From Assumptions 4 and the smoothness conditions described in Assumption 2, an Mth-order

approximation implies that there exists a constant B1,f <∞ such that

sup
(x,t)∈X×T

∣∣∣∣BRpn (x, t)
∣∣∣∣ ≤ B1,R · hMn ∀ F ∈ F . (S3.2.26)

Thus,

sup
(x,t)∈X×T

∣∣∣R̂p(x, t, θ̂)−Rp,F(x, t,θ∗F)
∣∣∣ ≤ 1

hDn
· sup

(x,t)∈X×T

∣∣∣∣νRpn (x, t,θ∗F ,hn)
∣∣∣∣+B1,R · hMn

+ sup
(x,t)∈X×T

∣∣∣∣ξRpa,n(x, t,θ∗F) + ξ
Rp
b,n(x, t,θx)

∣∣∣∣
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Thus, for any b > 0,

sup
F∈F

PF

 sup
(x,t)∈X×T

∣∣∣R̂p(x, t, θ̂)−Rp,F(x, t,θ∗F)
∣∣∣ ≥ b

≤sup
F∈F

PF

 1

hDn
· sup

(x,t)∈∈X×T

∣∣∣∣νRpn (x, t,θ∗F ,hn)
∣∣∣∣+ sup

(x,t)∈X×T

∣∣∣∣ξRpa,n(x, t,θ∗F) + ξ
Rp
b,n(x, t,θx)

∣∣∣∣ ≥ b −B1,R · hMn


≤sup
F∈F

PF

 1

hDn
· sup

(x,t)∈X×T

∣∣∣∣νRpn (x, t,θ∗F ,hn)
∣∣∣∣ ≥ (

b −B1,R · hMn
2

)
+sup
F∈F

PF

 sup
(x,t)∈X×T

∣∣∣∣ξRpa,n(x, t,θ∗F) + ξ
Rp
b,n(x, t,θx)

∣∣∣∣ ≥ (
b −B1,R · hMn

2

)
(S3.2.27)

For any given b > 0, there exists an n0 such that7 b
4 −

B1,R
4 ·h

M
n −

ηm,Λ
n·hD+1

n
−
ηm,β
n·hDn

> 0, and hn < 1 ∀ n > n0.
From (S3.2.23) and (S3.2.24), the inequality in (S3.2.27) yields

sup
F∈F

PF

 sup
(x,t)∈X×T

∣∣∣R̂p(x, t, θ̂)−Rp,F(x, t,θ∗F)
∣∣∣ ≥ b

=O

 1(
n1/2 · hDn ·

(
b
2 −

B1,R
2 · h

M
n

))q


+O


1(

(n1/2 ∧ rn) · hD+1
n ·

((
b
4 −

B1,R
4 · h

M
n −

ηm,Λ
n·hD+1

n
−
ηm,β
n·hDn

)
∧

(
b
4 −

B1,R
4 · h

M
n −

ηm,Λ
n·hD+1

n
−
ηm,β
n·hDn

)1/4
))q


=O


1(

(n1/2 ∧ rn) · hD+1
n ·

((
b
4 −

B1,R
2 · h

M
n −

ηm,Λ
n·hD+1

n
−
ηm,β
n·hDn

)
∧

(
b
4 −

B1,R
2 · h

M
n −

ηm,Λ
n·hD+1

n
−
ηm,β
n·hDn

)1/4
))q



(S3.2.28)

7What follows is true more generally if we replace the constant b with a sequence sn > 0 which may converge to zero
as long as hMn /sn −→ 0 and sn ·n · hD+1

n −→ 0. See footnote 4.
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S3.2.1 A general result for sup
F∈F

PF

 sup
(x,t)∈X×T

∣∣∣R̂p(x, t, θ̂)−Rp,F(x, t,θ∗F)
∣∣∣ ≥ snsup

F∈F
PF

 sup
(x,t)∈X×T

∣∣∣R̂p(x, t, θ̂)−Rp,F(x, t,θ∗F)
∣∣∣ ≥ snsup

F∈F
PF

 sup
(x,t)∈X×T

∣∣∣R̂p(x, t, θ̂)−Rp,F(x, t,θ∗F)
∣∣∣ ≥ sn

From (S3.2.28), ∃ K4 > 0, K5 > 0, K6 > 0 and C3 > 0 such that, for any sequence sn > 0 (possibly

converging to zero) such that hMn
sn
−→ 0 and sn ·n · hD+1

n −→∞,

sup
F∈F

PF

 sup
(x,t)∈X×T

∣∣∣R̂p(x, t, θ̂)−Rp,F(x, t,θ∗F)
∣∣∣ ≥ sn

=O


1(

(n1/2 ∧ rn) · hD+1
n ·

((
K4 · sn −K5 · hMn −

K6

n·hD+1
n
− C3

n·hDn

)
∧

(
K4 · sn −K5 · hMn −

K6

n·hD+1
n
− C3

n·hDn

)1/4
))q


(S3.2.29)

S3.2.2 A uniform linear representation result for R̂p(x, t, θ̂)−Rp,F(x, t,θ∗F)R̂p(x, t, θ̂)−Rp,F(x, t,θ∗F)R̂p(x, t, θ̂)−Rp,F(x, t,θ∗F)

Recall that R̂p(x, t, θ̂) = R̂p(x, t,θ∗F) + ξ
Rp
a,n(x, t,θ∗F) + ξ

Rp
b,n(x, t,θx). From (S3.2.5),

sup
(x,t)∈SX×T

∣∣∣∣ξRpb,n(x, t,θx)
∣∣∣∣ =Op

(
1

n · hD+2
n

)
uniformly over F .

Let us focus on the term ξ
Rp
a,n(x, t,θ∗F). From (S3.2.18) and the Hoeffding decompositions of UΛ

Rp ,n

and Uβ
Rp ,n

in (S3.2.15) we have,

ξ
Rp
a,n(x, t,θ∗F) =

(n− 1
n

)
·
(

1

hD+1
n
·EF

[
ΛRp(V ,x, t,θ

∗
F ,hn)

]
+

1

hDn
·EF

[
βRp (V ,x, t,θ

∗
F ,hn)

])
· 1
n

n∑
i=1

ψθF (Zi)

+
(

1

hD+1
n
·EF

[
ΛRp (V ,x, t,θ

∗
F ,hn)

]
+

1

hD+1
n
·EF

[
βRp(V ,x, t,θ

∗
F ,hn)

])
εθn

+
(n− 1

2n

)
·
(

1

hD+1
n
· ŨΛ

Rp ,n
(x, t,θ∗F ,hn) +

1

hDn
· Ũβ

Rp ,n
(x, t,θ∗F ,hn)

)
+

1
n
·
(

1

hD+1
n
·EF

[
ΛRp(V ,x, t,θ

∗
F ,hn)ψθF (Z)

]
+

1

hDn
·EF

[
βRp (V ,x, t,θ

∗
F ,hn)ψθF (Z)

])
+

1

n · hD+1
n
·mRp

Λ,n(x, t,θ∗F ,hn) +
1

hD+1
n
· νΛRp ,n

(x, t,θ∗F ,hn)εθn

+
1

n · hDn
·mRpβ,n(x, t,θ∗F ,hn) +

1

hDn
· νβRp ,n(x, t,θ∗F ,hn)εθn

(S3.2.30)
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Therefore we can express

ξ
Rp
a,n(x, t,θ∗F) =

(n− 1
n

)
·
(

1

hD+1
n
·EF

[
ΛRp (V ,x, t,θ∗F ,hn)

]
+

1

hDn
·EF

[
βRp (V ,x, t,θ∗F ,hn)

])
· 1
n

n∑
i=1

ψθF (Zi)

+
(

1

hD+1
n
·EF

[
ΛRp (V ,x, t,θ∗F ,hn)

]
+

1

hD+1
n
·EF

[
βRp (V ,x, t,θ∗F ,hn)

])
εθn + ς

Rp
1,n(x, t), where

(S3.2.31)

ς
Rp
1,n(x, t) ≡

(n− 1
2n

)
·
(

1

hD+1
n
· ŨΛ

Rp ,n
(x, t,θ∗F ,hn) +

1

hDn
· Ũβ

Rp ,n
(x, t,θ∗F ,hn)

)
+

1
n
·
(

1

hD+1
n
·EF

[
ΛRp (V ,x, t,θ∗F ,hn)ψθF (Z)

]
+

1

hDn
·EF

[
βRp (V ,x, t,θ∗F ,hn)ψθF (Z)

])
+

1

n · hD+1
n
·m

Rp
Λ,n(x, t,θ∗F ,hn) +

1

hD+1
n
· νΛRp ,n(x, t,θ∗F ,hn)εθn +

1

n · hDn
·m

Rp
β,n(x, t,θ∗F ,hn) +

1

hDn
· νβRp ,n(x, t,θ∗F ,hn)εθn

Let us analyze each of the components of ς
Rp
1,n(x, t). From (S3.2.13),

(n− 1
2n

)
·
 1

hD+1
n
· sup

(x,t)∈SX×T

∣∣∣∣ŨΛ
Rp ,n

(x, t,θ∗F ,hn)
∣∣∣∣+

1

hDn
· sup

(x,t)∈SX×T

∣∣∣∣Ũβ
Rp ,n

(x, t,θ∗F ,hn)
∣∣∣∣

=Op

(
1

n · hD+1
n

)
+Op

(
1

n · hDn

)
=Op

(
1

n · hD+1
n

)
.

From (S3.2.9),

1
n·hD+1

n
· sup

(x,t)∈SX×T

∣∣∣∣EF [ΛRp (V ,x, t,θ∗F ,hn)ψθF (Z)
]∣∣∣∣ ≤ 1

n·hD+1
n
· ηm,Λ

1
n·hDn
· sup

(x,t)∈SX×T

∣∣∣∣EF [βRp (V ,x, t,θ∗F ,hn)ψθF (Z)
]∣∣∣∣ ≤ 1

n·hDn
· ηm,β

 ∀ F ∈ F

From (S3.2.10),

1
n·hD+1

n
· sup

(x,t)∈SX×T

∣∣∣∣mRpΛ,n(x, t,θ∗F ,hn)
∣∣∣∣ = 1

n·hD+1
n
·Op

(
1
n1/2

)
=Op

(
1

n3/2·hD+1
n

)
1

n·hDn
· sup

(x,t)∈SX×T

∣∣∣∣mRpβ,n(x, t,θ∗F ,hn)
∣∣∣∣ = 1

n·hDn
·Op

(
1
n1/2

)
=Op

(
1

n3/2·hDn

)
 uniformly over F

Let τ > 0 be the constant in Assumption 1. From the conditions described there and (S3.2.8),

1
hD+1
n
· sup

(x,t)∈SX×T

∥∥∥∥νΛRp ,n
(x, t,θ∗F ,hn)

∥∥∥∥ · ∥∥∥εθn∥∥∥ = 1
hD+1
n
·Op

(
1
n1/2

)
· op

(
1

n1/2+τ

)
= op

(
1

n1+τ ·hD+1
n

)
1
hDn
· sup

(x,t)∈SX×T

∥∥∥∥νβRp ,n(x, t,θ∗F ,hn)
∥∥∥∥ · ∥∥∥εθn∥∥∥ = 1

hDn
·Op

(
1
n1/2

)
· op

(
1

n1/2+τ

)
= op

(
1

n1+τ ·hDn

)


uniformly

over F
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Therefore,

sup
(x,t)∈SX×T

∣∣∣∣ςRp1,n(x, t)
∣∣∣∣ =Op

(
1

n · hD+1
n

)
+O

(
1

n · hD+1
n

)
+Op

(
1

n3/2 · hD+1
n

)
+ op

(
1

n1+τ · hD+1
n

)
+Op

(
1

n · hDn

)
+O

(
1

n · hDn

)
+Op

(
1

n3/2 · hDn

)
+ op

(
1

n1+τ · hDn

)
=Op

(
1

n · hD+1
n

)
uniformly over F

(S3.2.32)

With this result at hand, going back to (S3.2.30) we see that we need to analyze the term

1

hD+1
n
·EF

[
ΛRp(V ,x, t,θ

∗
F ,hn)

]
+

1

hDn
·EF

[
βRp (V ,x, t,θ

∗
F ,hn)

]
.

As defined in Assumption 2, for each p = 1, . . . , P , ` = 1, . . . , k and d = 1, . . . ,D, let

Ω
d,`
Rp ,1

(g, t) = EF

[
Sp(Y ,t)ωp(g(X,θ∗F))

∂gd(X,θ∗F)
∂θ`

∣∣∣∣∣g(X,θ∗F) = g
]
,

ΩRp ,2(g, t) = EF

[
Sp(Y ,t)ωp(g(X,θ∗F))

∣∣∣∣∣g(X,θ∗F) = g
]
,

Ω`
Rp ,3

(g, t) = EF

[
Sp(Y ,t)

∂ωp(g(X,θ∗F))

∂θ`

∣∣∣∣∣g(X,θ∗F) = g
]
.

As we defined in equation (A1), for a given F ∈ F and (x, t) ∈ X ×T let

Ξ`,Rp(x, t,θ
∗
F) ≡

D∑
d=1

∂
[
ΩRp ,2(g(x,θ∗F), t)fg(g(x,θ∗F))

]
∂gd

·
∂gd(x,θ∗F)
∂θ`

−
∂
[
Ω
d,`
Rp ,1

(g(x,θ∗F), t)fg(g(x,θ∗F))
]

∂gd

+Ω`
Rp ,3

(g(x,θ∗F), t) · fg(g(x,θ∗F))

 ,
ΞRp(x, t,θ

∗
F)︸        ︷︷        ︸

1×k

≡
(
Ξ1,Rp (x, t,θ

∗
F), . . . ,Ξk,Rp (x, t,θ

∗
F)

)

From the smoothness conditions described in Assumption 2 and Mth order approximation yields

the existence of a constant B2,R <∞ such that,

1

hD+1
n
·EF

[
ΛRp (V ,x, t,θ

∗
F ,hn)

]
+

1

hDn
·EF

[
βRp(V ,x, t,θ

∗
F ,hn)

]
= ΞRp(x, t,θ

∗
F) +B

ΞRp
n (x, t), where

sup
(x,t)∈X×T

∥∥∥∥∥BΞRpn (x, t)
∥∥∥∥∥ ≤ B2,R · hMn ∀ F ∈ F .

(S3.2.33)
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By Assumption 2, ∃ ηΞRp <∞ such that

sup
(x,t)∈X×T

∥∥∥∥ΞRp (x, t,θ∗F)
∥∥∥∥ ≤ ηΞRp ∀ F ∈ F . (S3.2.34)

Plugging (S3.2.33) into (S3.2.31),

ξ
Rp
a,n(x, t,θ∗F) =

(n− 1
n

)
·
(
ΞRp (x, t,θ

∗
F) +B

ΞRp
n (x, t)

) 1
n

n∑
i=1

ψθF (Zi) +
(
ΞRp (x, t,θ

∗
F) +B

ΞRp
n (x, t)

)
εθn + ς

Rp
1,n(x, t).

From here we can express

ξ
Rp
a,n(x, t,θ∗F) = ΞRp (x, t,θ

∗
F)

1
n

n∑
i=1

ψθF (Zi) + ς
Rp
2,n(x, t) + ς

Rp
1,n(x, t), (S3.2.35)

where ς
Rp
2,n(x, t) ≡

((
n−1
n

)
·B

ΞRp
n (x, t)− 1

n

)
· 1
n

∑n
i=1ψ

θ
F (Zi) +

(
ΞRp(x, t,θ

∗
F) +B

ΞRp
n (x, t)

)
εθn . Let τ > 0 be

the constant in Assumption 1. From the conditions described there, (S3.2.33) and (S3.2.34) yield,

sup
(x,t)∈X×T

∣∣∣∣ςRp2,n(x, t)
∣∣∣∣ =

(
O

(
hMn

)
+O

(1
n

))
·Op

( 1
n1/2

)
+
(
O(1) +O

(
hMn

))
· op

( 1
n1/2+τ

)
=Op

(
max

{
hMn
n1/2

,
1
n3/2

,
1

n1/2+τ

})
uniformly over F

Combining this with (S3.2.32), and defining ς
Rp
n (x, t) ≡ ςRp1,n(x, t) + ς

Rp
2,n(x, t), (S3.2.35) becomes

ξ
Rp
a,n(x, t,θ∗F) = ΞRp(x, t,θ

∗
F) · 1

n

n∑
i=1

ψθF (Zi) + ς
Rp
n (x, t),

where sup
(x,t)∈X×T

∣∣∣∣ςRpn (x, t)
∣∣∣∣ =Op

(
max

{
hMn
n1/2

,
1
n3/2

,
1

n1/2+τ
,

1

n · hD+1
n

})
uniformly over F

(S3.2.36)

Let

ψ
Rp
F (Vi ,x, t,θ

∗
F ,hn)

≡ 1

hDn
·
(
Sp(Yi , t)ωp(g(Xi ,θ

∗
F))K

(
∆g(Xi ,x,θ∗F)

hn

)
−EF

[
Sp(Yi , t)ωp(g(Xi ,θ

∗
F))K

(
∆g(Xi ,x,θ∗F)

hn

)])
+ΞRp (x, t,θ

∗
F)ψθF (Zi).

(S3.2.37)
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Combining (S3.2.25) and (S3.2.36), we have

R̂p(x, t, θ̂) = Rp,F(x, t,θ∗F) +
1
n

n∑
i=1

ψ
Rp
F (Vi ,x, t,θ

∗
F ,hn) + ζ

Rp
n (x, t),

where ζ
Rp
n (x, t) ≡ BRpn (x, t) + ς

Rp
n (x, t) + ξ

Rp
b,n(x, t,θx)

(S3.2.38)

Let ε > 0 be the constant described in Assumption 4. Applying the results from (S3.2.5), (S3.2.26)

and (S3.2.36),

sup
(x,t)∈X×T

∣∣∣∣ζRpn (x, t)
∣∣∣∣ =O

(
hMn

)
+Op

(
max

{
hMn
n1/2

,
1
n3/2

,
1

n1/2+τ

})
+Op

(
1

n · hD+2
n

)
=Op

(
max

{
hMn ,

1
n3/2

,
1

n1/2+τ
,

1

n · hD+2
n

})
= op

( 1
n1/2+ε

)
uniformly over F

(S3.2.39)

By the conditions in Assumptions 1, 2, 3 and 4 along with the results in (S3.2.24) and (S3.2.34),

we can once again invoke Result S1 to show that

sup
(x,t)∈X×T

∣∣∣∣∣∣∣1n
n∑
i=1

ψ
Rp
F (Vi ,x, t,θ

∗
F ,hn)

∣∣∣∣∣∣∣ =Op

(
1

n1/2 · hDn

)
uniformly over F . (S3.2.40)

And therefore,

sup
(x,t)∈X×T

∣∣∣R̂p(x, t, θ̂)−Rp,F(x, t,θ∗F)
∣∣∣ =Op

(
1

n1/2 · hDn

)
+op

( 1
n1/2+ε

)
=Op

(
1

n1/2 · hDn

)
uniformly over F .

(S3.2.41)

S3.3 Asymptotic properties of Q̂p(x, t, θ̂)Q̂p(x, t, θ̂)Q̂p(x, t, θ̂)

Recall that Q̂p(x, t, θ̂) ≡ R̂p(x,t,θ̂)

fg (g(x,θ̂))
, which is an estimator for the functional,

Qp,F(x, t,θ∗F) ≡ Γp,F(x, t,θ∗F) ·ωp(g(x,θ∗F)) =
Rp,F(x, t,θ∗F)

fg(g(x,θ∗F))
.

Combining our results for f̂g(g(x, θ̂)) and R̂p(x, t, θ̂) we can obtain the relevant asymptotic proper-

ties of Q̂p(x, t, θ̂). These are summarized in the following result.

Proposition S1 Under Assumptions 1-4, the following results hold.

(i) There exist finite constants A1 > 0, A2 > 0, C1 > 0, C2 > 0 and C3 > 0 such that, for any sequence
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sn > 0 such that sn −→ 0, with

hMn
sn
−→ 0 and sn ·n · hD+1

n −→∞,

we have,

sup
F∈F

PF

 sup
(x,t)∈X×T

∥∥∥Q̂(x, t, θ̂)−QF(x, t,θ∗F)
∥∥∥ ≥ sn

=O

 1(
(n1/2 ∧ rn) · hD+1

n ·
(
A1 · sn −C1 · hMn −

C2

n·hD+1
n
− C3

n·hDn

))q


(ii) Let Ξfg (x,θ
∗
F) and ΞRp(x, t,θ

∗
F) be as described in (A1) and, for each p, define

ΞQp (x, t,θ
∗
F)︸        ︷︷        ︸

1×k

≡
ΞRp (x, t,θ

∗
F)−Qp,F(x, t,θ∗F) ·Ξfg (x,θ

∗
F)

fg(g(x,θ∗F))
(S3.3.1)

and

ψ
Qp
F (Vi ,x, t,θ

∗
F ,hn) ≡ 1

hDn

{(
Sp(Yi , t)− Γp,F(x, t,θ∗F)

fg(g(x,θ∗F))

)
·ωp(g(Xi ,θ

∗
F)) ·K

(
∆g(Xi ,x,θ∗F)

hn

)
−EF

[(
Sp(Yi , t)− Γp,F(x, t,θ∗F)

fg(g(x,θ∗F))

)
·ωp(g(Xi ,θ

∗
F)) ·K

(
∆g(Xi ,x,θ∗F)

hn

)]}
+ΞQp (x, t,θ

∗
F)ψθF (Zi).

And let
ψQF (Vi ,x, t,θ

∗
F ,hn) ≡

(
ψQ1
F (Vi ,x, t,θ

∗
F ,hn), . . . ,ψQPF (Vi ,x, t,θ

∗
F ,hn)

)′
.

We have

Q̂(x, t, θ̂) =QF(x, t,θ∗F) +
1
n

n∑
i=1

ψQF (Vi ,x, t,θ
∗
F ,hn) + ζQn (x, t), where

sup
(x,t)∈X×T

∥∥∥∥ζQn (x, t)
∥∥∥∥ = op

( 1
n1/2+ε

)
uniformly over F .

where ε > 0 is the constant described in Assumption 4. And we have,

sup
(x,t)∈X×T

∥∥∥Q̂(x, t, θ̂)−QF(x, t,θ∗F)
∥∥∥ = op

( 1
n1/4+ε/2

)
uniformly over F .
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S3.3.1 Proof of part (i) of Proposition S1

Let K1, K2 and K3 be the constants described in (S3.1.45) and let K4, K5, K6 and C3 be the constants

described in (S3.2.29), and define C0 ≡ K1 ∧ K4, C1 ≡ K2 ∨ K5 and C2 ≡ K3 ∨ K6. Then, for any

sequence sn > 0 (possibly converging to zero) such that hMn
sn
−→ 0 and sn ·n · hD+1

n −→∞, we have

sup
F∈F

PF

(
sup
x∈X

∣∣∣∣f̂g(g(x, θ̂))− fg(g(x,θ∗F))
∣∣∣∣ ≥ sn)+ sup

F∈F
PF

 sup
(x,t)∈X×T

∣∣∣R̂p,F(x, t, θ̂)−Rp,F(x, t,θ∗F)
∣∣∣ ≥ sn

=O


1(

(n1/2 ∧ rn) · hD+1
n ·

((
C0 · sn −C1 · hMn −

C2

n·hD+1
n
− C3

n·hDn

)
∧

(
C0 · sn −C1 · hMn −

C2

n·hD+1
n
− C3

n·hDn

)1/4
))q


(S3.3.2)

We have

Q̂p(x, t, θ̂) =Qp,F(x, t,θ∗F) +Qp,F(x, t,θ∗F) ·

(
fg(g(x,θ∗F))− f̂g(g(x, θ̂))

)
f̂g(g(x, θ̂))

+

(
R̂p(x, t, θ̂)−Rp,F(x, t,θ∗F)

)
f̂g(g(x, θ̂))

Recall from Assumption 2 that ∃ f
g
> 0, Γ < ∞ such that, ∀ F ∈ F , inf

x∈X
fg(g(x,θ∗F)) ≥ f

g
, and

sup
(x,t)∈X×T

∣∣∣Γp,F(x, t,θ∗F)
∣∣∣ ≤ Γ , for each p = 1, . . . , P . Also recall that the nonnegative weight function

ωp(·) is bounded above by ω. Therefore, sup
(x,t)∈X×T

∣∣∣Qp,F(x, t,θ∗F)
∣∣∣ ≤ Γ ·ω ≡Q. Thus,

sup
(x,t)∈X×T

∣∣∣Q̂p(x, t, θ̂)−Qp,F(x, t,θ∗F)
∣∣∣ ≤ Q · sup

x∈X

∣∣∣∣f̂g (g(x, θ̂))− fg (g(x,θ∗F))
∣∣∣∣

inf
x∈X

∣∣∣∣f̂g (g(x, θ̂))
∣∣∣∣ +

sup
(x,t)∈X×T

∣∣∣R̂p(x, t, θ̂)−Rp,F(x, t,θ∗F)
∣∣∣

inf
x∈X

∣∣∣∣f̂g (g(x, θ̂))
∣∣∣∣ .

Recall from (S3.1.59) that sup
x∈X

∣∣∣∣∣ 1
f̂g (g(x,θ̂))

∣∣∣∣∣ = 1
inf
x∈X

∣∣∣∣f̂g (g(x,θ̂))
∣∣∣∣ = Op(1) uniformly over F . Take any s > 0.

From here and the previous expression,

1

 sup
(x,t)∈X×T

∣∣∣Q̂p(x, t, θ̂)−Qp,F(x, t,θ∗F)
∣∣∣ ≥ s ≤ 1

{
sup
x∈X

∣∣∣∣f̂g (g(x, θ̂))− fg (g(x,θ∗F))
∣∣∣∣ ≥ (

s

2Q

)
· inf
x∈X

∣∣∣∣f̂g (g(x, θ̂))
∣∣∣∣}︸                                                                        ︷︷                                                                        ︸

(A)

+1

 sup
(x,t)∈X×T

∣∣∣R̂p(x, t, θ̂)−Rp,F(x, t,θ∗F)
∣∣∣ ≥ ( s

2

)
· inf
x∈X

∣∣∣∣f̂g (g(x, θ̂))
∣∣∣∣
︸                                                                            ︷︷                                                                            ︸

(B)

(S3.3.3)
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Let us analyze the indicator function (A) in (S3.3.3). We have

1

{
sup
x∈X

∣∣∣∣f̂g (g(x, θ̂))− fg (g(x,θ∗F))
∣∣∣∣ ≥ (

s

2Q

)
· inf
x∈X

∣∣∣∣f̂g (g(x, θ̂))
∣∣∣∣}

=1
{

sup
x∈X

∣∣∣∣f̂g (g(x, θ̂))− fg (g(x,θ∗F))
∣∣∣∣ ≥ (

s

2Q

)
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x∈X
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∣∣∣∣} ·1{
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x∈X

∣∣∣∣f̂g (g(x, θ̂))
∣∣∣∣ ≥ 1

2
· f
g

}
︸                                                                                                                ︷︷                                                                                                                ︸

≤1
{

sup
x∈X

∣∣∣∣f̂g (g(x,θ̂))−fg (g(x,θ∗F ))
∣∣∣∣≥( f g4Q

)
·s
}

+1
{

sup
x∈X

∣∣∣∣f̂g (g(x, θ̂))− fg (g(x,θ∗F))
∣∣∣∣ ≥ (

s

2Q

)
· inf
x∈X

∣∣∣∣f̂g (g(x, θ̂))
∣∣∣∣} ·1{

inf
x∈X

∣∣∣∣f̂g (g(x, θ̂))
∣∣∣∣ < 1

2
· f
g

}
︸                                                                                                                ︷︷                                                                                                                ︸

≤1×1
{

sup
x∈X

∣∣∣∣f̂g (g(x,θ̂))−fg (g(x,θ∗F ))
∣∣∣∣≥ 1

2 ·f g

}

≤1

sup
x∈X

∣∣∣∣f̂g (g(x, θ̂))− fg (g(x,θ∗F))
∣∣∣∣ ≥  f g4Q

· s

∧ f g2
 .

(S3.3.4A)

Next, the indicator function (B) in (S3.3.3). We have

1

 sup
(x,t)∈X×T

∣∣∣R̂p(x, t, θ̂)−Rp,F(x, t,θ∗F)
∣∣∣ ≥ ( s

2

)
· inf
x∈X

∣∣∣∣f̂g (g(x, θ̂))
∣∣∣∣


=1

 sup
(x,t)∈X×T

∣∣∣R̂p(x, t, θ̂)−Rp,F(x, t,θ∗F)
∣∣∣ ≥ ( s

2

)
· inf
x∈X

∣∣∣∣f̂g (g(x, θ̂))
∣∣∣∣
 ·1{

inf
x∈X

∣∣∣∣f̂g (g(x, θ̂))
∣∣∣∣ ≥ 1

2
· f
g

}
︸                                                                                                                    ︷︷                                                                                                                    ︸

1

 sup
(x,t)∈X×T

∣∣∣R̂p(x,t,θ̂)−Rp,F (x,t,θ∗F )
∣∣∣≥( f g4 )

·s


+1

 sup
(x,t)∈X×T

∣∣∣R̂p(x, t, θ̂)−Rp,F(x, t,θ∗F)
∣∣∣ ≥ ( s

2

)
· inf
x∈X

∣∣∣∣f̂g (g(x, θ̂))
∣∣∣∣
 ·1{

inf
x∈X

∣∣∣∣f̂g (g(x, θ̂))
∣∣∣∣ < 1

2
· f
g

}
︸                                                                                                                    ︷︷                                                                                                                    ︸

≤1×1
{

sup
x∈X

∣∣∣∣f̂g (g(x,θ̂))−fg (g(x,θ∗F ))
∣∣∣∣≥ 1

2 ·f g

}

≤1

 sup
(x,t)∈X×T

∣∣∣R̂p(x, t, θ̂)−Rp,F(x, t,θ∗F)
∣∣∣ ≥  f g4

 · s
∨1

{
sup
x∈X

∣∣∣∣f̂g (g(x, θ̂))− fg (g(x,θ∗F))
∣∣∣∣ ≥ 1

2
· f
g

}

(S3.3.4B)

Let D1 ≡
f
g

4 ∧
f
g

4Q
and D2 ≡

f
g

2 . Combining (S3.3.4A) and (S3.3.4B) with (S3.3.3), ∀ s > 0,

1

 sup
(x,t)∈X×T

∣∣∣Q̂p(x, t, θ̂)−Qp,F(x, t,θ∗F)
∣∣∣ ≥ s ≤ 1

{
sup
x∈X

∣∣∣∣f̂g (g(x, θ̂))− fg (g(x,θ∗F))
∣∣∣∣ ≥ (D1 · s)∧D2

}

+1

 sup
(x,t)∈X×T

∣∣∣R̂p(x, t, θ̂)−Rp,F(x, t,θ∗F)
∣∣∣ ≥ (D1 · s)∧D2
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Let Ã1 ≡ C0 ·D1 and A2 ≡ C0 ·D2. From here and (S3.3.2), we have that for any s > 0,

sup
F∈F

PF

 sup
(x,t)∈X×T

∣∣∣Q̂p(x, t, θ̂)−Qp,F(x, t,θ∗F)
∣∣∣ ≥ s

=O


1(

(n1/2 ∧ rn) · hD+1
n ·

((((
Ã1 · s

)
∧A2

)
−C1 · hMn −

C2
n·hD+1

n
− C3
n·hDn

)
∧

(((
Ã1 · s

)
∧A2

)
−C1 · hMn −

C2
n·hD+1

n
− C3
n·hDn

)1/4
))q


Next, let us stack Q̂(x, t, θ̂) ≡

(
Q̂1(x, t, θ̂), . . . , Q̂P (x, t, θ̂)

)′
, andQF(x, t,θ∗F) ≡

(
Q1,F(x, t,θ∗F), . . . ,QP ,F(x, t,θ∗F)

)′
.

By the equivalence of norms in Euclidean space, for some constant m > 0 that depends only on P ,

sup
F∈F

PF

 sup
(x,t)∈X×T

∥∥∥Q̂(x, t, θ̂)−QF(x, t,θ∗F)
∥∥∥ ≥ s ≤ P∑

p=1

sup
F∈F

PF

 sup
(x,t)∈X×T

∣∣∣Q̂p(x, t, θ̂)−Qp,F(x, t,θ∗F)
∣∣∣ ≥m · s

for any s > 0. Therefore, if we let A1 ≡m · Ã1, the above result yields,

sup
F∈F

PF

 sup
(x,t)∈X×T

∥∥∥Q̂(x, t, θ̂)−QF(x, t,θ∗F)
∥∥∥ ≥ s

=O


1(

(n1/2 ∧ rn) · hD+1
n ·

((
((A1 · s)∧A2)−C1 · hMn −

C2
n·hD+1

n
− C3
n·hDn

)
∧

(
((A1 · s)∧A2)−C1 · hMn −

C2
n·hD+1

n
− C3
n·hDn

)1/4
))q


Take any sequence sn > 0 such that sn −→ 0 and hMn

sn
−→ 0 and sn · n · hD+1

n −→ ∞. Since sn −→ 0,

∃ n0 such that

A1 · sn < A2 and A1 · sn −C1 · hMn −
C2

n · hD+1
n
− C3

n · hDn
< 1 ∀ n > n0.

Note that for any such sn,(
((A1 · sn)∧A2)−C1 · hMn −

C2

n · hD+1
n
− C3

n · hDn

)
∧

(
((A1 · sn)∧A2)−C1 · hMn −

C2

n · hD+1
n
− C3

n · hDn

)1/4

= A1 · sn −C1 · hMn −
C2

n · hD+1
n
− C3

n · hDn
∀ n > n0.
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Therefore, for any such sequence sn we have

sup
F∈F

PF

 sup
(x,t)∈X×T

∥∥∥Q̂(x, t, θ̂)−QF(x, t,θ∗F)
∥∥∥ ≥ sn

=O

 1(
(n1/2 ∧ rn) · hD+1

n ·
(
A1 · sn −C1 · hMn −

C2

n·hD+1
n
− C3

n·hDn

))q


(S3.3.5)

This proves part (i) of Proposition S1, �

S3.4 Proof of part (ii) of Proposition S1

A second-order approximation yields

Q̂p(x, t, θ̂) =Qp,F(x, t,θ∗F) +
1

fg(g(x,θ∗F)
·
(
R̂p(x, t, θ̂)−Rp,F(x, t,θ∗F)

)
−
Qp,F(x, t,θ∗F)

fg(g(x,θ∗F))
·
(
f̂g(g(x, θ̂))− fg(x,θ∗F)

)
−

(
R̂p(x, t, θ̂)−Rp,F(x, t,θ∗F)

)
·
(
f̂g(g(x, θ̂))− fg(x,θ∗F)

)
f̃g(x)2

+
R̃p(x, t) ·

(
f̂g(g(x, θ̂))− fg(x,θ∗F)

)2

f̃g(x)3

(S3.4.1)

where f̃g(x) is an intermediate point between f̂g(g(x, θ̂)) and fg(x,θ∗F), and R̃p(x, t) is an intermedi-

ate point between R̂p(x, t, θ̂) and Rp,F(x, t,θ∗F). In (S3.1.59) we showed that sup
x∈X

∣∣∣∣∣ 1
f̂g (g(x,θ̂))

∣∣∣∣∣ = Op(1)

uniformly over F . We showed that this follows because, for any δ ∈ (0,1),

sup
F∈F

PF

sup
x∈X

∣∣∣∣∣∣∣ 1

f̂g(g(x, θ̂))

∣∣∣∣∣∣∣ > 1
(1− δ) · f

g

 ≤ sup
F∈F

PF

(
sup
x∈X

∣∣∣∣f̂g(g(x, θ̂))− fg(g(x,θ∗F))
∣∣∣∣ > δ · f g

)

and, from (S3.1.45), for any δ ∈ (0,1) and ε > 0, ∃ nδ,ε such that

sup
F∈F

PF

(
sup
x∈X

∣∣∣∣f̂g(g(x, θ̂))− fg(g(x,θ∗F))
∣∣∣∣ > δ · f g

)
< ε ∀ n > nδ,ε.

Similarly, we have

sup
F∈F

PF

sup
x∈X

∣∣∣∣∣∣∣ 1

f̃g(g(x)

∣∣∣∣∣∣∣ > 1
(1− δ) · f

g

 ≤ sup
F∈F

PF

(
sup
x∈X

∣∣∣f̃g(x)− fg(g(x,θ∗F))
∣∣∣ > δ · f

g

)
.

50



Since f̃g(x) is an intermediate value between f̂g(g(x, θ̂)) and fg(x,θ∗F), we have

sup
F∈F

PF

sup
x∈X

∣∣∣∣∣∣∣ 1

f̃g(g(x)

∣∣∣∣∣∣∣ > 1
(1− δ) · f

g

 ≤ sup
F∈F

PF

(
sup
x∈X

∣∣∣∣f̂g(g(x, θ̂))− fg(g(x,θ∗F))
∣∣∣∣ > δ · f g

)

and thus,

sup
x∈X

∣∣∣∣∣∣∣ 1

f̃g(x)

∣∣∣∣∣∣∣ =Op(1) uniformly over F . (S3.4.2)

From Assumption 2, sup
(x,t)∈X×T

∣∣∣Rp,F(x, t,θ∗F)
∣∣∣ ≤ Γ ·ω · f g ≡ R, and from (S3.2.41),

sup
(x,t)∈X×T

∣∣∣R̂p(x, t, θ̂)−Rp,F(x, t,θ∗F)
∣∣∣ =Op

(
1

n1/2 · hDn

)
uniformly over F .

Therefore, since R̃p(x, t) is an intermediate point between R̂p(x, t, θ̂) and Rp,F(x, t,θ∗F),

sup
(x,t)∈X×T

∣∣∣R̃p(x, t)
∣∣∣ ≤ R+ sup

(x,t)∈X×T

∣∣∣R̃p(x, t)−Rp,F(x, t,θ∗F)
∣∣∣

≤ R+ sup
(x,t)∈X×T

∣∣∣R̂p(x, t, θ̂)−Rp,F(x, t,θ∗F)
∣∣∣

=O(1) +Op

(
1

n1/2 · hDn

)
=Op(1) uniformly over F .

(S3.4.3)

Let ψ
fg
F (Vi ,x,θ∗F ,hn) and ψ

Rp
F (Vi ,x, t,θ∗F ,hn) be as described in (S3.1.54) and (S3.2.37) and define

ψ
Qp
F (Vi ,x, t,θ

∗
F ,hn) ≡ 1

fg(g(x,θ∗F))
·ψRpF (Vi ,x, t,θ

∗
F ,hn)−

Qp,F(x, t,θ∗F)

fg(g(x,θ∗F)
·ψfgF (Vi ,x,θ

∗
F ,hn)

=
1

hDn

{(
Sp(Yi , t)− Γp,F(x, t,θ∗F)

fg(g(x,θ∗F))

)
·ωp(g(Xi ,θ

∗
F)) ·K

(
∆g(Xi ,x,θ∗F)

hn

)
−EF

[(
Sp(Yi , t)− Γp,F(x, t,θ∗F)

fg(g(x,θ∗F))

)
·ωp(g(Xi ,θ

∗
F)) ·K

(
∆g(Xi ,x,θ∗F)

hn

)]}
+

ΞRp (x, t,θ∗F)−Qp,F(x, t,θ∗F) ·Ξfg (x,θ
∗
F)

fg(g(x,θ∗F))

ψθF (Zi).

Defining

ΞQp (x, t,θ
∗
F)︸        ︷︷        ︸

1×k

≡
ΞRp(x, t,θ

∗
F)−Qp,F(x, t,θ∗F) ·Ξfg (x,θ

∗
F)

fg(g(x,θ∗F))
,
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we can re-write ψ
Qp
F (Vi ,x, t,θ∗F ,hn) as,

ψ
Qp
F (Vi ,x, t,θ

∗
F ,hn) ≡ 1

hDn

{(
Sp(Yi , t)− Γp,F(x, t,θ∗F)

fg(g(x,θ∗F))

)
·ωp(g(Xi ,θ

∗
F)) ·K

(
∆g(Xi ,x,θ∗F)

hn

)
−EF

[(
Sp(Yi , t)− Γp,F(x, t,θ∗F)

fg(g(x,θ∗F))

)
·ωp(g(Xi ,θ

∗
F)) ·K

(
∆g(Xi ,x,θ∗F)

hn

)]}
+ΞQp (x, t,θ

∗
F)ψθF (Zi),

(S3.4.4)

From the uniform linear representation in (S3.1.55) and (S3.2.38), equation (S3.4.1) becomes

Q̂p(x, t, θ̂) =Qp,F(x, t,θ∗F) +
1
n

n∑
i=1

ψ
Qp
F (Vi ,x, t,θ

∗
F ,hn) + ζ

Qp
n (x, t), where

ζ
Qp
n (x, t) ≡ 1

fg(g(x,θ∗F))
· ζRpn (x, t)−

Qp,F(x, t,θ∗F)

fg(g(x,θ∗F))
· ζfgn (x)

−

(
R̂p(x, t, θ̂)−Rp,F(x, t,θ∗F)

)
·
(
f̂g(g(x, θ̂))− fg(x,θ∗F)

)
f̃g(x)2

+
R̃p(x, t) ·

(
f̂g(g(x, θ̂))− fg(x,θ∗F)

)2

f̃g(x)3

(S3.4.5)

Let ε > 0 be the constant in Assumption 4. From (S3.1.56) and (S3.2.39), sup
(x,t)∈X×T

∣∣∣∣ζRpn (x, t)
∣∣∣∣ =

op
(

1
n1/2+ε

)
, uniformly over F . And from (S3.1.58) and (S3.2.41),

sup
x∈X

∣∣∣∣f̂g(x, θ̂)− fg(x,θ∗F)
∣∣∣∣ =Op

(
1

n1/2 · hDn

)
uniformly over F .

sup
(x,t)∈X×T

∣∣∣R̂p(x, t, θ̂)−Rp,F(x, t,θ∗F)
∣∣∣ =Op

(
1

n1/2 · hDn

)
uniformly over F .
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In Assumption 4 we stated that the constant ε > 0 satisfies n1/2−ε · h2D
n −→ ∞. These results,

combined with (S3.4.2) and (S3.4.3) yield,

sup
(x,t)∈X×T

∣∣∣∣ζQpn (x, t)
∣∣∣∣ ≤ 1

f
g

sup
(x,t)∈X×T

∣∣∣∣ζRpn (x, t)
∣∣∣∣+

Q
f
g

sup
x∈X

∣∣∣∣ζfgn (x)
∣∣∣∣

+ sup
x∈X

∣∣∣∣∣∣∣ 1

f̃g (x)2

∣∣∣∣∣∣∣ sup
(x,t)∈X×T

∣∣∣R̂p(x, t, θ̂)−Rp,F(x, t,θ∗F)
∣∣∣× sup

x∈X

∣∣∣∣f̂g (x, θ̂)− fg (x,θ∗F)
∣∣∣∣

+ sup
x∈X

∣∣∣∣∣∣∣ 1

f̃g (x)3

∣∣∣∣∣∣∣
(
sup
x∈X

∣∣∣∣f̂g (x, θ̂)− fg (x,θ∗F)
∣∣∣∣)2

= op
( 1
n1/2+ε

)
+Op

(
1

n · h2D
n

)
uniformly over F

= op
( 1
n1/2+ε

)
uniformly over F .

(S3.4.6)

From (S3.1.57), (S3.2.40) and the conditions in Assumption 2 which assert that, for each F ∈ F ,

inf
x∈X

fg(g(x,θ∗F)) ≥ f
g
, sup

x∈X
fg(g(x,θ∗F)) ≤ f g , and sup

(x,t)∈X×T

∣∣∣Qp,F(x, t,θ∗F)
∣∣∣ ≤Q, p = 1, . . . , P .

we have that

sup
(x,t)∈X×T

∣∣∣∣∣∣∣1n
n∑
i=1

ψ
Qp
F (Vi ,x, t,θ

∗
F ,hn)

∣∣∣∣∣∣∣ =Op

(
1

n1/2 · hDn

)
uniformly over F . (S3.4.7)

and therefore, from (S3.4.5) and (S3.4.6),

sup
(x,t)∈X×T

∣∣∣Q̂p(x, t, θ̂)−Qp,F(x, t,θ∗F)
∣∣∣ =Op

(
1

n1/2 · hDn

)
+op

( 1
n1/2+ε

)
=Op

(
1

n1/2 · hDn

)
uniformly over F .

In particular, since n1/2−ε · h2D
n −→∞ by Assumption 4, the previous result implies that

sup
(x,t)∈X×T

∣∣∣Q̂p(x, t, θ̂)−Qp,F(x, t,θ∗F)
∣∣∣ = op

( 1
n1/4+ε/2

)
uniformly over F .

LetψQF (Vi ,x, t,θ∗F ,hn) ≡
(
ψQ1
F (Vi ,x, t,θ∗F ,hn), . . . ,ψQPF (Vi ,x, t,θ∗F ,hn)

)′
, ζQn (x, t) ≡

(
ζQ1
n (x, t), . . . ,ζQPn (x, t)

)′
.

From (S3.4.5) and (S3.4.6), we have

Q̂(x, t, θ̂) =QF(x, t,θ∗F) +
1
n

n∑
i=1

ψQF (Vi ,x, t,θ
∗
F ,hn) + ζQn (x, t), where

sup
(x,t)∈X×T

∥∥∥∥ζQn (x, t)
∥∥∥∥ = op

( 1
n1/2+ε

)
uniformly over F .
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where ε > 0 is the constant described in Assumption 4. And we have,

sup
(x,t)∈X×T

∥∥∥Q̂(x, t, θ̂)−QF(x, t,θ∗F)
∥∥∥ = op

( 1
n1/4+ε/2

)
uniformly over F .

The previous two results prove part (ii) of Proposition S1. �

S3.5 Asymptotic properties ofB(Q̂(x, t, θ̂))−B(QF(x, t,θ∗F))B(Q̂(x, t, θ̂))−B(QF(x, t,θ∗F))B(Q̂(x, t, θ̂))−B(QF(x, t,θ∗F))

From Assumption 5, the following second-order approximation is valid,

B(Q̂(x, t, θ̂)) = B(QF(x, t,θ∗F)) +∇QB(QF(x, t,θ∗F))
(
Q̂(x, t, θ̂)−QF(x, t,θ∗F)

)
+

1
2

(
Q̂(x, t, θ̂)−QF(x, t,θ∗F)

)′
∇QQ′B(Q̃(x, t))

(
Q̂(x, t, θ̂)−QF(x, t,θ∗F)

)
,

where Q̃(x, t) belongs in the line segment connecting Q̂(x, t, θ̂) and QF(x, t,θ∗F), and thus∥∥∥Q̃(x, t)−QF(x, t,θ∗F)
∥∥∥ ≤ ∥∥∥Q̂(x, t, θ̂)−QF(x, t,θ∗F)

∥∥∥ .
From here, the results in Proposition S1 yield

B(Q̂(x, t, θ̂)) = B(QF(x, t,θ∗F)) +∇QB(QF(x, t,θ∗F))
1
n

n∑
i=1

ψQF (Vi ,x, t,θ
∗
F ,hn)

+∇QB(QF(x, t,θ∗F))ζQn (x, t)

+
1
2

(
Q̂(x, t, θ̂)−QF(x, t,θ∗F)

)′
∇QQ′B(Q̃(x, t))

(
Q̂(x, t, θ̂)−QF(x, t,θ∗F)

)
≡ B(QF(x, t,θ∗F)) +

1
n

n∑
i=1

ψBF (Vi ,x, t,θ
∗
F ,hn) + ζBn (x, t),

(S3.5.1)

where,

ψBF (Vi ,x, t,θ
∗
F ,hn) ≡ ∇QB(QF(x, t,θ∗F))ψQF (Vi ,x, t,θ

∗
F ,hn)

=
P∑
p=1

∂B
(
QF(x, t,θ∗F)

)
∂Qp

ψ
Qp
F (Vi ,x, t,θ

∗
F ,hn), and

ζBn (x, t) ≡ ∇QB(QF(x, t,θ∗F))ζQn (x, t)

+
1
2

(
Q̂(x, t, θ̂)−QF(x, t,θ∗F)

)′
∇QQ′B(Q̃(x, t))

(
Q̂(x, t, θ̂)−QF(x, t,θ∗F)

)
.
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We proceed by noting that, under the conditions of Assumption 5 and the results in Proposition

S1, we have

sup
(x,t)∈X×T

∥∥∥∇QQ′B(Q̃(x, t))
∥∥∥ =Op(1) uniformly over F .

to see this, recall that sup
(x,t)∈X×T

∥∥∥QF(x, t,θ∗F)
∥∥∥ ≤ Γ ·ω ≡ Q, where Γ is as described in Assumption 2

and recall that
∥∥∥Q̃(x, t)−QF(x, t,θ∗F)

∥∥∥ ≤ ∥∥∥Q̂(x, t, θ̂)−QF(x, t,θ∗F)
∥∥∥. Therefore,

sup
(x,t)∈X×T

∥∥∥Q̃(x, t)
∥∥∥ ≤ sup

(x,t)∈X×T

∥∥∥Q̃(x, t)−QF(x, t,θ∗F)
∥∥∥+Q ≤ sup

(x,t)∈X×T

∥∥∥Q̂(x, t, θ̂)−QF(x, t,θ∗F)
∥∥∥+Q

Thus, from the conditions in Assumption 5 and the results in Proposition S1,

sup
F∈F

PF

 sup
(x,t)∈X×T

∥∥∥∇QQ′B (̃Γ (x, t))
∥∥∥ > HQ

 ≤ sup
F∈F

PF

 sup
(x,t)∈X×T

∥∥∥Q̃(x, t)
∥∥∥ > Q+CQ


≤ sup
F∈F

PF

 sup
(x,t)∈X×T

∥∥∥Q̂(x, t, θ̂)−QF(x, t,θ∗F)
∥∥∥ > CQ −→ 0,

with the last result following from Proposition S1. Thus, sup
(x,t)∈X×T

∥∥∥∇QQ′B(Q̃(x, t))
∥∥∥ = Op(1) uni-

formly over F , as claimed. From here and the results in Proposition S1, we have

sup
(x,t)∈X×T

∣∣∣∣(Q̂(x, t, θ̂)−QF(x, t,θ∗F)
)′
∇QQ′B(Q̃(x, t))

(
Q̂(x, t, θ̂)−QF(x, t,θ∗F)

)∣∣∣∣
≤ sup

(x,t)∈X×T

∥∥∥∇QQ′B(Q̃(x, t))
∥∥∥×  sup

(x,t)∈X×T

∥∥∥Q̂(x, t, θ̂)−QF(x, t,θ∗F)
∥∥∥2

= Op(1)×
(
op

( 1
n1/4+ε/2

))2
= op

( 1
n1/2+ε

)
uniformly over F ,

where ε > 0 is the constant in Assumption 4. By Assumption 5 and the results in Proposition S1,

sup
(x,t)∈X×T

∣∣∣∣∇QB(QF(x, t,θ∗F))ζQn (x, t)
∣∣∣∣ ≤HQ · sup

(x,t)∈X×T

∥∥∥∥ζQn (x, t)
∥∥∥∥ = op

( 1
n1/2+ε

)
uniformly over F .

Therefore, from the conditions described in Assumption 5 and the results in Proposition S1,

sup
(x,t)∈X×T

∣∣∣ζBn (x, t)
∣∣∣ ≤ sup

(x,t)∈X×T

∣∣∣∣∇QB(QF(x, t,θ∗F))ζQn (x, t)
∣∣∣∣

+ sup
(x,t)∈X×T

∣∣∣∣(Q̂(x, t, θ̂)−QF(x, t,θ∗F)
)′
∇QQ′B(Q̃(x, t))

(
Q̂(x, t, θ̂)−QF(x, t,θ∗F)

)∣∣∣∣
= op

( 1
n1/2+ε

)
uniformly over F .

(S3.5.2)
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Together, (S3.5.1) and (S3.5.2) yield

B(Q̂(x, t, θ̂)) = B(QF(x, t,θ∗F)) +
1
n

n∑
i=1

ψBF (Vi ,x, t,θ
∗
F ,hn) + ζBn (x, t), where

sup
(x,t)∈X×T

∥∥∥ζBn (x, t)
∥∥∥ = op

( 1
n1/2+ε

)
uniformly over F ,

where ε > 0 is the constant described in Assumption 4. Finally, recall from (S3.4.7) that

sup
(x,t)∈X×T

∥∥∥∥∥∥∥1
n

n∑
i=1

ψQF (Vi ,x, t,θ
∗
F ,hn)

∥∥∥∥∥∥∥ =Op

(
1

n1/2 · hDn

)
uniformly over F .

Therefore, from here and Assumption 5,

sup
(x,t)∈X×T

∣∣∣∣∣∣∣1n
n∑
i=1

ψBF (Vi ,x, t,θ
∗
F ,hn)

∣∣∣∣∣∣∣ ≤ sup
(x,t)∈X×T

∥∥∥∇QB(QF(x, t,θ∗F))
∥∥∥ · sup

(x,t)∈X×T

∥∥∥∥∥∥∥1
n

n∑
i=1

ψQF (Vi ,x, t,θ
∗
F ,hn)

∥∥∥∥∥∥∥
≤HQ ·Op

(
1

n1/2 · hDn

)
uniformly over F .

Since n1/2−ε · h2D
n −→ ∞ by Assumption 4, the above result combined with (S3.5.1) and (S3.5.2)

implies,

sup
(x,t)∈X×T

∣∣∣B(Q̂(x, t, θ̂))−B(QF(x, t,θ∗F))
∣∣∣ = op

( 1
n1/4+ε/2

)
uniformly over F . (S3.5.3)

Next, note from Assumption 5 that, for any s > 0 we have

sup
F∈F

PF

 sup
(x,t)∈X×T

∣∣∣B(Q̂(x, t, θ̂))−B(QF(x, t,θ∗F))
∣∣∣ ≥ s

≤ sup
F∈F

PF

 sup
(x,t)∈X×T

∥∥∥Q̂(x, t, θ̂)−QF(x, t,θ∗F)
∥∥∥ ≥ (

s
M1

)
∧M2


In particular, from Proposition S1, if we take any positive sequence sn > 0 such that sn −→ 0, with
hMn
sn
−→ 0 and sn ·n · hD+1

n −→∞, we have

sup
F∈F

PF

 sup
(x,t)∈X×T

∣∣∣B(Q̂(x, t, θ̂))−B(QF(x, t,θ∗F))
∣∣∣ ≥ sn

=O

 1(
(n1/2 ∧ rn) · hD+1

n ·
((
A1
M1

)
· sn −C1 · hMn −

C2

n·hD+1
n
− C3

n·hDn

))q
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In particular, take the sequence bn used in the construction of T̂2. By the bandwidth convergence

restrictions described in Assumption 4, we have hMn
bn
−→ 0 and bn ·n · hD+1

n −→∞, and therefore,

sup
F∈F

PF

 sup
(x,t)∈X×T

∣∣∣B(Q̂(x, t, θ̂))−B(QF(x, t,θ∗F))
∣∣∣ ≥ bn −→ 0. (S3.5.4)

S3.6 Proof of Proposition 1

S3.6.1 Asymptotic properties of T̂2̂T2̂T2

Recall that T2,F ≡
∫
t
T0,F(t)dW (t), where T0,F(t) ≡ EF

[(
B
(
QF(X,t,θ∗F)

))
+
φ(X,t)

]
. Our corresponding

estimators are T̂2 ≡
∫
t
T̂0(t)dW (t), with T̂0(t) ≡ 1

n

∑n
i=1B

(
Q̂(Xi , t, θ̂)

)
1

{
B
(
Q̂(Xi , t, θ̂)

)
≥ −bn

}
φ(Xi).

Let T̃0,F(t) ≡ 1
n

∑n
i=1B

(
Q̂(Xi , t, θ̂)

)
1

{
B
(
QF(Xi , t,θ∗F)

)
≥ 0

}
φ(Xi). Note that T̃0,F(t) takes T̂0(t) and

replaces 1
{
B
(
Q̂(Xi , t, θ̂)

)
≥ −bn

}
with 1

{
B
(
QF(Xi , t,θ∗F)

)
≥ 0

}
. Let ξaT0,n

(t) ≡ T̂0(t)− T0,F(t), and note

that
∣∣∣ξaT2,n

(t)
∣∣∣ ≤∑n

i=1

∣∣∣∣B (
Q̂(Xi , t, θ̂)

)∣∣∣∣φ(Xi , t)
∣∣∣∣1 {B (

Q̂(Xi , t, θ̂)
)
≥ −bn

}
−1

{
B
(
QF(Xi , t,θ∗F)

)
≥ 0

}∣∣∣∣, and

∣∣∣∣1 {
B
(
Q̂(Xi , t, θ̂)

)
≥ −bn

}
−1

{
B
(
QF(Xi , t,θ

∗
F)

)
≥ 0

}∣∣∣∣
=1

{
B
(
Q̂(Xi , t, θ̂)

)
≥ −bn , − 2bn ≤ B

(
QF(Xi , t,θ

∗
F)

)
< 0

}
+1

{
B
(
Q̂(Xi , t, θ̂)

)
≥ −bn , B

(
QF(Xi , t,θ

∗
F)

)
< −2bn

}
+1

{
B
(
Q̂(Xi , t, θ̂)

)
< −bn , B

(
QF(Xi , t,θ

∗
F)

)
≥ 0

}
≤1

{
−2bn ≤ B

(
QF(Xi , t,θ

∗
F)

)
< 0

}
+1

{∣∣∣∣B (
Q̂(Xi , t, θ̂)

)
−B

(
QF(Xi , t,θ

∗
F)

)∣∣∣∣ ≥ bn} .
From here, we have∣∣∣ξaT2,n

(t)
∣∣∣

≤1
n

n∑
i=1

∣∣∣∣B (
Q̂(Xi , t, θ̂)

)∣∣∣∣φ(Xi , t)1
{
−2bn ≤ B

(
QF(Xi , t,θ

∗
F)

)
< 0

}
+

1
n

n∑
i=1

∣∣∣∣B (
Q̂(Xi , t, θ̂)

)∣∣∣∣φ(Xi)1
{∣∣∣∣B (

Q̂(Xi , t, θ̂)
)
−B

(
QF(Xi , t,θ

∗
F)

)∣∣∣∣ ≥ bn}
≤1
n

n∑
i=1

(∣∣∣B(
QF(Xi , t,θ

∗
F)

)∣∣∣+
∣∣∣∣B (

Q̂(Xi , t, θ̂)
)
−B

(
QF(Xi , t,θ

∗
F)

)∣∣∣∣)φ(Xi)1
{
−2bn ≤ B

(
QF(Xi , t,θ

∗
F)

)
< 0

}
+

1
n

n∑
i=1

∣∣∣∣B (
Q̂(Xi , t, θ̂)

)∣∣∣∣φ(Xi , t)1
{∣∣∣∣B (

Q̂(Xi , t, θ̂)
)
−B

(
QF(Xi , t,θ

∗
F)

)∣∣∣∣ ≥ bn}
≤
2bn + sup

(x,t)∈X×T

∣∣∣∣B (
Q̂(x, t, θ̂)

)
−B

(
QF(x, t,θ∗F)

)∣∣∣∣× 1
n

n∑
i=1

φ(Xi)1
{
−2bn ≤ B

(
QF(Xi , t,θ

∗
F)

)
< 0

}
+

1
n

n∑
i=1

∣∣∣∣B (
Q̂(Xi , t, θ̂)

)∣∣∣∣φ(Xi)1
{∣∣∣∣B (

Q̂(Xi , t, θ̂)
)
−B

(
QF(Xi , t,θ

∗
F)

)∣∣∣∣ ≥ bn}
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Therefore,∣∣∣ξaT0,n
(t)

∣∣∣
≤
2bn + sup

(x,t)∈X×T

∣∣∣∣B (
Q̂(x, t, θ̂)

)
−B

(
QF(x, t,θ∗F)

)∣∣∣∣× 1
n

n∑
i=1

φ(Xi)1
{
−2bn ≤ B

(
QF(Xi , t,θ

∗
F)

)
< 0

}
+

1
n

n∑
i=1

∣∣∣∣B (
Q̂(Xi , t, θ̂)

)∣∣∣∣φ(Xi)1
{∣∣∣∣B (

Q̂(Xi , t, θ̂)
)
−B

(
QF(Xi , t,θ

∗
F)

)∣∣∣∣ ≥ bn}

From (S3.5.3), we have sup
(x,t)∈X×T

∣∣∣∣B (
Q̂(x, t, θ̂)

)
−B

(
Q(x, t,θ∗F)

)∣∣∣∣ = op
(

1
n1/4+ε/2

)
uniformly over F , where

ε > 0 is the constant described in Assumption 4. Therefore, uniformly over F we have

∣∣∣ξaT0,n
(t)

∣∣∣ ≤ (
2bn + op

( 1
n1/4+ε/2

))
× 1
n

n∑
i=1

φ(Xi)1
{
−2bn ≤ B

(
Q(Xi , t,θ

∗
F)

)
< 0

}
+

1
n

n∑
i=1

∣∣∣∣B (
Q̂(Xi , t, θ̂)

)∣∣∣∣φ(Xi)1
{∣∣∣∣B (

Q̂(Xi , t, θ̂)
)
−B

(
Q(Xi , t,θ

∗
F)

)∣∣∣∣ ≥ bn} . (S3.6.1)

We will analyze each of the two summands in (S3.6.1). For a given b > 0 and t ∈ T , let

maT0,n
(b, t) ≡ 1

n

n∑
i=1

(
φ(Xi)1

{
−b ≤ B

(
QF(Xi , t,θ

∗
F)

)
< 0

}
−EF

[
φ(X)1

{
−b ≤ B

(
QF(X,t,θ∗F)

)
< 0

}])
From Assumption 6, there exist constants (A,V ) such that, for each F ∈ F , the following class of

indicator functions is Euclidean (A,V ) for the constant envelope 1,{
m : X −→R : m(x) = 1

{
−b ≤ B

(
QF(x, t,θ∗F)

)
< 0

}
for some 0 < b ≤ b0 and t ∈ T

}
.

From here, Result S1 yields, sup
0<b<b0

t∈T

∣∣∣maT0,n
(b, t)

∣∣∣ = Op
(

1
n1/2

)
uniformly over F . For n large enough

0 < 2bn ≤ b0. Therefore,∣∣∣maT0,n
(2bn, t)

∣∣∣ ≤ sup
0<b<b0

t∈T

∣∣∣maT0,n
(b, t)

∣∣∣ =Op
( 1
n1/2

)
uniformly over F . (S3.6.2)

We have 1
n

∑n
i=1φ(Xi)1

{
−2bn ≤ B

(
QF(Xi , t,θ∗F)

)
< 0

}
=maT0,n

(2bn, t)+EF
[
φ(X)1

{
−2bn ≤ B

(
QF(X,t,θ∗F)

)
< 0

}]
.

From Assumption 7, ∃ b2 > 0 and CB,2 > 0 such that, for all 0 < b ≤ b2,

sup
t∈T

EF
[
φ(X)1

{
−b ≤ B

(
QF(X,t,θ∗F)

)
< 0

}]
≤ φ ·CB,2 · b ∀ F ∈ F ,
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For n large enough, we have 0 < 2bn ≤ b2 ∧ b0, and from Assumption 4, we have n1/2 · bn −→ ∞.

This, combined with equation (S3.6.2) and Assumption 7 yields,

sup
t∈T

1
n

n∑
i=1

φ(Xi)1
{
−2bn ≤ B

(
QF(Xi , t,θ

∗
F)

)
< 0

}
≤Op

( 1
n1/2

)
+O(bn)

= bn ·
(
Op

(
1

bn ·n1/2

)
+O(1)

)
= bn ·

(
op(1) +O(1)

)
=Op(bn) uniformly over F .

(S3.6.3)

From Assumption 5 and (S3.5.3), sup
(x,t)∈X×T

∣∣∣∣B (
Q̂(x, t, θ̂)

)∣∣∣∣ =Op(1) uniformly over F . Therefore,

sup
t∈T

1
n

n∑
i=1

∣∣∣∣B (
Q̂(Xi , t, θ̂)

)∣∣∣∣φ(Xi)1
{∣∣∣∣B (

Q̂(Xi , t, θ̂)
)
−B

(
Q(Xi , t,θ

∗
F)

)∣∣∣∣ ≥ bn}
≤ sup

(x,t)∈X×T

∣∣∣∣B (
Q̂(x, t, θ̂)

)∣∣∣∣× sup
t∈T

1
n

n∑
i=1

φ(Xi)1
{∣∣∣∣B (

Q̂(Xi , t, θ̂)
)
−B

(
Q(Xi , t,θ

∗
F)

)∣∣∣∣ ≥ bn}
=Op(1)×

sup
t∈T

1
n

n∑
i=1

φ(Xi)1
{∣∣∣∣B (

Q̂(Xi , t, θ̂)
)
−B

(
Q(Xi , t,θ

∗
F)

)∣∣∣∣ ≥ bn}
 , uniformly over F .

Next, note that

sup
F∈F

PF

sup
t∈T

1
n

n∑
i=1

φ(Xi)1
{∣∣∣∣B (

Q̂(Xi , t, θ̂)
)
−B

(
Q(Xi , t,θ

∗
F)

)∣∣∣∣ ≥ bn} , 0


≤sup
F∈F

PF

 sup
(x,t)∈X×T

∣∣∣B(Q̂(x, t, θ̂))−B(QF(x, t,θ∗F))
∣∣∣ ≥ bn −→ 0

where the last equality follows from (S3.5.4). In particular, for any δ > 0 and ∆ > 0,

sup
F∈F

PF

sup
t∈T

1
n

n∑
i=1

φ(Xi)1
{∣∣∣∣B (

Q̂(Xi , t, θ̂)
)
−B

(
Q(Xi , t,θ

∗
F)

)∣∣∣∣ ≥ bn} ≥ δ

n1/2+∆

 −→ 0.

That is,

sup
t∈T

1
n

n∑
i=1

φ(Xi)1
{∣∣∣∣B (

Q̂(Xi , t, θ̂)
)
−B

(
Q(Xi , t,θ

∗
F)

)∣∣∣∣ ≥ bn} = op
( 1
n1/2+∆

)
∀ ∆ > 0, uniformly over F .
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Therefore,

sup
t∈T

1
n

n∑
i=1

∣∣∣∣B (
Q̂(Xi , t, θ̂)

)∣∣∣∣φ(Xi)1
{∣∣∣∣B (

Q̂(Xi , t, θ̂)
)
−B

(
Q(Xi , t,θ

∗
F)

)∣∣∣∣ ≥ bn}
= op

( 1
n1/2+∆

)
∀ ∆ > 0, uniformly over F .

Plugging the results in (S3.6.3) and in the previous expression into (S3.6.1), for any ∆ > 0 we have

sup
t∈T

∣∣∣ξaT0,n
(t)

∣∣∣ ≤ (
2bn + op

( 1
n1/4+ε/2

))
×Op (bn) + op

( 1
n1/2+∆

)
=Op

(
b2
n

)
+ op

(
bn

n1/4+ε/2

)
+ op

( 1
n1/2+∆

)
uniformly over F .

Take any ∆ > 0 and note that
(

bn
n1/4+ε/2

)
· n1/2+∆ =

(
n1/2+2∆−ε · b2

n

)1/2
. In Assumption 4 we stated that

∃ δ0 > 0 s.t n1/2+δ0 · b2
n −→ 0. Therefore, bn

n1/4+ε/2 = o
(

1
n1/2+∆

)
∀ 0 < ∆ ≤ δ0

2 . From here, we obtain

sup
t∈T

∣∣∣ξaT0,n
(t)

∣∣∣ = op
( 1
n1/2+δ0/2

)
uniformly over F . (S3.6.4)

Therefore, using the linear representation result in (S3.5.1),

T̂0(t) = T̃0,F(t) + ξaT0,n
(t)

=
1
n

n∑
i=1

B
(
Q̂(Xi , t, θ̂)

)
1
{
B
(
QF(Xi , t,θ

∗
F)

)
≥ 0

}
φ(Xi) + ξaT0,n

(t)

=
1
n

n∑
i=1

(
B(QF(Xi , t,θ

∗
F)) +

1
n

n∑
j=1

ψBF (Vj ,Xi , t,θ
∗
F ,hn) + ζBn (Xi , t)

)
1
{
B
(
QF(Xi , t,θ

∗
F)

)
≥ 0

}
φ(Xi) + ξaT0,n

(t)

=
1
n

n∑
i=1

(
B
(
QF(Xi , t,θ

∗
F)

))
+φ(Xi) +

1
n2

n∑
i=1

n∑
j=1

ψBF (Vj ,Xi , t,θ
∗
F ,hn)1

{
B
(
QF(Xi , t,θ

∗
F)

)
≥ 0

}
φ(Xi , t)

+
1
n

n∑
i=1

ζBn (Xi , t)1
{
B
(
QF(Xi , t,θ

∗
F)

)
≥ 0

}
φ(Xi , t) + ξaT0,n

(t).
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Recall that T0,F(t) ≡ EF
[(
B
(
QF(X,t,θ∗F)

))
+
φ(X)

]
. Thus, from the above expression,

T̂0(t) =T0,F(t) +
1
n

n∑
i=1

((
B
(
QF(Xi , t,θ

∗
F)

))
+φ(Xi)− T0,F(t)

)
+

1
n2

n∑
i=1

n∑
j=1

ψBF (Vj ,Xi , t,θ
∗
F ,hn)1

{
B
(
QF(Xi , t,θ

∗
F)

)
≥ 0

}
φ(Xi)

+
1
n

n∑
i=1

ζBn (Xi , t)1
{
B
(
QF(Xi , t,θ

∗
F)

)
≥ 0

}
φ(Xi)︸                                                   ︷︷                                                   ︸

≡ξbT0 ,n
(t)

+ξaT0,n
(t).

(S3.6.5)

Let us analyze each of the terms in (S3.6.5). From (S3.5.2) we have,

sup
t∈T

∣∣∣ξbT0,n
(t)

∣∣∣ ≡ ∣∣∣∣∣∣∣1n
n∑
i=1

ζBn (Xi , t)1
{
B
(
QF(Xi , t,θ

∗
F)

)
≥ 0

}
φ(Xi)

∣∣∣∣∣∣∣ ≤ φ · sup
(x,t)∈X×T

∣∣∣ζBn (x, t)
∣∣∣

= op
( 1
n1/2+ε

)
uniformly over F

(S3.6.6)

Recall that
ψBF (Vj ,x, t,θ

∗
F ,hn) ≡ ∇QB(QF(x, t,θ∗F))ψQF (Vj ,x, t,θ

∗
F ,hn)

=
P∑
p=1

∂B
(
QF(x, t,θ∗F)

)
∂Qp

ψ
Qp
F (Vj ,x, t,θ

∗
F ,hn).

For h > 0, x ∈ SX and t ∈ T , let

Λ
Qp
F (Vj ,x, t,θ

∗
F ,h) ≡

(
Sp(Yj , t)− Γp,F(x, t,θ∗F)

fg(g(x,θ∗F))

)
ωp(g(Xj ,θ

∗
F))K

(
∆g(Xj ,x,θ∗F)

h

)
−EF

[(
Sp(Yj , t)− Γp,F(x, t,θ∗F)

fg(g(x,θ∗F))

)
ωp(g(Xj ,θ

∗
F))K

(
∆g(Xj ,x,θ∗F)

h

)]
.

From the definition in (S3.4.4), ψ
Qp
F (Vj ,x, t,θ∗F ,hn) = 1

hDn
Λ
Qp
F (Vj ,x, t,θ∗F) + ΞQp (x, t,θ

∗
F)ψθF (Zj ). For

t ∈ T , h > 0 and v1 ∈ SV , v2 ∈ SV let

Λa
T0,F

(v1,v2, t,h) ≡
P∑
p=1

∂B
(
QF(x1, t,θ

∗
F)

)
∂Qp

Λ
Qp
F (v2,x1, t,θ

∗
F ,h)1

{
B
(
QF(x1, t,θ

∗
F)

)
≥ 0

}
φ(x1),

Λb
T0,F

(v1,v2, t) ≡

 P∑
p=1

∂B
(
QF(x1, t,θ

∗
F)

)
∂Qp

1
{
B
(
QF(x1, t,θ

∗
F)

)
≥ 0

}
φ(x1)ΞQp (x1, t,θ

∗
F)

ψθF (z2)
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and define

Ua
T0,n

(t,h) ≡ 1
n · (n− 1)

n∑
i=1

∑
j,i

Λa
T0,F

(Vi ,Vj , t,h), νaT0,n
(t,h) ≡ 1

n

n∑
i=1

(
Λa
T0,F

(Vi ,Vi , t,h)−EF
[
Λa
T0,F

(V ,V , t,h)
])
,

Ub
T0,n

(t) ≡ 1
n · (n− 1)

n∑
i=1

∑
j,i

Λb
T0,F

(Vi ,Vj , t), νbT0,n
(t) ≡ 1

n

n∑
i=1

(
Λb
T0,F

(Vi ,Vi , t)−EF
[
Λb
T0,F

(V ,V , t)
])
.

(S3.6.7)

We have,

1
n2

n∑
i=1

n∑
j=1

ψBF (Vj ,Xi , t,θ
∗
F ,hn)1

{
B
(
QF(Xi , t,θ

∗
F)

)
≥ 0

}
φ(Xi)

=
(n− 1
n

)
· 1

hDn
·Ua

T0,n
(t,hn) +

(n− 1
n

)
·Ub

T0,n
(t) +

1

n · hDn
· νaT0,n

(t,hn) +
1
n
· νbT0,n

(t)

+
1

n · hDn
·EF

[
Λa
T0,F

(V ,V , t,hn)
]
+

1
n
·EF

[
Λb
T0,F

(V ,V , t)
]

(S3.6.8)

Let us analyze Ua
T0,n

(t,hn), beginning with ϕaT0,F
(Vi , t,hn) ≡ EF

[
Λa
T0,F

(Vi ,Vj , t,hn) +Λa
T0,F

(Vj ,Vi , t,hn)
∣∣∣Vi].

Let

µ
Sp
F,n(x, t) ≡ 1

hDn
·EF

[(
Sp(Y ,t)− Γp,F(x, t,θ∗F)

)
ωp(g(X,θ∗F))K

(
∆g(X,x,θ∗F)

hn

)]
.

Recall that in Assumption 2 we defined ΩRp ,0(g, t) ≡ EF
[
Sp(Y ,t)

∣∣∣g(X,θ∗F) = g
]
. By iterated expec-

tations, µ
Sp
F,n(x, t) = 1

hDn

∫
u

(
ΩRp ,0(u,t)− Γp,F(x, t,θ∗F)

)
ωp(u)K

(
u−g(x,θ∗F )

hn

)
fg(u)du. From here, using the

smoothness properties described in Assumption 2, performing an Mth−order approximation and

noting that ΩRp ,0(g(x,θ∗F), t) = Γp,F(x, t,θ∗F), there exists a finite constant BµS > 0 such that,

sup
(x,t)∈X×T

∣∣∣∣µSpF,n(x, t)
∣∣∣∣ ≤ BµS · hMn ∀ F ∈ F . (S3.6.9)

We have,

1

hDn
Λ
Qp
F (Vj ,x, t,θ

∗
F ,hn) =

1

hDn

(
Sp(Yj , t)− Γp,F(x, t,θ∗F)

fg (g(x,θ∗F))

)
·ωp(g(Xj ,θ

∗
F)) ·K

(
∆g(Xj ,x,θ∗F)

hn

)
−

µ
Sp
F,n(x, t)

fg (g(x,θ∗F))
.
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And, from here,

1

hDn
·EF

∂B
(
QF(Xi , t,θ∗F)

)
∂Qp

Λ
Qp
F (Vj ,Xi , t,θ

∗
F ,hn)1

{
B
(
QF(Xi , t,θ

∗
F)

)
≥ 0

}
φ(Xi)

∣∣∣∣∣∣Vi


=
∂B

(
QF(Xi , t,θ∗F)

)
∂Qp

1
fg(g(Xi ,θ∗F))

1
{
B
(
QF(Xi , t,θ

∗
F)

)
≥ 0

}
φ(Xi)

(
µ
Sp
F,n(Xi , t)−µ

Sp
F,n(Xi , t)

)
︸                        ︷︷                        ︸

=0

= 0 ∀ F ∈ F .

(S3.6.10)

From Assumptions 2 and 5

sup
(x,t)∈SX×T

∣∣∣∣∣∣∣∂B
(
QF(x, t,θ∗F)

)
∂Qp

1
fg(g(x,θ∗F))

1
{
B
(
QF(x, t,θ∗F)

)
≥ 0

}
φ(x)

∣∣∣∣∣∣∣
≤ φ · sup

(x,t)∈X×T

∣∣∣∣∣∣∣∂B
(
QF(x, t,θ∗F)

)
∂Qp

1
fg(g(x,θ∗F))

∣∣∣∣∣∣∣ ≤ φ · HQ

f
g

∀ F ∈ F

Also from Assumption 2, ∃ CΞQp
> 0 s.t sup

(x,t)∈X×T

∥∥∥∥ΞQp(x, t,θ∗F)
∥∥∥∥ ≤ CΞQp

∀ F ∈ F . Therefore, from

Assumptions 2 and 5,

sup
(x,t)∈SX×T

∥∥∥∥∥∥∥∂B
(
QF(x, t,θ∗F)

)
∂Qp

1
{
B
(
QF(x, t,θ∗F)

)
≥ 0

}
φ(x)ΞQp (x, t,θ

∗
F)

∥∥∥∥∥∥∥
≤ φ · sup

(x,t)∈X×T

∥∥∥∥∥∥∥∂B
(
QF(x, t,θ∗F)

)
∂Qp

ΞQp (x, t,θ
∗
F)

∥∥∥∥∥∥∥ ≤ φ ·HQ ·CΞQp
≡ CΞT2

∀ F ∈ F .

(S3.6.11)

Thus, from (S3.6.10),

1

hDn
·EF

∂B
(
QF(Xi , t,θ∗F)

)
∂Qp

Λ
Qp
F (Vj ,Xi , t,θ

∗
F ,hn)1

{
B
(
QF(Xi , t,θ

∗
F)

)
≥ 0

}
φ(Xi)

∣∣∣∣∣∣Vi
 = 0, and therefore,

EF
[
Λa
T0,F

(Vj ,Vi ,θ
∗
F , t,hn)

]
= 0 ∀ t ∈ T , ∀ F ∈ F

(S3.6.12)

Next, let us analyze 1
hDn
· EF

∂B(QF(Xi ,t,θ∗F ))
∂Qp

Λ
Qp
F (Vj ,Xi , t,θ∗F ,hn)1

{
B
(
QF(Xi , t,θ∗F)

)
≥ 0

}
φ(Xi)

∣∣∣∣∣∣Vj
. Re-

call from Assumption 7 that we defined

Ω
p
T0

(y, t,g) = EF

(Sp(y, t)− Γp,F(X,t,θ∗F)
)∂B (

QF(X,t,θ∗F)
)

∂Qp
φ(X)1

{
B
(
QF(X,t,θ∗F)

)
≥ 0

}∣∣∣∣∣g(X,θ∗F) = g
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Using iterated expectations, we have

1

hDn
·EF

∂B
(
QF(Xi , t,θ∗F)

)
∂Qp

Λ
Qp
F (Vj ,Xi , t,θ

∗
F ,hn)1

{
B
(
QF(Xi , t,θ

∗
F)

)
≥ 0

}
φ(Xi)

∣∣∣∣∣∣Vj


=
1

hDn
EF

Ω
p
T0

(Yj , t,g(Xi ,θ∗F))

fg(g(Xi ,θ∗F))
K

(
∆g(Xi ,Xj ,θ∗F)

hn

) ∣∣∣∣∣Vj
 ·ωp(g(Xj ,θ

∗
F))

−EF

 µ
Sp
F,n(Xi , t)

fg(g(Xi ,θ∗F))

∂B
(
QF(Xi , t,θ∗F)

)
∂Qp

1
{
B
(
QF(Xi , t,θ

∗
F)

)
≥ 0

}
φ(Xi)


We have,

1

hDn
EF

Ω
p
T0

(Yj , t,g(Xi ,θ∗F))

fg(g(Xi ,θ∗F))
K

(
∆g(Xi ,Xj ,θ∗F)

hn

) ∣∣∣∣∣Vj
 ·ωp(g(Xj ,θ

∗
F))

=
1

hDn

∫
Ω
p
T0

(Yj , t,u)

fg(u)
K

(
u − g(Xj ,θ∗F)

hn

)
fg(u)du ·ωp(g(Xj ,θ

∗
F))

Since ωp(g) , 0⇔ g ∈ G, the above expression is nonzero only if g(Xj ,θ∗F) ∈ G, and since the kernel

K has bounded support such that K(ψ) , 0 if and only if ‖ψ‖ ≤ S and since hn → 0, for large

enough n,
∥∥∥∥u−ghn ∥∥∥∥ ≤ S for g ∈ G implies fg(u) ≥ f

g
> 0. Therefore, for large enough n the terms fg(u)

in the numerator and in the denominator of the previous expression can cancel each other out

(since they are nonzero) and we have

1

hDn
EF

Ω
p
T0

(Yj , t,g(Xi ,θ∗F))

fg(g(Xi ,θ∗F))
K

(
∆g(Xi ,Xj ,θ∗F)

hn

) ∣∣∣∣∣Vj
 ·ωp(g(Xj ,θ

∗
F))

=
1

hDn

∫
Ω
p
T0

(Yj , t,u)K
(
u − g(Xj ,θ∗F)

hn

)
du ·ωp(g(Xj ,θ

∗
F)) ∀ t ∈ T , ∀ F ∈ F

From here, the smoothness conditions described in Assumption 7 and an Mth−order approxima-

tion imply that there exists a finite constant BΩT0
> 0 such that

1

hDn
EF

Ω
p
T0

(Yj , t,g(Xi ,θ∗F))

fg(g(Xi ,θ∗F))
K

(
∆g(Xi ,Xj ,θ∗F)

hn

) ∣∣∣∣∣∣Vj
 ·ωp(g(Xj ,θ

∗
F))

=Ωp
T0

(Yj , t,g(Xj ,θ
∗
F)) ·ωp(g(Xj ,θ

∗
F)) +Bp

ΩT0 ,n
(Yj ,Xj , t) ·ωp(g(Xj ,θ

∗
F)),

where sup
(y,x)∈SY ,X
t∈T

∣∣∣∣BpΩT0 ,n
(y,x, t) ·ωp(g(x,θ∗F))

∣∣∣∣ ≤ BΩT0
· hMn ∀ F ∈ F .
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Next, from Assumptions 2 and 5 and from the result in (S3.6.9),

sup
t∈T

∣∣∣∣∣∣∣∣EF
 µ

Sp
F,n(Xi , t)

fg(g(Xi ,θ∗F))

∂B
(
QF(Xi , t,θ∗F)

)
∂Qp

1
{
B
(
QF(Xi , t,θ

∗
F)

)
≥ 0

}
φ(Xi)


∣∣∣∣∣∣∣∣ ≤ φ · HQ

f
g

·BµS · h
M
n ∀ F ∈ F .

These results combined yield,

1

hDn
·EF

∂B
(
QF(Xi , t,θ∗F)

)
∂Qp

Λ
Qp
F (Vj ,Xi , t,θ

∗
F ,hn)1

{
B
(
QF(Xi , t,θ

∗
F)

)
≥ 0

}
φ(Xi)

∣∣∣∣∣∣Vj


= Ω
p
T0

(Yj , t,g(Xj ,θ
∗
F)) ·ωp(g(Xj ,θ

∗
F)) +BpT0,n

(Yj ,Xj , t),

where sup
(y,x)∈SY ,X
t∈T

∣∣∣BpT0,n
(y,x, t)

∣∣∣ ≤ BΩT0
+φ ·

HQ

f
g

·BµS

 · hMn ≡ CaT0
· hMn ∀ F ∈ F .

(S3.6.13)

Denote
∑P
p=1B

p
T0,n

(Yi ,Xi , t) ≡ BT0,n(Yi ,Xi , t). Combining (S3.6.12) and (S3.6.13), we have

1

hDn
·ϕaT0,F

(Vi , t,hn) ≡ 1

hDn
·EF

[
Λa
T0,F

(Vi ,Vj , t,hn) +Λa
T0,F

(Vj ,Vi , t,hn)
∣∣∣Vi]

≡
P∑
p=1

Ω
p
T0

(Yi , t,g(Xi ,θ
∗
F)) ·ωp(g(Xi ,θ

∗
F)) +BT0,n(Yi ,Xi , t),

where sup
(y,x)∈SY ,X
t∈T

∣∣∣BT0,n(y,x, t)
∣∣∣ ≤ P ·CaT0

· hMn ≡ C
b
T0
· hMn ∀ F ∈ F .

(S3.6.14)

Next, let ϑaT0,F
(Vi ,Vj , t,h) ≡Λa

T0,F
(Vi ,Vj , t,h)+Λa

T0,F
(Vj ,Vi , t,h)−ϕaT0,F

(Vi , t,h)−ϕaT0,F
(Vj , t,h). Note that

ϑaT0,F
(Vi ,Vj , t,h) = ϑaT0,F

(Vj ,Vi , t,h) and EF
[
ϑaT0,F

(Vi ,Vj , t,h)|Vi
]

= EF
[
ϑaT0,F

(Vi ,Vj , t,h)|Vj
]

= 0. Define

Ũa
T0,n

(t,h) = 1
n(n−1)

∑n
i=1

∑
j,i ϑ

a
T0,F

(Vi ,Vj , t,h). From the conditions in Assumption 6, there exist con-

stants (A,V ) such that, for each F ∈ F , the following class of functions is Euclidean (A,V ) for the

constant envelope 1,
{
m : X −→R : m(x) = 1

{
B
(
QF(x, t,θ∗F)

)
≥ 0

}
for some t ∈ T

}
. Combining this

with the bounded-variation properties of the kernel K and the conditions in Assumptions 2-5

and 7, applying Pakes and Pollard (1989, Example 2.10) and Nolan and Pollard (1987, Lemma

20) (or Sherman (1994, Lemma 5)), and Pakes and Pollard (1989, Lemma 2.14), the class of func-

tions
{
m : S2

V −→R: m(v1,v2) = ϑaT0,F
(v1,v2, t,h) for some h > 0

}
is Euclidean for an envelope G

a
T0

(·)
s.t EF

[
G
a
T0

(V1,V2)4q
]
≤ C4 <∞∀ F ∈ F (with (V1,V2) ∼ F⊗F) and q being the integer in Assumption

1. From here, Result S1 yields sup
t∈T ,h>0

∣∣∣Ũa
T0,n

(t,h)
∣∣∣ =Op

(
1
n

)
uniformly over F . Therefore,

sup
t∈T

∣∣∣Ũa
T0,n

(t,hn)
∣∣∣ ≤ sup

t∈T ,h>0

∣∣∣Ũa
T0,n

(t,h)
∣∣∣ =Op

(1
n

)
uniformly over F (S3.6.15)
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The Hoeffding decomposition ofUa
T0,n

(t,hn) (see Serfling (1980, pages 177-178) or Sherman (1994,

equations (6)-(7))) yields,

1

hDn
·Ua

T0,n
(t,hn) =

1
n

n∑
i=1

1

hDn
·ϕaT0,F

(Vi , t,hn) +
1

2hDn
· Ũa

T0,n
(t,hn)

=
1
n

n∑
i=1

 P∑
p=1

Ω
p
T0

(Yi , t,g(Xi ,θ
∗
F)) ·ωp(g(Xi ,θ

∗
F))

+
1
n

n∑
i=1

BT0,n(Yi ,Xi , t) +
1

2hDn
· Ũa

T0,n
(t,hn),

(S3.6.16)

where, from (S3.6.14) and (S3.6.15),∣∣∣∣∣∣∣1n
n∑
i=1

BT0,n(Yi ,Xi , t) +
1

2hDn
· Ũa

T0,n
(t,hn)

∣∣∣∣∣∣∣ ≤ sup
(y,x)∈SY ,X
t∈T

∣∣∣BT0,n(y,x, t)
∣∣∣+ sup

t∈T ,h>0

∣∣∣Ũa
T0,n

(t,h)
∣∣∣

=O(hMn ) +Op

(
1

n · hDn

)
= op

( 1
n1/2+ε

)
∀ F ∈ F

(S3.6.17)

where (once again), ε > 0 is the constant described in Assumption 4. Next, note that

EF
[
Ω
p
T0

(Y ,t,g(X,θ∗F)) ·ωp(g(X,θ∗F)
]

= 0 ∀ t ∈ T , ∀ F ∈ F (S3.6.18)

for each p = 1, . . . , P . Let (V1,V2) ∼ F ⊗F. Then, by the definition of Ωp
T0

, we have

Ω
p
T0

(Y1, t,g(X1,θ
∗
F)) ·ωp(g(X1,θ

∗
F)) =

EF

(Sp(Y1,X2, t)− Γp,F(X2, t,θ
∗
F)

) ∂B (
QF(X2, t,θ

∗
F)

)
∂Qp

φ(X2)1
{
B
(
QF(X2, t,θ

∗
F)

)
≥ 0

} ∣∣∣∣∣∣g(X2,θ
∗
F) = g(X1,θ

∗
F),V1


·ωp(g(X1,θ

∗
F))

Therefore, by iterated expectations, we have

EF
[
Ω
p
T0

(Y1, t,g(X1,θ
∗
F)) ·ωp(g(X1,θ

∗
F))

]
=

EF

EF[(Sp(Y1,X2, t)− Γp,F(X2, t,θ
∗
F)

)
·ωp(g(X1,θ

∗
F))

∣∣∣∣g(X1,θ
∗
F) = g(X2,θ

∗
F),V2

]
·
∂B

(
QF(X2, t,θ

∗
F)

)
∂Qp

φ(X2)1
{
B
(
QF(X2, t,θ

∗
F)

)
≥ 0

}
= EF

(Γp,F(X2, t,θ
∗
F)− Γp,F(X2, t,θ

∗
F)︸                               ︷︷                               ︸

=0

)
·ωp(g(X2,θ

∗
F))
∂B

(
QF(X2, t,θ

∗
F)

)
∂Qp

φ(X2)1
{
B
(
QF(X2, t,θ

∗
F)

)
≥ 0

}
= 0.
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By Assumption 7, ∃ ηΩT0
> 0 s.t sup

t∈T
EF

[∣∣∣Ωp
T0

(Y ,t,g(X,θ∗F)) ·ωp(g(X,θ∗F)
∣∣∣2] ≤ ηΩT0

∀F ∈ F . From

here, a Chebyshev inequality yields

sup
t∈T

∣∣∣∣∣∣∣∣1n
n∑
i=1

 P∑
p=1

Ω
p
T0

(Yi , t,g(Xi ,θ
∗
F)) ·ωp(g(Xi ,θ

∗
F))


∣∣∣∣∣∣∣∣ =Op

( 1
n1/2

)
uniformly over F .

(S3.6.16), (S3.6.17) and the previous expression yield,

sup
t∈T

1

hDn
·Ua

T0,n
(t,hn) =Op

( 1
n1/2

)
uniformly over F . (S3.6.19)

In (S3.6.7), we defined the U-statisticUb
T0,n

(t) ≡ 1
n·(n−1)

∑n
i=1

∑
j,iΛ

b
T0,F

(Vi ,Vj , t), where Λb
T0,F

(v1,v2, t) ≡(∑P
p=1

∂B(QF(x1,t,θ
∗
F ))

∂Qp
1

{
B
(
QF(x1, t,θ

∗
F)

)
≥ 0

}
φ(x1)ΞQp(x1, t,θ

∗
F)

)
ψθF (z2). Define,

Ξ
p
T0,F

(t) ≡ EF

∂B
(
QF(X,t,θ∗F)

)
∂Qp

1
{
B
(
QF(X,t,θ∗F)

)
≥ 0

}
φ(X)ΞQp (X,t,θ

∗
F)

 ,
ΞT0,F(t) ≡

P∑
p=1

Ξ
p
T0,F

(t)

(S3.6.20)

Let ϕbT0,F
(Vi , t) ≡ EF

[
Λb
T0,F

(Vi ,Vj , t) +Λb
T0,F

(Vj ,Vi , t)
∣∣∣Vi]. Then, ϕbT0,F

(Vi , t) = ΞT0,F(t)ψθF (Zi). Note

that EF
[
ϕbT0,F

(Vi , t)
]

= 0 ∀ t ∈ T ,F ∈ F . Therefore, EF
[
Λb
T0,F

(Vi ,Vj )
]

= 0 ∀ t ∈ T ∀ t ∈ T ,F ∈ F . Now

let ϑbT0,F
(Vi ,Vj , t) ≡Λb

T0,F
(Vi ,Vj , t)+Λ

b
T0,F

(Vj ,Vi , t)−ϕbT0,F
(Vi , t)−ϕbT0,F

(Vj , t), and define the degenerate

U-statistic Ũb
T0,n

(t) = 1
n(n−1)

∑n
i=1

∑
j,i ϑ

b
T0,F

(Vi ,Vj , t). From Assumption 1, EF
[∥∥∥ψθF (Z)

∥∥∥4q
]
≤ µψ ∀ F ∈

F , where q is the integer described there. Also, as we stated in (S3.6.11), Assumptions 2 and

5 imply sup
t∈T

∥∥∥ΞT0,F(t)
∥∥∥ ≤ P ·CΞT2

∀ F ∈ F . Therefore, there exists an envelope GT0
(·) and a finite

constant µT b0 > 0 such that sup
t∈T

∣∣∣ϑbT0,F
(v1,v2, t)

∣∣∣ ≤ GT0
(v1,v2) and EF

[
GT0

(V1,V2)4q
]
≤ µT b2 for all F ∈ F

(with (V1,V2) ∼ F ⊗F). From here, applying Result S1 we obtain

sup
t∈T

∣∣∣Ũb
T0,n

(t)
∣∣∣ =Op

(1
n

)
uniformly over F . (S3.6.21)

The Hoeffding decomposition of Ub
T0,n

(t) is,

Ub
T0,n

(t) =
1
n

n∑
i=1

ϕbT0
(Vi , t) +

1
2
Ũb
T0,n

(t)

= ΞT0,F(t)
1
n

n∑
i=1

ψθF (Zi) +Op
(1
n

)
uniformly over F .

(S3.6.22)

67



From Assumption 1,
∥∥∥1
n

∑n
i=1ψ

θ
F (Zi)

∥∥∥ =Op
(

1
n1/2

)
uniformly over F . Combined with (S3.6.11),

sup
t∈T

∥∥∥∥∥∥∥ΞT0,F(t)
1
n

n∑
i=1

ψθF (Zi)

∥∥∥∥∥∥∥ ≤ CΞT0
·

∥∥∥∥∥∥∥1
n

n∑
i=1

ψθF (Zi)

∥∥∥∥∥∥∥ =Op
( 1
n1/2

)
uniformly over F . (S3.6.23)

(S3.6.22) and (S3.6.23) yield

sup
t∈T

∣∣∣Ub
T0,n

(t)
∣∣∣ =Op

( 1
n1/2

)
uniformly over F . (S3.6.24)

Let νaT0,n
(t,h) be as in (S3.6.7). The same arguments that led to (S3.6.15) yield

sup
t∈T

∣∣∣νaT0,n
(t,hn)

∣∣∣ ≤ sup
t∈T ,h>0

∣∣∣νaT0,n
(t,h)

∣∣∣ =Op
( 1
n1/2

)
uniformly over F . (S3.6.25)

And from (S3.6.11), we have

sup
t∈T

∣∣∣∣EF [Λa
T0,F

(V ,V , t,hn)
]∣∣∣∣ ≤ sup

t∈T ,h>0

∣∣∣∣EF [Λa
T0,F

(V ,V , t,h)
]∣∣∣∣ ≤ P ·CΞT0

∀ F ∈ F (S3.6.26)

Next, take the process νbT0,n
(t) defined in (S3.6.7). The same arguments that led to (S3.6.21) yield

sup
t∈T

∣∣∣νbT0,n
(t)

∣∣∣ =Op
( 1
n1/2

)
uniformly over F . (S3.6.27)

By Assumption 1, there exists a finite constant ηψ > 0 such that EF
[∥∥∥ψθF (Z)

∥∥∥] ≤ ηψ for all F ∈ F .

Combined with the result in (S3.6.11), this yields

sup
t∈T

∣∣∣∣EF [Λb
T2,F

(V ,V , t)
]∣∣∣∣ ≤ P ·CΞT0

· ηψ ∀ F ∈ F . (S3.6.28)

S3.6.2 Proof of Proposition 1

From (S3.6.8), we have

1
n2

n∑
i=1

n∑
j=1

ψBF (Vj ,Xi , t,θ
∗
F ,hn)1

{
B
(
QF(Xi , t,θ

∗
F)

)
≥ 0

}
φ(Xi)

=
1

hDn
·Ua

T0,n
(t,hn) +Ub

T0,n
(t)− 1

n
· 1

hDn
·Ua

T0,n
(t,hn)− 1

n
·Ub

T0,n
(t) +

1

n · hDn
· νaT0,n

(t,hn) +
1
n
· νbT0,n

(t)

+
1

n · hDn
·EF

[
Λa
T0,F

(V ,V , t,hn)
]
+

1
n
·EF

[
Λb
T0,F

(V ,V , t)
]
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Using (S3.6.16) and (S3.6.22), the above expression becomes

1
n2

n∑
i=1

n∑
j=1

ψBF (Vj ,Xi , t,θ
∗
F ,hn)1

{
B
(
QF(Xi , t,θ

∗
F)

)
≥ 0

}
φ(Xi)

=
1
n

n∑
i=1


 P∑
p=1

Ω
p
T0

(Yi , t,g(Xi ,θ
∗
F)) ·ωp(g(Xi ,θ

∗
F))

+ΞT0,F(t)ψθF (Zi)

+ ξcT0,n
(t),

(S3.6.29)

where

ξcT0,n
(t) ≡ 1

n

n∑
i=1

BT0,n(Yi ,Xi , t) +
1

2hDn
· Ũa

T0,n
(t,hn) +

1
2
· Ũb

T0,n
(t)− 1

n
· 1

hDn
·Ua

T0,n
(t,hn)− 1

n
·Ub

T0,n
(t)

+
1

n · hDn
· νaT0,n

(t,hn) +
1
n
· νbT0,n

(t) +
1

n · hDn
·EF

[
Λa
T0,F

(V ,V , t,hn)
]
+

1
n
·EF

[
Λb
T0,F

(V ,V , t)
]

Combining (S3.6.17), (S3.6.19), (S3.6.21), (S3.6.24), (S3.6.25), (S3.6.26), (S3.6.27), and (S3.6.28),

sup
t∈T

∣∣∣ξcT0,n
(t)

∣∣∣ ≤ op ( 1
n1/2+ε

)
+Op

(
1

n · hDn

)
+Op

(1
n

)
+Op

(
1

n3/2 · hDn

)
+Op

( 1
n3/2

)
+Op

(
1

n3/2 · hDn

)
+Op

( 1
n3/2

)
+O

(
1

n · hDn

)
+O

(1
n

)
= op

( 1
n1/2+ε

)
uniformly over F .

(S3.6.30)

where ε > 0 is as described in Assumption 4. Let

ψT0
F (Vi , t) ≡

((
B
(
QF(Xi , t,θ

∗
F)

))
+φ(Xi)− T0,F(t)

)
+

P∑
p=1

Ω
p
T0

(Yi , t,g(Xi ,θ
∗
F)) ·ωp(g(Xi ,θ

∗
F)) +ΞT0,F(t)ψθF (Zi).

(S3.6.31)

Let ∆ ≡ ε∧ (δ0/2). Plugging (S3.6.29), (S3.6.30), (S3.6.6) and (S3.6.4) into (S3.6.5), we have

T̂0(t) = T0,F(t) +
1
n

n∑
i=1

ψT0
F (Vi , t) + εT0

n (t), where sup
t∈T

∣∣∣∣εT0
n (t)

∣∣∣∣ = op
( 1
n1/2+∆

)
uniformly over F .

(S3.6.32)

The influence function ψT0
F (V ,t) has two key features,

(i) EF
[
ψT0
F (V ,t)

]
= 0 ∀ t ∈ T , ∀ F ∈ F ,

(ii) PF
(
B
(
ΓF(X,t,θ∗F)

)
< 0

∣∣∣ X ∈ X ∗F) = 1 =⇒ PF
(
ψT0
F (V ,t) = 0

)
= 1.

(S3.6.33)

Part (i) of (S3.6.33) follows from (S3.6.18), EF
[
ψθF (Z)

]
= 0, and EF

[(
B
(
QF(Xi , t,θ∗F)

))
+
φ(Xi)− T0,F(t)

]
=

0 ∀ t ∈ T . For part (ii), note that, from (8), having PF
(
B
(
ΓF(X,t,θ∗F)

)
< 0

∣∣∣X ∈ X ∗F) = 1 implies that
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PF
((
B
(
QF(X,t,θ∗F)

))
+
φ(X) = 0

)
= PF

((
B
(
ΓF(X,t,θ∗F)

))
+
· H

(
ω(g(X,θ∗F))

)
φ(X) = 0

)
= 1, and T0,F(t) =

0. Also, if PF
(
B
(
ΓF(X,t,θ∗F)

)
< 0

∣∣∣X ∈ X ∗F) = 1, then

PF

(
φ(X)1

{
B
(
QF(X,t,θ∗F)

)
≥ 0

}
= 0

∣∣∣∣ g(X,θ∗F) ∈ G
)

=PF
(
φ(X)1

{
B
(
ΓF(X,t,θ∗F)

)
· H

(
ω(g(X,θ∗F))

)
≥ 0

}
= 0

∣∣∣∣ g(X,θ∗F) ∈ G
)

= 1.

Thus, for any (y, t,g), the above result implies

Ω
p
T0

(y, t,g) ·ωp(g)

=EF

(Sp(y, t)− Γp,F(X,t,θ∗F)
)∂B (

QF(X,t,θ∗F)
)

∂Qp
φ(X)1

{
B
(
QF(X,t,θ∗F)

)
≥ 0

}
︸                             ︷︷                             ︸

=0 F−a.s if g(X,θ∗F ) = g ∈ G
(i.e, if ωp(g) , 0)

∣∣∣∣∣ g(X,θ∗F) = g

 ·ωp(g)︸︷︷︸
=0 if
g<G

=0.

Therefore, PF
(
B
(
ΓF(X,t,θ∗F)

)
< 0

∣∣∣X ∈ X ∗F) = 1 =⇒ PF
(
Ω
p
T0

(Y ,t,g(X,θ∗F)) ·ωp(g(X,θ∗F)) = 0
)

= 1. Fi-

nally, recall from (A4) that ΞQp (x, t,θ
∗
F) = 0 ∀ x : g(x,θ∗F) < G. Thus, for each t ∈ T , we have

φ(x)ΞQp (x, t,θ
∗
F) = 0 ∀ x < X ∗F . And from our definition of Ξ

p
T0,F

(t) and ΞT0,F(t) in (S3.6.20), if

PF
(
B
(
ΓF(X,t,θ∗F)

)
< 0

∣∣∣X ∈ X ∗F) = 1, then

Ξ
p
T0,F

(t) ≡ EF

∂B
(
QF(X,t,θ∗F)

)
∂Qp

1
{
B
(
QF(X,t,θ∗F)

)
≥ 0

}
φ(X)ΞQp(X,t,θ

∗
F)


= EF

∂B
(
QF(X,t,θ∗F)

)
∂Qp

1
{
B
(
ΓF(X,t,θ∗F)

)
· H

(
ω(g(X,θ∗F))

)
≥ 0

}︸                                             ︷︷                                             ︸
=0 if X ∈ X ∗F

φ(X)ΞQp(X,t,θ
∗
F)︸                ︷︷                ︸

=0
if X < X ∗F


= 0 ∀ p = 1, . . . , P .

=⇒ ΞT0,F(t) ≡
P∑
p=1

Ξ
p
T0,F

(t) = 0.

Thus, ΞT0,F(t)ψθF (Z) = 0. Combined, these results yield that, if PF
(
B
(
ΓF(X,t,θ∗F)

)
< 0

∣∣∣ X ∈ X ∗F) = 1,

then we must have PF
(
ψT0
F (V ,t) = 0

)
= 1, which establishes part (ii) of (S3.6.33). Equipped with

(S3.6.32), we can characterize a linear representation for T̂2 by recalling that, T̂2 ≡
∫
t
T̂0(t)dW (t),

and T2,F ≡
∫
t
T0,F(t)dW (t), with

∫
t
dW (t) = 1. Let

ψT2
F (Vi) ≡

∫
t
ψT0
F (Vi , t)dW (t), εT2

n ≡
∫
t
εT0
n (t)dW (t). (S3.6.34)
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From (S3.6.32), we have

T̂2 = T2,F +
1
n

n∑
i=1

ψT2
F (Vi) + εT2

n ,

where
∣∣∣∣εT2
n

∣∣∣∣ ≤ sup
t∈T

∣∣∣∣εT0
n (t)

∣∣∣∣ ·∫
t
dW (t)︸    ︷︷    ︸
=1

= op
( 1
n1/2+∆

)
uniformly over F .

(S3.6.35)

Equations (S3.6.31), (S3.6.32), (S3.6.34) and (S3.6.35) prove the linear representation result in

Proposition 1. �

S3.6.3 Properties of the influence functionψT2
F (V )ψT2
F (V )ψT2
F (V )

From (S3.6.33), we have the following properties for the influence function ψT2
F (V ),

(i) EF
[
ψT2
F (V )

]
= 0 ∀ F ∈ F ,

(ii) PF
(
B
(
ΓF(X,t,θ∗F)

)
< 0

∣∣∣ X ∈ X ∗F) = 1 forW−a.e t ∈ T =⇒ PF
(
ψT2
F (V ) = 0

)
= 1.

(S3.6.36)

Part (i) of (S3.6.36) follows directly from part (i) of (S3.6.33) since,

EF
[
ψT2
F (V )

]
= EF

[∫
t
ψT0
F (V ,t)dW (t)

]
=

∫
t

(
EF

[
ψT0
F (V ,t)

])
︸             ︷︷             ︸

=0 ∀ t∈T

dW (t) = 0.

Similarly, part (ii) of (S3.6.36) follows directly from part (ii) of (S3.6.33) since,

PF
(
B
(
ΓF(X,t,θ∗F)

)
< 0

∣∣∣ X ∈ X ∗F) = 1 forW−a.e t ∈ T =⇒ PF
(
ψT0
F (V ,t) = 0 forW−a.e t ∈ T

)
= 1.

And,

PF
(
ψT0
F (V ,t) = 0 forW−a.e t ∈ T

)
= 1 =⇒ PF

(
ψT2
F (V ) = 0

)
= PF

(∫
t
ψT0
F (V ,t)dW (t) = 0

)
= 1.

S4 An estimator for the influence functionψT2
F (V )ψT2
F (V )ψT2
F (V )

Here we describe how we obtained the influence function estimators discussed in Section 4.5.2 of

the paper and in Appendix A, which are used in the construction of and σ̂2
2 .
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S4.1 Construction of our estimators

Fix g, x and t. We will first decompose the functionals defined in Assumption 2 as follows,

(1) Ω
d,`
fg

(g) ≡ EF

∂gd(X,θ∗F)
∂θ`

∣∣∣∣∣∣g(X,θ∗F) = g

 =
Ad,`fg (g)

fg(g)
,

where Ad,`fg (g) ≡Ω
d,`
fg

(g) · fg(g),

(2) Ω
d,`
Rp ,1

(g, t) ≡ EF
[
Sp(Y ,t)ωp(g(X,θ∗F))

∂gd(X,θ∗F)
∂θ`

∣∣∣∣∣g(X,θ∗F) = g
]

=
Ad,`Rp ,1(g, t)

fg(g)
,

where Ad,`Rp ,1(g, t) ≡Ω
d,`
Rp ,1

(g, t) · fg(g),

(3) ΩRp ,2(g, t) ≡ EF
[
Sp(Y ,t)ωp(g(X,θ∗F))

∣∣∣∣∣g(X,θ∗F) = g
]

=
ARp ,2(g, t)

fg(g)
,

where ARp ,2(g, t) ≡ΩRp ,2(g, t) · fg(g),

(4) Ω`
Rp ,3

(g, t) ≡ EF
[
Sp(Y ,t)

∂ωp(g(X,θ∗F))

∂θ`

∣∣∣∣∣g(X,θ∗F) = g
]

=
A`Rp ,3(g, t)

fg(g)
,

where A`Rp ,3(g, t) ≡Ω`
Rp ,3

(g, t) · fg(g).

(S4.1.1)

In addition to the above functionals, the following derivatives will be relevant,

∂Ωd,`
fg

(g)

∂gd
,

∂Ωd,`
Rp ,1

(g, t)

∂gd
, and

∂ΩRp ,2(g, t)

∂gd
.

From the expressions in (S4.1.1), we have

∂Ωd,`
fg

(g)

∂gd
=
∂Ad,`fg (g)

∂gd
· 1
fg(g)

−
Afg (g)

fg(g)2 ·
∂fg(g)

∂gd
,

∂Ωd,`
Rp ,1

(g, t)

∂gd
=
∂Ad,`Rp ,1(g, t)

∂gd
· 1
fg(g)

−
Ad,`Rp ,1(g, t)

fg(g)2 ·
∂fg(g)

∂gd
,

∂ΩRp ,2(g, t)

∂gd
=
∂ARp ,2(g, t)

∂gd
· 1
fg(g)

−
ARp ,2(g, t)

fg(g)2 ·
∂fg(g)

∂gd
,

We will estimate the above functionals and the derivatives described using the same type of kernel

estimators we employed to construct T̂2. Our estimator of fg(g) is

f̂g(g) =
1

n · hDn

n∑
i=1

K

(
g(Xi , θ̂)− g

hn

)
,
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From here, we estimate

(1) Ω̂
d,`
fg

(g) =
Âd,`fg (g)

f̂g (g)
, Âd,`fg (g) ≡ 1

nhDn

n∑
i=1

∂gd(Xi , θ̂)
∂θ`

K

(
g(Xi , θ̂)− g

hn

)
,

(2) Ω̂
d,`
Rp ,1

(g, t) =
Âd,`Rp ,1(g, t)

f̂g (g)
, Âd,`Rp ,1(g, t) ≡ 1

n · hDn

n∑
i=1

Sp(Yi , t)ωp(g(Xi , θ̂))
∂gd(Xi , θ̂)
∂θ`

K

(
g(Xi , θ̂)− g

hn

)
,

(3) Ω̂Rp ,2(g, t) =
ÂRp ,2(g, t)

f̂g (g)
, ÂRp ,2(g, t) ≡ 1

n · hDn

n∑
i=1

Sp(Yi , t)ωp(g(Xi , θ̂))K
(
g(Xi , θ̂)− g

hn

)
,

(4) Ω̂`
Rp ,3

(g, t) =
Â`Rp ,3(g, t)

f̂g (g)
, Â`Rp ,3(g, t) ≡ 1

n · hDn

n∑
i=1

Sp(Yi , t)
∂ωp(g(Xi , θ̂))

∂θ`
K

(
g(Xi , θ̂)− g

hn

)
,

From here, we have

∂Ω̂d,`
fg

(g)

∂gd
=
∂Âd,`fg (g)

∂gd
· 1

f̂g(g)
−
Âfg (g)

f̂g(g)2
·
∂f̂g(g)

∂gd
,

∂Ω̂d,`
Rp ,1

(g, t)

∂gd
=
∂Âd,`Rp ,1(g, t)

∂gd
· 1

f̂g(g)
−
Âd,`Rp ,1(g, t)

f̂g(g)2
·
∂f̂g(g)

∂gd
,

∂Ω̂Rp ,2(g, t)

∂gd
=
∂ÂRp ,2(g, t)

∂gd
· 1

f̂g(g)
−
ÂRp ,2(g, t)

f̂g(g)2
·
∂f̂g(g)

∂gd
,

Under Assumptions 1-4, for each d, ` and p we have that, uniformly over F ,

sup
x∈X

∣∣∣∣Ω̂d,`
fg

(g(x, θ̂))−Ωd,`
fg

(g(x,θ∗F))
∣∣∣∣ = op(1),

sup
(x,t)∈X×T

∣∣∣∣Ω̂d,`
Rp ,1

(g(x, θ̂), t)−Ωd,`
Rp ,1

(g(x,θ∗F), t)
∣∣∣∣ = op(1),

sup
(x,t)∈X×T

∣∣∣∣Ω̂Rp ,2(g(x, θ̂), t)−ΩRp ,2(g(x,θ∗F), t)
∣∣∣∣ = op(1),

sup
(x,t)∈X×T

∣∣∣∣Ω̂`
Rp ,3

(g(x, θ̂), t)−Ω`
Rp ,3

(g(x,θ∗F), t)
∣∣∣∣ = op(1),

(S4.1.2)
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and,

sup
x∈X

∣∣∣∣∣∣∣∣
∂Ω̂d,`

fg
(g(x, θ̂))

∂gd
−
∂Ωd,`

fg
(g(x,θ∗F))

∂gd

∣∣∣∣∣∣∣∣ = op(1),

sup
(x,t)∈X×T

∣∣∣∣∣∣∣∣
∂Ω̂d,`

Rp ,1
(g(x, θ̂), t)

∂gd
−
∂Ωd,`

Rp ,1
(g(x,θ∗F), t)

∂gd

∣∣∣∣∣∣∣∣ = op(1),

sup
(x,t)∈X×T

∣∣∣∣∣∣∣∂Ω̂Rp ,2(g(x, θ̂), t)

∂gd
−
∂ΩRp ,2(g(x,θ∗F), t)

∂gd

∣∣∣∣∣∣∣ = op(1).

(S4.1.3)

Next, we estimate Ξfg (x,θ
∗
F) and ΞRp (x, t,θ

∗
F), where these functionals are described in (A1) and

ΞQp(x, t,θ
∗
F), where this functional is described in equation (A3). Our estimators are,

Ξ̂`,fg (x, θ̂) ≡
D∑
d=1

∂gd(x, θ̂)
∂θ`

·
∂f̂g(g(x, θ̂))

∂gd
−
∂
[
Ω̂
d,`
fg

(g(x, θ̂))f̂g(g(x, θ̂))
]

∂gd

 ,
Ξ̂fg (x, θ̂) ≡

(
Ξ̂1,fg (x, θ̂), . . . , Ξ̂k,fg (x, θ̂)

)
,

Ξ̂`,Rp (x, t, θ̂) ≡
D∑
d=1

∂
[
Ω̂Rp ,2(g(x, θ̂), t)f̂g(g(x, θ̂))

]
∂gd

·
∂gd(x, θ̂)
∂θ`

−
∂
[
Ω̂
d,`
Rp ,1

(g(x, θ̂), t)f̂g(g(x, θ̂))
]

∂gd

+Ω̂`
Rp ,3

(g(x, θ̂), t) · f̂g(g(x, θ̂))

 ,
Ξ̂Rp(x, t, θ̂) ≡

(
Ξ̂1,Rp (x, t, θ̂), . . . , Ξ̂k,Rp (x, t, θ̂)

)
,

Ξ̂Qp(x, t, θ̂) ≡
Ξ̂Rp (x, t, θ̂)− Q̂p(x, t, θ̂) · Ξ̂fg (x, θ̂)

f̂g(g(x, θ̂))
,

where Q̂p(x, t, θ̂) is the estimator we described in (13). Under the conditions in Assumptions 1-4

(see (S4.1.2)-(S4.1.3)), we obtain that, for each p and uniformly over F ,

sup
(x,t)∈X×T

∥∥∥∥Ξ̂Qp (x, t, θ̂)−ΞQp (x, t,θ
∗
F)

∥∥∥∥ = op(1). (S4.1.4)

For a given t, we estimate the functional ΞT0,F(t) in Proposition 1, (eq. A15) with

Ξ̂
p
T0

(t) ≡ 1
n

n∑
i=1

∂B
(
Q̂(Xi , t, θ̂)

)
∂Q̂p

1

{
B
(
Q̂(Xi , t, θ̂)

)
≥ −bn

}
φ(Xi , t)Ξ̂Qp(Xi , t, θ̂),

Ξ̂T0
(t) ≡

P∑
p=1

Ξ̂
p
T0

(t),
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Under the conditions in Assumptions 1-4 ( equations S4.1.2-S4.1.4), uniformly over F we have

sup
t∈T

∥∥∥Ξ̂T0
(t)−ΞT0,F(t)

∥∥∥ = op(1),∥∥∥∥∥∫
t
Ξ̂T0

(t)dW (t)−
∫
t
ΞT0,F(t)dW (t)

∥∥∥∥∥ = op(1)
(S4.1.5)

Next, for a given x, t, we estimate Γ̂p(x, t, θ̂) =
1

n·hDn

∑n
i=1 Sp(Yi ,t)K

(
∆g(Xi ,x,θ̂)

hn

)
f̂g (g(x,θ̂))

. For a given (y,g, t), we

estimate the functional Ωp
T0

(y, t,g) described in Assumption 7 (eq. 18) with

Ω̂
p
T0

(y, t,g) =

1
n·hDn

∑n
i=1

(
Sp(y, t)− Γ̂p(Xi , t, θ̂)

)
∂B(Q̂(Xi ,t,θ̂))

∂Qp
φ(Xi)1

{
B
(
Q̂(Xi , t, θ̂)

)
≥ −bn

}
K

(
g(Xi ,θ̂)−g

hn

)
f̂g(g)

Under the conditions in Assumptions 1-6 and 7 (i.e, the conditions of Proposition 1), for each p

and uniformly over F we have

sup
(y,x)∈SY ,X
t∈T

∣∣∣∣Ω̂p
T0

(
y, t,g(x, θ̂)

)
·ωp(g(x, θ̂))−Ωp

T2

(
y, t,g(x,θ∗F)

)
·ωp(g(x,θ∗F))

∣∣∣∣ = op(1),

sup
(y,x)∈SY ,X

∣∣∣∣∣∫
t
Ω̂
p
T0

(
y, t,g(x, θ̂)

)
dW (t) ·ωp(g(x, θ̂))−

∫
t
Ω
p
T0

(
y, t,g(x,θ∗F)

)
dW (t) ·ωp(g(x,θ∗F))

∣∣∣∣∣ = op(1),

sup
(x,t)∈SX×T

∣∣∣∣B (
Q̂(x, t, θ̂)

)
1

{
B
(
Q̂(x, t, θ̂)

)
≥ −bn

}
φ(x)−

(
B
(
Q̂(x, t,θ∗F)

))
+
φ(x)

∣∣∣∣ = op(1),

sup
x∈SX

∣∣∣∣∣∫
t
B
(
Q̂(x, t, θ̂)

)
1

{
B
(
Q̂(x, t, θ̂)

)
≥ −bn

}
dW (t)φ(x)−

∫
t

(
B
(
Q̂(x, t,θ∗F)

))
+
dW (t)φ(x)

∣∣∣∣∣ = op(1),∣∣∣T̂2 − T2,F

∣∣∣ = op(1)
(S4.1.6)

(the last line follows directly from equation (19) in Proposition 1). The last component is an

estimator of the influence function ψθF (Z) for the estimator θ̂. From Assumption 8, we have at

hand an estimator ψ̂θ(Z) that satisfies, 1
n

∑n
i=1

∥∥∥ψ̂θ(Zi)−ψθF (Zi)
∥∥∥2

= op(1) uniformly over F . Our

estimator for the influence function ψT2
F (V ) of the statistic T̂2 is,

ψ̂T2(Vi) ≡
(∫

t
B
(
Q̂(Xi , t, θ̂)

)
1

{
B
(
Q̂(Xi , t, θ̂)

)
≥ −bn

}
dW (t)φ(Xi)− T̂2

)
+

P∑
p=1

∫
t
Ω̂
p
T0

(Yi , t,g(Xi , θ̂))dW (t) ·ω(g(Xi , θ̂)) +
∫
t
Ξ̂T0

(t)dW (t)ψ̂θ(Zi)
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From the results in (S4.1.5) and (S4.1.6), we have that under the conditions in Assumptions 1-8 in

the paper, 1
n

∑n
i=1

∣∣∣∣ψ̂T2(Vi)−ψ
T2
F (Vi)

∣∣∣∣2 = op(1) uniformly over F . �
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