
Econometric Supplement for “Estimation and

inference in discrete games with uncertain behavior”

Andres Aradillas-Lopez†

Abstract
This document includes step-by-step derivations leading to the main econo-
metric results in the paper. Every section in this document has the format
SX.X and every equation has the format (SX.X.X). Any section, assumption or
equation that we reference here which does not have this format refers to the
main paper, or to Appendix A (if it has the format AX.X.X).

S1 Asymptotic properties of ∆̂̂∆̂∆ and proof of Proposition 1

As defined in equation (5), let,

mCS (X,θ) ≡ F1,2(Xns1
′β1 −Xs1

′
∆1 −Xs2

′
∆2 , Xns2

′β2 −Xs1
′
∆1 −Xs2

′
∆2|ρ),

mNCS (X,θ) ≡ F1,2(Xns1
′β1 −Xs1

′
∆1 , Xns2

′β2 −Xs2
′
∆2|ρ),

ΞS (X,θ) ≡mCS (X,θ)−mNCS (X,θ).

And recall that, from (3), our expression for E[S |U ] simplifies to,

E[S |U ] =mNCS (X,θ0) +π(Z) ·ΞS (X,θ0).

We begin by describing the asymptotic properties of the semiparametric convolution weights π̂(z,θ)
introduced in equation (22) of the paper.
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S1.1 Asymptotic properties of π̂(z,θ)π̂(z,θ)π̂(z,θ)

Take the functionals we defined in Assumption E2.

µ
ΞS
I (z,θ) ≡ E[(S −mNCS (X,θ)) ·ΞS (X,θ) |Z = z]

µ
ΞS
II,κ(z,θ) ≡ E[ΞS (X,θ)κ |Z = z] (for κ = 1,2)

µ
ΞS
III,θℓ

(z,θ) ≡ E
[
∂ΞS (X,θ)
∂θℓ

· (S −mNCS (X,θ)) ·
∣∣∣∣Z = z

]
(for ℓ = 1, . . . ,dθ)

µ
ΞS
IV ,θℓ

(z,θ) ≡ E
∂mNCS (X,θ)

∂θℓ
·ΞS (X,θ)

∣∣∣∣Z = z

 (for ℓ = 1, . . . ,dθ)

µ
ΞS
V ,θℓ

(z,θ) ≡ E
[
∂ΞS (X,θ)
∂θℓ

·ΞS (X,θ)
∣∣∣∣Z = z

]
(for ℓ = 1, . . . ,dθ)

µ
ΞS
V I,θℓ

(z,θ) ≡ E
[
∂ΞS (X,θ)
∂θℓ

∣∣∣∣Z = z
]

(for ℓ = 1, . . . ,dθ)

(S1.1)

From here, for any z ∈ Supp(Z) (i.e, any z such that fZ (z) > 0) and any θ ∈Θ we will denote

Rπa (z,θ) ≡ µΞSI (z,θ) · fZ (z) and Rπb (z,θ) ≡ µΞSII,2(z,θ) · fZ (z).

For any z ∈ Supp(Z), we can write

π(z,θ) =
Rπa (z,θ)
Rπb (z,θ)

. (S1.2)

We can describe our estimator π̂(z,θ) using sample analogs of Rπa (z,θ) and Rπb (z,θ). Let

R̂πa (z,θ) ≡ 1

n · hdZn

n∑
i=1

(
Si −mNCS (Xi ,θ)

)
·ΞS (Xi ,θ) ·K

(
Zi − z
hn

)
,

R̂πb (z,θ) ≡ 1

n · hdZn

n∑
i=1

ΞS (Xi ,θ)2 ·K
(
Zi − z
hn

)
.

Take a given (z,θ). As described in equation (22) of the paper, let

π̂(z,θ) ≡ R̂
π
a (z,θ)

R̂πb (z,θ)
. (S1.3)

Next, for a given h > 0 let,

νπa,n(z,θ;h) ≡ 1
n

n∑
i=1

((
Si −mNCS (Xi ,θ)

)
·ΞS (Xi ,θ) ·K

(Zi − z
h

)
−E

[(
S −mNCS (X,θ)

)
·ΞS (X,θ) ·K

(Z − z
h

)])
,

νπb,n(z,θ;h) ≡ 1
n

n∑
i=1

(
ΞS (Xi ,θ)2 ·K

(Zi − z
h

)
−E

[
ΞS (X,θ)2 ·K

(Z − z
h

)])
By the bounded-variation properties of our kernel function described in Assumption E1 and the

Lipschitz-restrictions in Assumption E3, Nolan and Pollard (1987, Lemma 22), Pakes and Pollard
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(1989, Example 2.10, Lemma 2.13, Lemma 2.14) imply that the class of functions involved is Eu-
clidean (see Sherman (1994, Definition 3)),

Ga ≡
{
g(s,x,z) =

(
s −mNCS (x,θ)

)
·ΞS (x,θ) ·K

(
z − z̃
h

)
for some θ ∈Θ, z̃ ∈RdZ , h > 0

}
,

Gb ≡
{
g(x,z) = ΞS (x,θ)2 ·K

(
z − z̃
h

)
for some θ ∈Θ, z̃ ∈RdZ , h > 0

}
.

Since |ΞS (x,θ)| ≤ 1 and |mNCS (x,θ)| ≤ 1 for all (x,θ), 0 ≤ S ≤ 2, and |K(ψ)| ≤ K for all ψ, the corre-
sponding envelope for the class of functions is constant, and thus trivially has finite 2+δ moments.
From here, Sherman (1994, Corollary 4) yields,

sup
θ∈Θ
z∈RdZ
h>0

∣∣∣νπa,n(z,θ;h)
∣∣∣ =Op

(
n−1/2

)
, sup

θ∈Θ
z∈RdZ
h>0

∣∣∣νπb,n(z,θ;h)
∣∣∣ =Op

(
n−1/2

)
(S1.4)

Next, note that we can express,

R̂πa (z,θ) = Rπa (z,θ) +Bπa,n(z,θ) +
1

hdZn
· νπa,n(z,θ;hn),

R̂πb (z,θ) = Rπb (z,θ) +Bπb,n(z,θ) +
1

hdZn
· νπb,n(z,θ;hn),

(S1.5)

where Bπa,n(z,θ) and Bπb,n(z,θ) represent the bias terms,

Bπa,n(z,θ) ≡ E
 1

hdZn
·
(
S −mNCS (X,θ)

)
·ΞS (X,θ) ·K

(
Z − z
hn

)−Rπa (z,θ),

Bπb,n(z,θ) ≡ E
 1

hdZn
·ΞS (X,θ)2 ·K

(
Z − z
hn

)−Rπb (z,θ).

An Mth−order approximation combined with the smoothness restrictions in Assumption E2 and
the higher-order properties of the kernel described in Assumption E1 yield,

sup
θ∈Θ
z∈Z

∣∣∣Bπa,n(z,θ)
∣∣∣ =O

(
hMn

)
, sup

θ∈Θ
z∈Z

∣∣∣Bπb,n(z,θ)
∣∣∣ =O

(
hMn

)
Combined with our bandwidth convergence restrictions in Assumption E1, these results imply

sup
θ∈Θ
z∈Z

∣∣∣R̂πa (z,θ)−Rπa (z,θ)
∣∣∣ =O

(
hMn

)
+Op

 1

hdZn ·n1/2

 = op
(
n−1/4

)
,

sup
θ∈Θ
z∈Z

∣∣∣R̂πb (z,θ)−Rπb (z,θ)
∣∣∣ =O

(
hMn

)
+Op

 1

hdZn ·n1/2

 = op
(
n−1/4

)
,

(S1.6)
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Recall that we denote U ≡ X ∪Z and V ≡ (S,U ). For a given (z,θ), define

ψπa,n(Vi ;z,θ) ≡
(
Si −mNCS (Xi ,θ)

)
·ΞS (Xi ,θ) ·K

(
Zi − z
hn

)
−E

[(
S −mNCS (X,θ)

)
·ΞS (X,θ) ·K

(
Z − z
hn

)]
,

ψπb,n(Ui ;z,θ) ≡ ΞS (Xi ,θ)2 ·K
(
Zi − z
hn

)
−E

[
ΞS (X,θ)2 ·K

(
Z − z
hn

)]
(S1.7)

Note that E[ψπa,n(Vi ;z,θ)] = 0 and E[ψπb,n(Ui ;z,θ)] = 0 ∀ (z,θ). The expressions in (S1.5) can be
expressed as linear representation results for R̂πa (z,θ) and R̂πb (z,θ), given by

R̂πa (z,θ) = Rπa (z,θ) +
1

n · hdZn
·
n∑
i=1

ψπa,n(Vi ;z,θ) +Bπa,n(z,θ), where sup
θ∈Θ
z∈Z

∣∣∣Bπa,n(z,θ)
∣∣∣ =O

(
hMn

)
,

R̂πb (z,θ) = Rπb (z,θ) +
1

n · hdZn
·
n∑
i=1

ψπb,n(Ui ;z,θ) +Bπb,n(z,θ), where sup
θ∈Θ
z∈Z

∣∣∣Bπb,n(z,θ)
∣∣∣ =O

(
hMn

) (S1.8)

Note from our bandwidth convergence restrictions in Assumption E1 that,

sup
θ∈Θ
z∈Z

∣∣∣Bπa,n(z,θ)
∣∣∣ =O

(
hMn

)
= o

(
n−1/2

)
, sup

θ∈Θ
z∈Z

∣∣∣Bπb,n(z,θ)
∣∣∣ =O

(
hMn

)
= o

(
n−1/2

)
. (S1.9)

Recall from Assumption E2 that there exists a C > 0 such that Rπb (z,θ) ≥ C2 for all (z,θ) ∈ Z ×Θ.
Using this restriction, equations (S1.2) and (S1.3) and a second-order approximation yields

π̂(z,θ) = π(z,θ) +
1

Rπb (z,θ)
·
(
R̂πa (z,θ)−Rπa (z,θ)

)
− π(z,θ)
Rπb (z,θ)

·
(
R̂πb (z,θ)−Rπb (z,θ)

)
+Op

(∥∥∥∥(R̂πa (z,θ)−Rπa (z,θ) , R̂πb (z,θ)−Rπb (z,θ)
)∥∥∥∥2) (S1.10)

From (S1.6), we have

sup
θ∈Θ
z∈Z

∥∥∥∥(R̂πa (z,θ)−Rπa (z,θ) , R̂πb (z,θ)−Rπb (z,θ)
)∥∥∥∥2

=Op

 1(
hdZn ·n1/2

)2

 .
Using this result and plugging in the linear representations in (S1.8), the expression in (S1.10)
yields,

π̂(z,θ) = π(z,θ) +
1

n · hdzn

n∑
i=1

ψπn (Vi ;z,θ) +ϑπn (z,θ), where

sup
θ∈Θ
z∈Z

∣∣∣ϑπn (z,θ)
∣∣∣ =O

(
hMn

)
+Op

 1(
hdZn ·n1/2

)2

 = op
(
n−1/2

)
, and

ψπn (Vi ;z,θ) ≡ 1
Rπb (z,θ)

·ψπa,n(Vi ;z,θ)− π(z,θ)
Rπb (z,θ)

·ψπb,n(Ui ;z,θ)

(S1.11)

where ψπa,n(Vi ;z,θ) and ψπb,n(Ui ;z,θ) are the influence functions described in (S1.7). The result
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O
(
hMn

)
+Op

 1(
h
dZ
n ·n1/2

)2

 = op
(
n−1/2

)
follows from the bandwidth convergence restrictions in As-

sumption E1. Equation (S1.11) is a linear representation result for π̂(z,θ) and will be invoked
repeatedly below. Note that, since E[ψπa,n(Vi ;z,θ)] = 0 and E[ψπb,n(Ui ;z,θ)] = 0 ∀ (z,θ), we have
E[ψπn (Vi ;z,θ)] = 0 for all (z,θ) such that Rπb (z,θ) , 0. In particular, we have E[ψπn (Vi ;z,θ)] = 0
∀ (z,θ) ∈ Z ×Θ. From (S1.11) it also follows that,

sup
θ∈Θ
z∈Z

|π̂(z,θ)−π(z,θ)| =Op

 1

hdZn ·n1/2

+ op
(
n−1/2

)
= op

(
n−1/4

)
. (S1.12)

where the last result follows from the bandwidth convergence restrictions in Assumption E1. Next,
we study the properties of ∂π̂(z,θ)

∂θℓ
− ∂π(z,θ)

∂θℓ
for ℓ = 1, . . . ,dθ . From the expressions in (S1.2) and (S1.3),

we have
∂π(z,θ)
∂θℓ

=
1

Rπb (z,θ)
·
(
∂Rπa (z,θ)
∂θℓ

−π(z,θ) ·
∂Rπb (z,θ)

∂θℓ

)
∂π̂(z,θ)
∂θℓ

=
1

R̂πb (z,θ)
·
∂R̂πa (z,θ)

∂θℓ
− π̂(z,θ) ·

∂R̂πb (z,θ)

∂θℓ

 (S1.13)

Note that, using the functional definitions in (S1.1),

∂Rπa (z,θ)
∂θℓ

= E
[
∂ΞS (X,θ)
∂θℓ

· (S −mNCS (X,θ))
∣∣∣∣Z = z

]
· fZ (z)−E

∂mNCS (X,θ)
∂θℓ

·ΞS (X,θ)
∣∣∣∣Z = z

 · fZ (z)

≡
(
µ
ΞS
III,θℓ

(z,θ)−µΞSIV ,θℓ (z,θ)
)
· fZ (z)

∂Rπb (z,θ)

∂θℓ
= 2 ·E

[
∂ΞS (X,θ)
∂θℓ

·ΞS (X,θ)
∣∣∣∣Z = z

]
· fZ (z)

≡ 2 ·µΞSV ,θℓ (z,θ) · fZ (z).

We have already characterized the asymptotic properties of R̂πb (z,θ) and π̂(z,θ). We now proceed

to study the asymptotic properties of ∂R̂πa (z,θ)
∂θℓ

and
∂R̂πb (z,θ)
∂θℓ

. We have

∂R̂πa (z,θ)
∂θℓ

=
1

n · hdZn

n∑
i=1

∂ΞS (Xi ,θ)
∂θℓ

·
(
Si −mNCS (Xi ,θ)

)
−
∂mNCS (Xi ,θ)

∂θℓ
·ΞS (Xi ,θ)

 ·K (
Zi − z
hn

)
∂R̂πb (z,θ)

∂θℓ
=

2

n · hdZn

n∑
i=1

∂ΞS (Xi ,θ)
∂θℓ

·ΞS (Xi ,θ) ·K
(
Zi − z
hn

)
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Let

ψ
∇θℓπ
a,n (Vi ;z,θ) ≡

∂ΞS (Xi ,θ)
∂θℓ

·
(
Si −mNCS (Xi ,θ)

)
−
∂mNCS (Xi ,θ)

∂θℓ
·ΞS (Xi ,θ)

 ·K (
Zi − z
hn

)
−E

∂ΞS (X,θ)
∂θℓ

·
(
S −mNCS (X,θ)

)
−
∂mNCS (X,θ)

∂θℓ
·ΞS (X,θ)

 ·K (
Z − z
hn

)
ψ
∇θℓπ
b,n (Ui ;z,θ) ≡ 2 ·

(
∂ΞS (Xi ,θ)

∂θℓ
·ΞS (Xi ,θ) ·K

(
Zi − z
hn

)
−E

[
∂ΞS (X,θ)
∂θℓ

·ΞS (X,θ) ·K
(
Z − z
hn

)])
,

(S1.14)
Note that E[ψ∇θℓπa,n (V ;z,θ)] = 0 and E[ψ∇θℓπb,n (U ;z,θ)] = 0 for any (z,θ). Next, define the bias terms,

B
∇θℓπ
a,n (z,θ) ≡

E

 1

hdZn
·
∂ΞS (X,θ)

∂θℓ
·
(
S −mNCS (X,θ)

)
−
∂mNCS (X,θ)

∂θℓ
·ΞS (X,θ)

 ·K (
Z − z
hn

)− (
µ
ΞS
III,θℓ

(z,θ)−µΞSIV ,θℓ (z,θ)
)
· fZ (z)

= E

 1

hdZn
·
∂ΞS (X,θ)

∂θℓ
·
(
S −mNCS (X,θ)

)
−
∂mNCS (X,θ)

∂θℓ
·ΞS (X,θ)

 ·K (
Z − z
hn

)− ∂Rπa (z,θ)
∂θℓ

,

B
∇θℓπ
b,n (z,θ) ≡

2 ·E
 1

hdZn
· ∂ΞS (X,θ)

∂θℓ
·ΞS (X,θ) ·K

(
Z − z
hn

)− 2 ·µΞSV ,θℓ (z,θ) · fZ (z)

= 2 ·E
 1

hdZn
· ∂ΞS (X,θ)

∂θℓ
·ΞS (X,θ) ·K

(
Z − z
hn

)− ∂Rπb (z,θ)

∂θℓ

An Mth−order approximation combined with the smoothness restrictions in Assumption E2 and
the higher-order properties of the kernel described in Assumption E1 yield,

sup
θ∈Θ
z∈Z

∣∣∣∣B∇θℓπa,n (z,θ)
∣∣∣∣ =O

(
hMn

)
= o

(
n−1/2

)
, sup

θ∈Θ
z∈Z

∣∣∣∣B∇θℓπb,n (z,θ)
∣∣∣∣ =O

(
hMn

)
= o

(
n−1/2

)
, (S1.15)

where (as before), the resultO
(
hMn

)
= o

(
n−1/2

)
follows from the bandwidth convergence restrictions

in Assumption E1. From here, repeating the arguments that led to the linear representations in

(S1.8), our restrictions now yield the following linear representations for ∂R̂πa (z,θ)
∂θℓ

and
∂R̂πb (z,θ)
∂θℓ

,

∂R̂πa (z,θ)
∂θℓ

=
∂Rπa (z,θ)
∂θℓ

+
1

n · hdZn
·
n∑
i=1

ψ
∇θℓπ
a,n (Vi ;z,θ) +B∇θℓπa,n (z,θ), where sup

θ∈Θ
z∈Z

∣∣∣∣B∇θℓπa,n (z,θ)
∣∣∣∣ = op

(
n−1/2

)
,

∂R̂πb (z,θ)

∂θℓ
=
∂Rπb (z,θ)

∂θℓ
+

1

n · hdZn
·
n∑
i=1

ψ
∇θℓπ
b,n (Ui ;z,θ) +B∇θℓπb,n (z,θ), where sup

θ∈Θ
z∈Z

∣∣∣∣B∇θℓπb,n (z,θ)
∣∣∣∣ = op

(
n−1/2

)
(S1.16)
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From the above result, we also have

sup
θ∈Θ
z∈Z

∣∣∣∣∣∣∂R̂πa (z,θ)
∂θℓ

− ∂R
π
a (z,θ)
∂θℓ

∣∣∣∣∣∣ =Op

 1

hdZn ·n1/2

+ op
(
n−1/2

)
= op

(
n−1/4

)
,

sup
θ∈Θ
z∈Z

∣∣∣∣∣∣∣∂R̂
π
b (z,θ)

∂θℓ
−
∂Rπb (z,θ)

∂θℓ

∣∣∣∣∣∣∣ =Op

 1

hdZn ·n1/2

+ op
(
n−1/2

)
= op

(
n−1/4

) (S1.17)

We are now ready to describe a linear representation result for ∂π̂(z,θ)
∂θℓ

− ∂π(z,θ)
∂θℓ

. To this end, we go
back (S1.13). Note first that,

∂R̂πa (z,θ)
∂θℓ

− π̂(z,θ) ·
∂R̂πb (z,θ)

∂θℓ
=
Rπa (z,θ)
∂θℓ

−π(z,θ) ·
∂Rπb (z,θ)

∂θℓ
+
(
∂R̂πa (z,θ)
∂θℓ

− ∂R
π
a (z,θ)
∂θℓ

)
−
∂Rπb (z,θ)

∂θℓ
· (π̂(z,θ)−π(z,θ))−π(z,θ) ·

 R̂πb (z,θ)

∂θℓ
−
∂Rπb (z,θ)

∂θℓ

− ξ∇θℓπI,n (z,θ),

where ξ
∇θℓπ
I,n (z,θ) ≡ − (π̂(z,θ)−π(z,θ)) ·

∂R̂πb (z,θ)

∂θℓ
−
∂Rπb (z,θ)

∂θℓ


(S1.18)

From (S1.12) and (S1.17),
sup
θ∈Θ
z∈Z

∣∣∣∣ξ∇θℓπI,n (z,θ)
∣∣∣∣ = op

(
n−1/2

)
. (S1.19)

Next, we have

1

R̂πb (z,θ)
=

1
Rπb (z,θ)

− 1
Rπb (z,θ)2 ·

(
R̂πb (z,θ)−Rπb (z,θ)

)
+ ξ∇θℓπII,n (z,θ),

where ξ
∇θℓπ
II,n (z,θ) =Op

(∣∣∣R̂πb (z,θ)−Rπb (z,θ)
∣∣∣2) ∀ (z,θ) ∈ Z ×Θ.

(S1.20)

From (S1.6),
sup
θ∈Θ
z∈Z

∣∣∣∣ξ∇θℓπII,n (z,θ)
∣∣∣∣ = op

(
n−1/2

)
. (S1.21)
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From here, going back to (S1.13), we obtain,

∂π̂(z,θ)
∂θℓ

=
∂π(z,θ)
∂θℓ

+
1

Rπb (z,θ)
×


(
∂R̂πa (z,θ)
∂θℓ

− ∂R
π
a (z,θ)
∂θℓ

)
−
∂Rπb (z,θ)

∂θℓ
· (π̂(z,θ)−π(z,θ))

−π(z,θ) ·
∂R̂πb (z,θ)

∂θℓ
−
∂Rπb (z,θ)

∂θℓ

− 1
Rπb (z,θ)

·
(
∂Rπa (z,θ)
∂θℓ

−π(z,θ) ·
∂Rπb (z,θ)

∂θℓ

)
·
(
R̂πb (z,θ)−Rπb (z,θ)

)
+ ξ∇θℓπIII,n (z,θ), where

ξ
∇θℓπ
III,n (z,θ) ≡

− 1
Rπb (z,θ)2 ·

(
R̂πb (z,θ)−Rπb (z,θ)

)
+ ξ∇θℓπII,n (z,θ)


×


(
∂R̂πa (z,θ)
∂θℓ

− ∂R
π
a (z,θ)
∂θℓ

)
−
∂Rπb (z,θ)

∂θℓ
· (π̂(z,θ)−π(z,θ))

−π(z,θ) ·
∂R̂πb (z,θ)

∂θℓ
−
∂Rπb (z,θ)

∂θℓ

− 1
Rπb (z,θ)

·
(
∂Rπa (z,θ)
∂θℓ

−π(z,θ) ·
∂Rπb (z,θ)

∂θℓ

)
·
(
R̂πb (z,θ)−Rπb (z,θ)

)
+ ξ∇θℓπII,n (z,θ) ·

(
∂Rπa (z,θ)
∂θℓ

−π(z,θ) ·
∂Rπb (z,θ)

∂θℓ

)
(S1.22)

Using the results in equations (S1.6), (S1.12), (S1.17), (S1.19) and (S1.21), the boundedness prop-
erties of the various functionals of Z described in Assumption E2 yield,

sup
θ∈Θ
z∈Z

∣∣∣∣ξ∇θℓπIII,n (z,θ)
∣∣∣∣ = op

(
n−1/2

)
. (S1.23)

The last step is to plug in the linear representation results in (S1.8), (S1.11) and (S1.16) into (S1.22).
Let

ξ
∇θℓπ
IV ,n (z,θ) ≡ 1

Rπb (z,θ)
×

B∇θℓπa,n (z,θ)−
∂Rπb (z,θ)

∂θℓ
·ϑπn (z,θ)−π(z,θ) ·B∇θℓπb,n (z,θ)

− 1
Rπb (z,θ)

·
(
∂Rπa (z,θ)
∂θℓ

−π(z,θ) ·
∂Rπb (z,θ)

∂θℓ

)
·Bπb.n(z,θ)


where Bπb,n(z,θ) has the properties stated in (S1.9), B∇θℓπa,n (z,θ) and B∇θℓπb,n (z,θ) have the properties
stated in (S1.15) and ϑπn (z,θ) is as described in (S1.11). From those equations and the boundedness
properties of the functionals described in Assumption E2, we obtain,

sup
θ∈Θ
z∈Z

∣∣∣∣ξ∇θℓπIV ,n (z,θ)
∣∣∣∣ = op

(
n−1/2

)
. (S1.24)
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Let

ψ
∇θℓπ
n (Vi ;z,θ) ≡ 1

Rπb (z,θ)
×

ψ∇θℓπa,n (Vi ;z,θ)−
∂Rπb (z,θ)

∂θℓ
·ψπn (Vi ;z,θ)

−π(z,θ) ·ψ∇θℓπb,n (Vi ;z,θ)− 1
Rπb (z,θ)

·
(
∂Rπa (z,θ)
∂θℓ

−π(z,θ) ·
∂Rπb (z,θ)

∂θℓ

)
·ψπb,n(Ui ;z,θ)

,
(S1.25)

where ψπb,n(Ui ;z,θ) is as defined in (S1.7), ψπn (Vi ;z,θ) is as defined in (S1.11), and ψ
∇θℓπ
a,n (Vi ;z,θ)

and ψ
∇θℓπ
a,n (Vi ;z,θ) are as defined in (S1.14). Note from the properties of those functionals that

E[ψ∇θℓπn (Vi ;z,θ)] = 0 ∀ (z,θ) ∈ Z×Θ. Finally, let ϑ∇θℓπn (z,θ) ≡ ξ∇θℓπIII,n (z,θ)+ξ∇θℓπIV ,n (z,θ) and note from
(S1.23) and (S1.24) that,

sup
θ∈Θ
z∈Z

∣∣∣∣ϑ∇θℓπn (z,θ)
∣∣∣∣ = op

(
n−1/2

)
. (S1.26)

From (S1.22) and our previous linear representation results, we have,

∂π̂(z,θ)
∂θℓ

=
∂π(z,θ)
∂θℓ

+
1

n · hdZn

n∑
i=1

ψ
∇θℓπ
n (Vi ;z,θ) +ϑ∇θℓπn (z,θ),

where sup
θ∈Θ
z∈Z

∣∣∣∣ϑ∇θℓπn (z,θ)
∣∣∣∣ = op

(
n−1/2

)
.

(S1.27)

From (S1.27) it also follows that,

sup
θ∈Θ
z∈Z

∣∣∣∣∣∂π̂(z,θ)
∂θℓ

− ∂π(z,θ)
∂θℓ

∣∣∣∣∣ =Op

 1

hdZn ·n1/2

+ op
(
n−1/2

)
= op

(
n−1/4

)
. (S1.28)

Next let us study ∂π̂(z,θ)
∂θj∂θℓ

. To establish the asymptotic properties of our estimator, we only need

to focus on the probability-limit of ∂π̂(z,θ)
∂θj∂θℓ

− ∂π(z,θ)
∂θj∂θℓ

and not its asymptotic distribution. Take any
ℓ, j = 1, . . . ,dθ . We have,

∂2π(z,θ)
∂θj∂θℓ

=− 1
Rπb (z,θ)2 ·

∂Rπb (z,θ)

∂θj
·
(
∂Rπa (z,θ)
∂θℓ

−π(z,θ) ·
∂Rπb (z,θ)

∂θℓ

)
+

1
Rπb (z,θ)

·
(
∂2Rπa (z,θ)
∂θj∂θℓ

− ∂π(z,θ)
∂θj

·
Rπb (z,θ)

∂θℓ
−π(z,θ) ·

∂2Rπb (z,θ)

∂θj∂θℓ

) (S1.29)

Take any ℓ, j = 1, . . . ,dθ . We have,

∂2π̂(z,θ)
∂θj∂θℓ

=− 1

R̂πb (z,θ)2
·
∂R̂πb (z,θ)

∂θj
·
∂R̂πa (z,θ)

∂θℓ
− π̂(z,θ) ·

∂R̂πb (z,θ)

∂θℓ


+

1

R̂πb (z,θ)
·
∂2R̂πa (z,θ)
∂θj∂θℓ

− ∂π̂(z,θ)
∂θj

·
R̂πb (z,θ)

∂θℓ
− π̂(z,θ) ·

∂2R̂πb (z,θ)

∂θj∂θℓ


(S1.30)

From our previous results in equations (S1.6)-(S1.28), we have already established that, under our
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assumptions,

sup
θ∈Θ
z∈Z

∣∣∣∣∣∣∣ 1

R̂πb (z,θ)2
− 1
Rπb (z,θ)2

∣∣∣∣∣∣∣ = op(1), sup
θ∈Θ
z∈Z

∣∣∣∣∣∣∣∂R̂
π
b (z,θ)

∂θℓ
−
∂Rπb (z,θ)

∂θℓ

∣∣∣∣∣∣∣ = op(1) (for ℓ = 1, . . . ,dθ)

sup
θ∈Θ
z∈Z

∣∣∣∣∣∣∂R̂πa (z,θ)
∂θℓ

− ∂R
π
a (z,θ)
∂θℓ

∣∣∣∣∣∣ = op(1) (for ℓ = 1, . . . ,dθ), sup
θ∈Θ
z∈Z

|π̂(z,θ)−π(z,θ)| = op(1),

sup
θ∈Θ
z∈Z

∣∣∣∣∣∂π̂(z,θ)
∂θℓ

− ∂π(z,θ)
∂θℓ

∣∣∣∣∣ = op(1) (for ℓ = 1, . . . ,dθ).

(S1.31)

Thus, comparing (S1.29) and (S1.30), in order to obtain sup
θ∈Θ
z∈Z

∣∣∣∣∂2π̂(z,θ)
∂θj∂θℓ

− ∂2π(z,θ)
∂θj∂θℓ

∣∣∣∣ = op(1) for j, ℓ =

1, . . . ,dθ , we only need to show that sup
θ∈Θ
z∈Z

∣∣∣∣∂2R̂πa (z,θ)
∂θj∂θℓ

− ∂2Rπa (z,θ)
∂θj∂θℓ

∣∣∣∣ = op(1) and sup
θ∈Θ
z∈Z

∣∣∣∣∣∂2R̂πb (z,θ)
∂θj∂θℓ

− ∂2Rπb (z,θ)
∂θj∂θℓ

∣∣∣∣∣ =

op(1). Take the functionals we defined in Assumption E2.

δI,θℓ ,θj (z,θ) ≡ E
[
∂2ΞS (X,θ)
∂θj∂θℓ

·
(
S −mNCS (X,θ)

) ∣∣∣∣∣Z = z
]

(for j, ℓ = 1, . . . ,dθ)

δII,θℓ ,θj (z,θ) ≡ E
∂ΞS (X,θ)

∂θℓ
·
∂mNCS (X,θ)

∂θj

∣∣∣∣∣Z = z

 (for j, ℓ = 1, . . . ,dθ)

δIII,θℓ ,θj (z,θ) ≡ E
∂2mNCS (X,θ)

∂θj∂θℓ
·ΞS (X,θ)

∣∣∣∣∣Z = z

 (for j, ℓ = 1, . . . ,dθ)

δIV ,θℓ ,θj (z,θ) ≡ E
[
∂2ΞS (X,θ)
∂θj∂θℓ

·ΞS (X,θ)
∣∣∣∣∣Z = z

]
(for j, ℓ = 1, . . . ,dθ)

δV ,θℓ ,θj (z,θ) ≡ E
[
∂ΞS (X,θ)
∂θℓ

· ∂ΞS (X,θ)
∂θj

∣∣∣∣∣Z = z
]

(for j, ℓ = 1, . . . ,dθ)

(S1.32)

We have,

∂2Rπa (z,θ)
∂θj∂θℓ

=
(
δI,θℓ ,θj (z,θ)− δII,θℓ ,θj (z,θ)− δII,θj ,θℓ (z,θ)− δIII,θℓ ,θj (z,θ)

)
· fZ (z),

∂2Rπb (z,θ)

∂θj∂θℓ
= 2 ·

(
δIV ,θℓ ,θj (z,θ) + δV ,θℓ ,θj (z,θ)

)
· fZ (z).
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And,
∂2R̂πa (z,θ)
∂θj∂θℓ

=
1

n · hdZn

n∑
i=1

∂2ΞS (Xi ,θ)
∂θj∂θℓ

·
(
Si −mNCS (Xi ,θ)

)
·K

(
Zi − z
hn

)

− 1

n · hdZn

n∑
i=1

∂ΞS (Xi ,θ)
∂θℓ

·
∂mNCS (Xi ,θ)

∂θj
·K

(
Zi − z
hn

)

− 1

n · hdZn

n∑
i=1

∂2mNCS (Xi ,θ)
∂θj∂θℓ

·ΞS (Xi ,θ) ·K
(
Zi − z
hn

)

− 1

n · hdZn

n∑
i=1

∂mNCS (Xi ,θ)
∂θℓ

· ∂ΞS (Xi ,θ)
∂θj

·K
(
Zi − z
hn

)
,

∂2R̂πb (z,θ)

∂θj∂θℓ
=

2

n · hdZn

n∑
i=1

∂2ΞS (Xi ,θ)
∂θj∂θℓ

·ΞS (Xi ,θ) ·K
(
Zi − z
hn

)

+
2

n · hdZn

n∑
i=1

∂ΞS (Xi ,θ)
∂θℓ

· ∂ΞS (Xi ,θ)
∂θj

·K
(
Zi − z
hn

)
.

(S1.33)

From here, we can express

∂2R̂πa (z,θ)
∂θj∂θℓ

=
∂2Rπa (z,θ)
∂θj∂θℓ

+
1

n · hdZn

n∑
i=1

(
∂2ΞS (Xi ,θ)
∂θj∂θℓ

·
(
Si −mNCS (Xi ,θ)

)
·K

(
Zi − z
hn

)
−E

[
∂2ΞS (X,θ)
∂θj∂θℓ

·
(
S −mNCS (X,θ)

)
·K

(
Z − z
hn

)])

− 1

n · hdZn

n∑
i=1

∂ΞS (Xi ,θ)
∂θℓ

·
∂mNCS (Xi ,θ)

∂θj
·K

(
Zi − z
hn

)
−E

∂ΞS (X,θ)
∂θℓ

·
∂mNCS (X,θ)

∂θj
·K

(
Z − z
hn

)
− 1

n · hdZn

n∑
i=1

∂2mNCS (Xi ,θ)
∂θj∂θℓ

·ΞS (Xi ,θ) ·K
(
Zi − z
hn

)
−E

∂2mNCS (X,θ)
∂θj∂θℓ

·ΞS (X,θ) ·K
(
Z − z
hn

)
− 1

n · hdZn

n∑
i=1

∂mNCS (Xi ,θ)
∂θℓ

· ∂ΞS (Xi ,θ)
∂θj

·K
(
Zi − z
hn

)
−E

∂mNCS (X,θ)
∂θℓ

· ∂ΞS (X,θ)
∂θj

·K
(
Z − z
hn

)
+

E  1

hdZn
· ∂

2ΞS (X,θ)
∂θj∂θℓ

·
(
S −mNCS (X,θ)

)
·K

(
Z − z
hn

)− δI,θℓ ,θj (z,θ) · fZ (z)


−
E  1

hdZn
· ∂ΞS (X,θ)

∂θℓ
·
∂mNCS (X,θ)

∂θj
·K

(
Z − z
hn

)− δII,θℓ ,θj (z,θ) · fZ (z)


−
E  1

hdZn
·
∂2mNCS (X,θ)
∂θj∂θℓ

·ΞS (X,θ) ·K
(
Z − z
hn

)− δIII,θℓ ,θj (z,θ) · fZ (z)


−
E  1

hdZn
·
∂mNCS (X,θ)

∂θℓ
· ∂ΞS (X,θ)

∂θj
·K

(
Z − z
hn

)− δII,θj ,θℓ (z,θ) · fZ (z)


(S1.34)
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and,

∂2R̂πb (z,θ)

∂θj∂θℓ
=
∂2Rπb (z,θ)

∂θj∂θℓ

+
2

n · hdZn

n∑
i=1

(
∂2ΞS (Xi ,θ)
∂θj∂θℓ

·ΞS (Xi ,θ) ·K
(
Zi − z
hn

)
−E

[
∂2ΞS (X,θ)
∂θj∂θℓ

·ΞS (X,θ) ·K
(
Z − z
hn

)])

+
2

n · hdZn

n∑
i=1

(
∂ΞS (Xi ,θ)

∂θℓ
· ∂ΞS (Xi ,θ)

∂θj
·K

(
Zi − z
hn

)
−E

[
∂ΞS (X,θ)
∂θℓ

· ∂ΞS (X,θ)
∂θj

·K
(
Z − z
hn

)])

+ 2 ·
E  1

hdZn
· ∂

2ΞS (X,θ)
∂θj∂θℓ

·ΞS (X,θ) ·K
(
Z − z
hn

)− δIV ,θℓ ,θj (z,θ) · fZ (z)


+ 2 ·

E  1

hdZn
· ∂ΞS (X,θ)

∂θℓ
· ∂ΞS (X,θ)

∂θj
·K

(
Z − z
hn

)− δV ,θℓ ,θj (z,θ) · fZ (z)



(S1.35)

By the bounded-variation properties of our kernel function described in Assumption E1 and the
Lipschitz-restrictions in Assumption E3, Nolan and Pollard (1987, Lemma 22), Pakes and Pollard
(1989, Example 2.10, Lemma 2.13, Lemma 2.14) imply that the classes of functions that produce
the empirical processes described next are Euclidean. The existence of 2 + δ-moments in Assump-
tions I1 and E3, and the boundedness restrictions in part (iii) of Assumption G1 imply that the
corresponding envelopes for these classes also have finite 2 + δ-moments. From here, Sherman
(1994, Corollary 4) can be used to show that,

sup
θ∈Θ
z∈Z

∣∣∣∣∣∣∣ 1

n · hdZn

n∑
i=1

(
∂2ΞS (Xi ,θ)
∂θj∂θℓ

·
(
Si −mNCS (Xi ,θ)

)
·K

(
Zi − z
hn

)
−E

[
∂2ΞS (X,θ)
∂θj∂θℓ

·
(
S −mNCS (X,θ)

)
·K

(
Z − z
hn

)])∣∣∣∣∣∣∣ = op(1),

sup
θ∈Θ
z∈Z

∣∣∣∣∣∣∣ 1

n · hdZn

n∑
i=1

∂ΞS (Xi ,θ)
∂θℓ

·
∂mNCS (Xi ,θ)

∂θj
·K

(
Zi − z
hn

)
−E

∂ΞS (X,θ)
∂θℓ

·
∂mNCS (X,θ)

∂θj
·K

(
Z − z
hn

)

∣∣∣∣∣∣∣ = op(1),

sup
θ∈Θ
z∈Z

∣∣∣∣∣∣∣ 1

n · hdZn

n∑
i=1

∂2mNCS (Xi ,θ)

∂θj∂θℓ
·ΞS (Xi ,θ) ·K

(
Zi − z
hn

)
−E

∂2mNCS (X,θ)

∂θj∂θℓ
·ΞS (X,θ) ·K

(
Z − z
hn

)

∣∣∣∣∣∣∣ = op(1),

sup
θ∈Θ
z∈Z

∣∣∣∣∣∣∣ 1

n · hdZn

n∑
i=1

∂mNCS (Xi ,θ)

∂θℓ
· ∂ΞS (Xi ,θ)

∂θj
·K

(
Zi − z
hn

)
−E

∂mNCS (X,θ)

∂θℓ
· ∂ΞS (X,θ)

∂θj
·K

(
Z − z
hn

)

∣∣∣∣∣∣∣ = op(1),

sup
θ∈Θ
z∈Z

∣∣∣∣∣∣∣ 1

n · hdZn

n∑
i=1

(
∂2ΞS (Xi ,θ)
∂θj∂θℓ

·ΞS (Xi ,θ) ·K
(
Zi − z
hn

)
−E

[
∂2ΞS (X,θ)
∂θj∂θℓ

·ΞS (X,θ) ·K
(
Z − z
hn

)])∣∣∣∣∣∣∣ = op(1),

sup
θ∈Θ
z∈Z

∣∣∣∣∣∣∣ 1

n · hdZn

n∑
i=1

(
∂ΞS (Xi ,θ)

∂θℓ
· ∂ΞS (Xi ,θ)

∂θj
·K

(
Zi − z
hn

)
−E

[
∂ΞS (X,θ)
∂θℓ

· ∂ΞS (X,θ)
∂θj

·K
(
Z − z
hn

)])∣∣∣∣∣∣∣ = op(1)
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And for the bias terms, the smoothness restrictions in Assumption E2 yield,

sup
θ∈Θ
z∈Z

∣∣∣∣∣∣E
 1

hdZn
· ∂

2ΞS (X,θ)
∂θj∂θℓ

·
(
S −mNCS (X,θ)

)
·K

(
Z − z
hn

)− δI,θℓ ,θj (z,θ) · fZ (z)

∣∣∣∣∣∣ = o(1),

sup
θ∈Θ
z∈Z

∣∣∣∣∣∣E
 1

hdZn
· ∂ΞS (X,θ)

∂θℓ
·
∂mNCS (X,θ)

∂θj
·K

(
Z − z
hn

)− δII,θℓ ,θj (z,θ) · fZ (z)

∣∣∣∣∣∣ = o(1),

sup
θ∈Θ
z∈Z

∣∣∣∣∣∣E
 1

hdZn
·
∂2mNCS (X,θ)
∂θj∂θℓ

·ΞS (X,θ) ·K
(
Z − z
hn

)− δIII,θℓ ,θj (z,θ) · fZ (z)

∣∣∣∣∣∣ = o(1),

sup
θ∈Θ
z∈Z

∣∣∣∣∣∣E
 1

hdZn
·
∂mNCS (X,θ)

∂θℓ
· ∂ΞS (X,θ)

∂θj
·K

(
Z − z
hn

)− δII,θj ,θℓ (z,θ) · fZ (z)

∣∣∣∣∣∣ = o(1),

sup
θ∈Θ
z∈Z

∣∣∣∣∣∣E
 1

hdZn
· ∂

2ΞS (X,θ)
∂θj∂θℓ

·ΞS (X,θ) ·K
(
Z − z
hn

)− δIV ,θℓ ,θj (z,θ) · fZ (z)

∣∣∣∣∣∣ = o(1),

sup
θ∈Θ
z∈Z

∣∣∣∣∣∣E
 1

hdZn
· ∂ΞS (X,θ)

∂θℓ
· ∂ΞS (X,θ)

∂θj
·K

(
Z − z
hn

)− δV ,θℓ ,θj (z,θ) · fZ (z)

∣∣∣∣∣∣ = o(1).

Combined with equations (S1.34)-(S1.35), these results yield,

sup
θ∈Θ
z∈Z

∣∣∣∣∣∣∂2R̂πa (z,θ)
∂θj∂θℓ

− ∂
2Rπa (z,θ)
∂θj∂θℓ

∣∣∣∣∣∣ = op(1), ℓ, j = 1, . . . ,dθ ,

sup
θ∈Θ
z∈Z

∣∣∣∣∣∣∣∂
2R̂πb (z,θ)

∂θj∂θℓ
−
∂2Rπb (z,θ)

∂θj∂θℓ

∣∣∣∣∣∣∣ = op(1), ℓ, j = 1, . . . ,dθ .

(S1.36)

From the expressions in (S1.29) and (S1.30), the results summarized in (S1.31), combined with
(S1.36) yield,

sup
θ∈Θ
z∈Z

∣∣∣∣∣∣∂2π̂(z,θ)
∂θj∂θℓ

− ∂
2π(z,θ)
∂θj∂θℓ

∣∣∣∣∣∣ = op(1) for j, ℓ = 1, . . . ,dθ . (S1.37)

To summarize, our restrictions yield the linear representation results,

π̂(z,θ) = π(z,θ) +
1

n · hdzn

n∑
i=1

ψπn (Vi ;z,θ) +ϑπn (z,θ),

where sup
θ∈Θ
z∈Z

∣∣∣ϑπn (z,θ)
∣∣∣ = op

(
n−1/2

)
,

∂π̂(z,θ)
∂θℓ

=
∂π(z,θ)
∂θℓ

+
1

n · hdZn

n∑
i=1

ψ
∇θℓπ
n (Vi ;z,θ) +ϑ∇θℓπn (z,θ),

where sup
θ∈Θ
z∈Z

∣∣∣∣ϑ∇θℓπn (z,θ)
∣∣∣∣ = op

(
n−1/2

)
, ℓ = 1, . . . ,dθ ,

(S1.38)

where the influence function ψπn (Vi ;z,θ) is as described in equation (S1.11), and the influence func-
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tion ψ∇θℓπn (Vi ;z,θ) is as described in equation (S1.25). Finally,

sup
θ∈Θ
z∈Z

|π̂(z,θ)−π(z,θ)| = op
(
n−1/4

)
,

sup
θ∈Θ
z∈Z

∣∣∣∣∣∂π̂(z,θ)
∂θℓ

− ∂π(z,θ)
∂θℓ

∣∣∣∣∣ = op
(
n−1/4

)
, ℓ = 1, . . . ,dθ ,

sup
θ∈Θ
z∈Z

∣∣∣∣∣∣∂2π̂(z,θ)
∂θj∂θℓ

− ∂
2π(z,θ)
∂θj∂θℓ

∣∣∣∣∣∣ = op(1), j, ℓ = 1, . . . ,dθ .

(S1.39)

S1.2 Asymptotic properties of
∣∣∣Q̂S,Z(θ)−QS,Z(θ)

∣∣∣∣∣∣Q̂S,Z(θ)−QS,Z(θ)
∣∣∣∣∣∣Q̂S,Z(θ)−QS,Z(θ)
∣∣∣

Recall that the population objective function of our conditional GMM estimator is

QS,Z(θ) ≡ 1
2
·E[τZ(U,θ)2], where τZ(u,θ) ≡ E [ϕS (V ,θ) ·1Z{U ≤ u}] ,

and ϕS (Vi ,θ) ≡ Si −mNCS (Xi ,θ)−π(Zi ,θ) ·ΞS (Xi ,θ). Our sample objective function is,

Q̂S,Z(θ) ≡ 1
2
· 1
n

n∑
j=1

τ̂Z(Uj ,θ)2 (S1.40)

where,

τ̂Z(u,θ) =
1

n− 1

∑
i,j

ϕ̂S (Vi ,θ) ·1Z{Ui ≤ u},

ϕ̂S (Vi ,θ) ≡ Si −mNCS (Xi ,θ)− π̂(Zi ,θ) ·ΞS (Xi ,θ)

We have,

τ̂Z(u,θ)− 1
n

n∑
i=1

ϕS (Vi ,θ) ·1Z{Ui ≤ u} =
1
n

n∑
i=1

(ϕ̂S (Vi ,θ)−ϕS (Vi ,θ)) ·1Z{Ui ≤ u}

= −1
n

n∑
i=1

[π̂(Zi ,θ)−π(Zi ,θ)] ·ΞS (Xi ,θ) ·1Z{Ui ≤ u}

Note that |ΞS (x,θ)| ≤ 1 ∀ (x,θ), and 1Z{Ui ≤ u} ≤ 1{Zi ∈ Z} ∀ u. Thus,

sup
θ∈Θ
u∈RdU

∣∣∣∣∣∣∣τ̂Z(u,θ)− 1
n

n∑
i=1

ϕS (Vi ,θ) ·1Z{Ui ≤ u}

∣∣∣∣∣∣∣ ≤ sup
θ∈Θ
z∈Z

|π̂(z,θ)−π(z,θ)| = op(1) (S1.41)

Given the Lipschitz restrictions in Assumption E3, Pakes and Pollard (1989, Lemmas 2.12, 2.13 and
2.14)) imply that the class of functions {ϕS (V ,θ) ·1Z{u ≤ c} for some θ ∈Θ, c ∈RdU } is a Euclidean
class (see Sherman (1994, Definition 3)), and given the existence of 2 +δ-moments in Assumptions
I1 and E3, and the regularity properties of the parametric distribution described in Assumption
G1, the corresponding envelope for the class also has finite 2 + δ-moments. From here, Sherman
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(1994, Corollary 4) yields,

sup
θ∈Θ
u∈RdU

∣∣∣∣∣∣∣1n
n∑
i=1

(ϕS (Vi ,θ) ·1Z{Ui ≤ u} − τZ(u,θ))

∣∣∣∣∣∣∣ = op(1).

Combined with the result in (S1.41), this yields,

sup
θ∈Θ
u∈RdU

|τ̂Z(u,θ)− τZ(u,θ)| = op(1).
(S1.42)

Plugging (S1.42) into (S1.40),

Q̂S,Z(θ) =
1
2
· 1
n

n∑
j=1

τZ(Uj ,θ)2 + ξQ̂I,n(θ), Where sup
θ∈Θ

∣∣∣∣∣ξQ̂I,n(θ)
∣∣∣∣∣ = op(1). (S1.43)

Recall thatQS,Z(θ) ≡ 1
2 ·E

[
τZ(U,θ)2

]
. Given the Lipschitz restrictions in Assumption E3, Pakes and

Pollard (1989, Lemmas 2.13 and 2.14)) imply that the class of functions {τ(u,θ) for some θ ∈Θ} is
Euclidean, and the regularity properties of the parametric distribution described in Assumption
G1, the corresponding envelope for the class also has finite 2 + δ-moments. From here, Sherman
(1994, Corollary 4) yields,

sup
θ∈Θ

∣∣∣∣∣∣∣∣1n
n∑
j=1

τZ(Uj ,θ)2 −E
[
τZ(U,θ)2

]∣∣∣∣∣∣∣∣ = op(1). (S1.44)

Plugging (S1.44) into (S1.43), we obtain

sup
θ∈Θ

∣∣∣Q̂S,Z(θ)−QS,Z(θ)
∣∣∣ = op(1). (S1.45)

S1.3 Asymptotic properties of
∣∣∣∣∣∂2Q̂S,Z (θ)
∂θ∂θ′ −

∂2QS,Z (θ)
∂θ∂θ′

∣∣∣∣∣∣∣∣∣∣∂2Q̂S,Z (θ)
∂θ∂θ′ −

∂2QS,Z (θ)
∂θ∂θ′

∣∣∣∣∣∣∣∣∣∣∂2Q̂S,Z (θ)
∂θ∂θ′ −

∂2QS,Z (θ)
∂θ∂θ′

∣∣∣∣∣
We have

∂2QS,Z(θ)
∂θ∂θ′

= E
[
∂2τZ(U,θ)
∂θ∂θ′

· τZ(U,θ)
]

+E
[
∂τZ(U,θ)

∂θ
· ∂τZ(U,θ)

∂θ

′]
,

∂2Q̂S,Z(θ)
∂θ∂θ′

=
1
n

n∑
j=1

∂2τ̂Z(Uj ,θ)

∂θ∂θ′
· τ̂Z(Uj ,θ) +

∂τ̂Z(Uj ,θ)

∂θ
·
∂τ̂Z(Uj ,θ)

∂θ

′ . (S1.46)
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Where,
∂τZ(u,θ)

∂θ
= E

[
∂ϕS (V ,θ)

∂θ
·1Z{U ≤ u}

]
,

∂2τZ(u,θ)
∂θ∂θ′

= E
[
∂2ϕS (V ,θ)
∂θ∂θ′

·1Z{U ≤ u}
]
,

∂τ̂Z(u,θ)
∂θ

=
1
n

n∑
i=1

∂ϕ̂S (Vi ,θ)
∂θ

·1Z{Ui ≤ u},

∂2τ̂Z(u,θ)
∂θ∂θ′

=
1
n

n∑
i=1

∂2ϕ̂S (Vi ,θ)
∂θ∂θ′

·1Z{Ui ≤ u}.

Recall that,
ϕ̂S (Vi ,θ) ≡ Si −mNCS (Xi ,θ)− π̂(Zi ,θ) ·ΞS (Xi ,θ),

ϕS (Vi ,θ) ≡ Si −mNCS (Xi ,θ)−π(Zi ,θ) ·ΞS (Xi ,θ).

Thus,
∂ϕ̂S (Vi ,θ)

∂θ
−
∂ϕS (Vi ,θ)

∂θ
=

[
∂π(Zi ,θ)
∂θ

− ∂π̂(Zi ,θ)
∂θ

]
·ΞS (Xi ,θ)

+
∂ΞS (Xi ,θ)

∂θ
· [π(Zi ,θ)− π̂(Zi ,θ)] ,

(S1.47)

and,

∂2ϕ̂S (Vi ,θ)
∂θ∂θ′

−
∂2ϕS (Vi ,θ)
∂θ∂θ′

=
[
∂π(Zi ,θ)
∂θ

− ∂π̂(Zi ,θ)
∂θ

]
· ∂ΞS (Xi ,θ)

∂θ

′

+
[
∂2π(Zi ,θ)
∂θ∂θ′

− ∂
2π̂(Zi ,θ)
∂θ∂θ′

]
·ΞS (Xi ,θ) +

∂ΞS (Xi ,θ)
∂θ

·
[
∂π(Zi ,θ)
∂θ

− ∂π̂(Zi ,θ)
∂θ

]′
+
∂2ΞS (Xi ,θ)
∂θ∂θ′

· [π(Zi ,θ)− π̂(Zi ,θ)] .

(S1.48)

Under the existence-of-moments restriction in Assumption I1, and the regularity conditions in
Assumption E3, we have

sup
θ∈Θ

1
n

n∑
i=1

∥∥∥∥∥∂ΞS (Xi ,θ)
∂θ

∥∥∥∥∥
 =Op(1), and sup

θ∈Θ

1
n

n∑
i=1

∥∥∥∥∥∥∂2ΞS (Xi ,θ)
∂θ∂θ′

∥∥∥∥∥∥
 =Op(1).

Furthermore, |ΞS (x,θ)| ≤ 1 for all (x,θ). Thus, from the expressions in (S1.47)-(S1.48), the uniform
convergence results in (S1.39)-(S1.39) yield

sup
θ∈Θ
u∈RdU

∣∣∣∣∣∣∣∣∂τ̂Z(u,θ)
∂θ

− 1
n− 1

∑
i,j

∂ϕS (Vi ,θ)
∂θ

·1Z{Ui ≤ u}

∣∣∣∣∣∣∣∣ = op(1),

sup
θ∈Θ
u∈RdU

∣∣∣∣∣∣∣∣∂
2τ̂Z(u,θ)
∂θ∂θ′

− 1
n− 1

∑
i,j

∂2ϕS (Vi ,θ)
∂θ∂θ′

·1Z{Ui ≤ u}

∣∣∣∣∣∣∣∣ = op(1),

(S1.49)
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Next, given the Lipschitz restrictions in Assumption E3, Pakes and Pollard (1989, Lemmas 2.12,
2.13 and 2.14)) imply that the class of functions{

∂ϕS (V ,θ)
∂θ

·1Z{u ≤ c} for some θ ∈Θ, c ∈RdU

}
,{

∂2ϕS (V ,θ)
∂θ∂θ′

·1Z{u ≤ c} for some θ ∈Θ, c ∈RdU

}
are Euclidean. The regularity properties of the parametric distribution described in Assumption
G1, and the existence of 2 + δ-moment restrictions described in Assumption I1 imply that the
corresponding envelope for the class also has finite 2 + δ-moments. From here, Sherman (1994,
Corollary 4) yields,

sup
θ∈Θ
u∈RdU

∣∣∣∣∣∣∣1n
n∑
i=1

(
∂ϕS (Vi ,θ)

∂θ
·1Z{Ui ≤ u} −

∂τZ(u,θ)
∂θ

)∣∣∣∣∣∣∣ = op(1),

sup
θ∈Θ
u∈RdU

∣∣∣∣∣∣∣1n
n∑
i=1

(
∂2ϕS (Vi ,θ)
∂θ∂θ′

·1Z{Ui ≤ u} −
∂2τZ(u,θ)
∂θ∂θ′

)∣∣∣∣∣∣∣ = op(1).

Combined with the results in (S1.49), this yields,

sup
θ∈Θ
u∈RdU

∣∣∣∣∣∂τ̂Z(u,θ)
∂θ

− ∂τZ(u,θ)
∂θ

∣∣∣∣∣ = op(1),

sup
θ∈Θ
u∈RdU

∣∣∣∣∣∣∂2τ̂Z(u,θ)
∂θ∂θ′

− ∂
2τZ(u,θ)
∂θ∂θ′

∣∣∣∣∣∣ = op(1)
(S1.50)

Combining this result with (S1.42) and plugging back into (S1.46),

∂2Q̂S,Z(θ)
∂θ∂θ′

=
1
n

n∑
j=1

∂2τZ(Uj ,θ)

∂θ∂θ′
· τZ(Uj ,θ) +

∂τZ(Uj ,θ)

∂θ
·
∂τZ(Uj ,θ)

∂θ

′+ ξ∇θθ′ Q̂I,n (θ),

where sup
θ∈Θ

∣∣∣∣∣ξ∇θθ′ Q̂I,n (θ)
∣∣∣∣∣ = op(1).

(S1.51)

Finally, the Lipschitz restrictions in Assumption E3, Pakes and Pollard (1989, Lemmas 2.12, 2.13
and 2.14)) imply that the following class of functions is Euclidean (element-wise),{

∂2τ(u,θ)
∂θ∂θ′

· τZ(u,θ) +
∂τZ(u,θ)

∂θ
· ∂τZ(u,θ)

∂θ

′
for some θ ∈Θ

}
The regularity properties of the parametric distribution described in Assumption G1, and the ex-
istence of 2 + δ-moment restrictions described in Assumption I1 imply that the corresponding en-
velope for the class also has finite 2 + δ-moments. From here, Sherman (1994, Corollary 4) and the
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definition of ∂2QS,Z (θ)
∂θ∂θ′ in (S1.46) yield,

sup
θ∈Θ

∣∣∣∣∣∣∣∣1n
n∑
j=1

∂2τZ(Uj ,θ)

∂θ∂θ′
· τZ(Uj ,θ) +

∂τZ(Uj ,θ)

∂θ
·
∂τZ(Uj ,θ)

∂θ

′− ∂2QS,Z(θ)
∂θ∂θ′


∣∣∣∣∣∣∣∣ = op(1) (S1.52)

Plugging this back into (S1.51), we finally obtain,

sup
θ∈Θ

∣∣∣∣∣∣∂2Q̂S,Z(θ)
∂θ∂θ′

−
∂2QS,Z(θ)
∂θ∂θ′

∣∣∣∣∣∣ = op(1). (S1.53)

S1.4 Consistency

Under the restrictions of Assumptions G1, G2 and I1, our estimator first-step MLE estimator γ̂

satisfies γ̂
p
−→ γ0. Next, given the restrictions in Assumption I4, θ0 is the unique minimizer of

QS,Z(θ) over Θ. Furthermore, QS,Z(θ) is continuous by the restrictions in Assumption I3. Also, as
we showed in (S1.45), under our restrictions we have sup

θ∈Θ

∣∣∣Q̂S,Z(θ) −QS,Z(θ)
∣∣∣ = op(1). Thus, since

γ̂
p
−→ γ0, we have, sup

∆∈Θ

∣∣∣Q̂S,Z(γ̂ ,∆) −QS,Z(γ0,∆)
∣∣∣ = op(1). From here, Newey and McFadden (1994,

Theorem 2.1) yields ∆̂
p
−→ ∆0. Thus, grouping θ̂ ≡

(
γ̂ ′ , ∆̂′

)′
, we have θ̂

p
−→ θ0.

S1.5 Asymptotic distribution

Since θ0 ∈ int(Θ) by assumption, smoothness of our sample objective function Q̂S,Z(θ) implies that,

with probability approaching one (w.p.a.1), θ̂ satisfies the first-order conditions ∂Q̂S,Z (θ̂)
∂∆ = 0. From

here, a linear approximation yields,

0 =
∂Q̂S,Z(θ̂)
∂∆

=
∂Q̂S,Z(θ0)

∂∆
+
∂2Q̂S,Z(θ̃)
∂∆∂γ ′

· (γ̂ −γ0) +
∂2Q̂S,Z(θ̃)
∂∆∂∆′

·
(
∆̂−∆0

)
As usual, θ̃ belongs in the line segment connecting θ̂ and θ0 and, since θ̂

p
−→ θ0, it satisfies θ̃

p
−→ θ0.

Given the uniform convergence result sup
θ∈Θ

∣∣∣∣∣∂2Q̂S,Z (θ)
∂θ∂θ′ −

∂2QS,Z (θ)
∂θ∂θ′

∣∣∣∣∣ = op(1) in equation (S1.53) and the

assumption that ∂2QS,Z (θ)
∂∆∂∆′

−1
exists and is a continuous function of θ in an open neighborhoodN of

θ0 (see Assumption I3), it follows that with probability approaching one, we can express,

∆̂−∆0 = −

∂2QS,Z(θ0)
∂∆∂∆′

−1

+ op(1)

×
∂Q̂S,Z(θ0)

∂∆
+
(
∂2QS,Z(θ0)
∂∆∂γ ′

+ op(1)
)
· (γ̂ −γ0)


Plugging in the linear representation result of our first-stage estimator γ̂ , we obtain,

∆̂−∆0 = −

∂2QS,Z(θ0)
∂∆∂∆′

−1

+ op(1)

×
∂Q̂S,Z(θ0)

∂∆
+
(
∂2QS,Z(θ0)
∂∆∂γ ′

+ op(1)
)
·

1
n

n∑
i=1

ψ(Vi ;γ0) + op(n−1/2)




(S1.54)
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Our next step is to show that, under our restrictions, we can obtain a linear representation result

for ∂Q̂S,Z (θ0)
∂∆ .

S1.5.1 A linear representation for ∂Q̂S,Z (θ0)
∂∆

∂Q̂S,Z (θ0)
∂∆

∂Q̂S,Z (θ0)
∂∆

We have,

∂Q̂S,Z(θ)
∂∆

=
1
n

n∑
j=1


1
n

n∑
i=1

ϕ̂S (Vi ,θ) ·1Z{Ui ≤Uj }

×
1
n

n∑
ℓ=1

∂ϕ̂S (Vℓ ,θ)
∂∆

·1Z{Uℓ ≤Uj }




=
1
n3

n∑
j=1

∑
i,j

∑
ℓ,i,j

ϕ̂S (Vi ,θ) ·
∂ϕ̂S (Vℓ ,θ)

∂∆
·1Z{Ui ≤Uj } ·1Z{Uℓ ≤Uj }

+
1
n
×
 1
n2

n∑
j=1

∑
i,j

ϕ̂S (Vi ,θ) ·
∂ϕ̂S (Vi ,θ)

∂∆
·1Z{Ui ≤Uj }+ ϕ̂S (Vj ,θ) ·

∂ϕ̂S (Vi ,θ)
∂∆

·1Z{Ui ≤Uj }

+ ϕ̂S (Vi ,θ) ·
∂ϕ̂S (Vj ,θ)

∂∆
·1Z{Ui ≤Uj }


+

1
n2 ×

1
n

n∑
j=1

ϕ̂S (Vj ,θ) ·
∂ϕ̂S (Vj ,θ)

∂∆
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Writing ϕ̂S (Vi ,θ) = ϕ(Vi ,θ) + [ϕ̂S (Vi ,θ)−ϕ(Vi ,θ)] and ∂ϕ̂S (Vℓ ,θ)
∂∆ = ∂ϕ(Vℓ ,θ)

∂∆ +
[
∂ϕ̂S (Vℓ ,θ)

∂∆ − ∂ϕ(Vℓ ,θ)
∂∆

]
, we

obtain,

∂Q̂S,Z(θ)
∂∆

=

1
n3

n∑
j=1

∑
i,j

∑
ℓ,i,j

ϕS (Vi ,θ) ·
∂ϕS (Vℓ ,θ)

∂∆
·1Z{Ui ≤Uj } ·1Z{Uℓ ≤Uj }

+
1
n3

n∑
j=1

∑
i,j

∑
ℓ,i,j

ϕS (Vi ,θ) ·
[
∂ϕ̂S (Vℓ ,θ)

∂∆
−
∂ϕS (Vℓ ,θ)

∂∆

]
·1Z{Ui ≤Uj } ·1Z{Uℓ ≤Uj }

+
1
n3

n∑
j=1

∑
i,j

∑
ℓ,i,j

∂ϕS (Vℓ ,θ)
∂∆

· [ϕ̂S (Vi ,θ)−ϕS (Vi ,θ)] ·1Z{Ui ≤Uj } ·1Z{Uℓ ≤Uj }

+
1
n3

n∑
j=1

∑
i,j

∑
ℓ,i,j

[ϕ̂S (Vi ,θ)−ϕS (Vi ,θ)] ·
[
∂ϕ̂S (Vℓ ,θ)

∂∆
−
∂ϕS (Vℓ ,θ)

∂∆

]
·1Z{Ui ≤Uj } ·1Z{Uℓ ≤Uj }

+
1
n
×
 1
n2

n∑
j=1

∑
i,j

ϕ̂S (Vi ,θ) ·
∂ϕ̂S (Vi ,θ)

∂∆
·1Z{Ui ≤Uj }+ ϕ̂S (Vj ,θ) ·

∂ϕ̂S (Vi ,θ)
∂∆

·1Z{Ui ≤Uj }

+ ϕ̂S (Vi ,θ) ·
∂ϕ̂S (Vj ,θ)

∂∆
·1Z{Ui ≤Uj }


+

1
n2 ×

1
n

n∑
j=1

ϕ̂S (Vj ,θ) ·
∂ϕ̂S (Vj ,θ)

∂∆


(S1.55)

Recall that, ϕ̂S (Vi ,θ) ≡ Si−mNCS (Xi ,θ)−π̂(Zi ,θ)·ΞS (Xi ,θ), and ϕS (Vi ,θ) ≡ Si−mNCS (Xi ,θ)−π(Zi ,θ)·
ΞS (Xi ,θ). Thus,

ϕ̂S (Vi ,θ)−ϕS (Vi ,θ) = − [π̂(Zi ,θ)−π(Zi ,θ)] ·ΞS (Xi ,θ),

∂ϕ̂S (Vℓ ,θ)
∂∆

−
∂ϕS (Vℓ ,θ)

∂∆
= −

[
∂π̂(Zℓ ,θ)

∂∆
− ∂π(Zℓ ,θ)

∂∆

]
·ΞS (Xℓ ,θ)− [π̂(Zℓ ,θ)−π(Zℓ ,θ)] · ∂ΞS (Xℓ ,θ)

∂∆
(S1.56)

Let the influence functions ψπn (v;z,θ) and ψ∇∆πn (v;z,θ) be as described in equations (S1.11) and
(S1.25), and let ϑπn (z,θ) and ϑ∇∆πn (z,θ) be the remainders of the linear representations described in
(S1.11) and (S1.27). Plugging in these linear representations into (S1.56),

ϕ̂S (Vi ,θ)−ϕS (Vi ,θ) = −

 1

n · hdZn

n∑
k=1

ψπn (Vk ;Zi ,θ) +ϑπn (Zi ,θ)

 ·ΞS (Xi ,θ),

∂ϕ̂S (Vℓ ,θ)
∂∆

−
∂ϕS (Vℓ ,θ)

∂∆
= −

 1

n · hdZn

n∑
k=1

ψ∇∆πn (Vk ;Zℓ ,θ) +ϑ∇∆πn (Zℓ ,θ)

 ·ΞS (Xℓ ,θ)

−

 1

n · hdZn

n∑
k=1

ψπn (Vk ;Zℓ ,θ) +ϑπn (Zℓ ,θ)

 · ∂ΞS (Xℓ ,θ)
∂∆
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From here,

1
n3

n∑
j=1

∑
i,j

∑
ℓ,i,j

ϕS (Vi ,θ) ·
[
∂ϕ̂S (Vℓ ,θ)

∂∆
−
∂ϕS (Vℓ ,θ)

∂∆

]
·1Z{Ui ≤Uj } ·1Z{Uℓ ≤Uj }

=− 1
n3

n∑
j=1

∑
i,j

∑
ℓ,i,j

ϕS (Vi ,θ) ·

 1

n · hdZn

n∑
k=1

ψ∇∆πn (Vk ;Zℓ ,θ) +ϑ∇∆πn (Zℓ ,θ)

 ·ΞS (Xℓ ,θ) ·1Z{Ui ≤Uj } ·1Z{Uℓ ≤Uj }

− 1
n3

n∑
j=1

∑
i,j

∑
ℓ,i,j

ϕS (Vi ,θ) ·

 1

n · hdZn

n∑
k=1

ψπn (Vk ;Zℓ ,θ) +ϑπn (Zℓ ,θ)

 · ∂ΞS (Xℓ ,θ)
∂∆

·1Z{Ui ≤Uj } ·1Z{Uℓ ≤Uj }

And,

1
n3

n∑
j=1

∑
i,j

∑
ℓ,i,j

∂ϕS (Vℓ ,θ)
∂∆

· [ϕ̂S (Vi ,θ)−ϕS (Vi ,θ)] ·1Z{Ui ≤Uj } ·1Z{Uℓ ≤Uj }

=− 1
n3

n∑
j=1

∑
i,j

∑
ℓ,i,j

∂ϕS (Vℓ ,θ)
∂∆

·

 1

n · hdZn

n∑
k=1

ψπn (Vk ;Zi ,θ) +ϑπn (Zi ,θ)

 ·ΞS (Xi ,θ) ·1Z{Ui ≤Uj } ·1Z{Uℓ ≤Uj }
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In what follows, let (V1,V2,V3,V4) ∼ FV ⊗ FV ⊗ FV ⊗ FV (four randomly drawn observations from
our i.i.d sample (Vi)

n
i=1). Let,

ga∆(V1,V2,V3;θ) ≡ ϕS (V1,θ) ·
∂ϕS (V3,θ)

∂∆
·1Z{U1 ≤U2} ·1Z{U3 ≤U2},

gb∆,n(V1,V2,V3,V4;θ) ≡ 1

hdZn
×
ϕS (V1,θ) ·

(
ΞS (X3,θ) ·ψ∇∆πn (V4;Z3,θ) +

∂ΞS (X3,θ)
∂∆

·ψπn (V4;Z3,θ)
)

+
∂ϕS (V3,θ)

∂∆
·ΞS (X1,θ) ·ψπn (V4;Z1,θ)

 ·1Z{U1 ≤U2} ·1Z{U3 ≤U2},

gc∆,n(V1,V2,V3;θ) ≡ 1

hdZn
×
ϕS (V1,θ) ·ΞS (X3,θ) ·

[
ψ∇∆πn (V1;Z3,θ) +ψ∇∆πn (V2;Z3,θ) +ψ∇∆πn (V3;Z3,θ)

]
+ϕS (V1,θ) · ∂ΞS (X3,θ)

∂∆
· [ψπn (V1;Z3,θ) +ψπn (V2;Z3,θ) +ψπn (V3;Z3,θ)]

+
∂ϕS (V3,θ)

∂∆
·ΞS (X1,θ) · [ψπn (V1;Z1,θ) +ψπn (V2;Z1,θ) +ψπn (V3;Z1,θ)]

 ·1Z{U1 ≤U2} ·1Z{U3 ≤U2},

gd∆,n(V1,V2,V3;θ) ≡
ϕS (V1,θ) ·

(
ΞS (X3,θ) ·ϑ∇∆πn (Z3,θ) +

∂ΞS (X3,θ)
∂∆

·ϑπn (Z3,θ)
)

+
∂ϕS (V3,θ)

∂∆
·ΞS (X1,θ) ·ϑπn (Z1,θ)

 ·1Z{U1 ≤U2} ·1Z{U3 ≤U2},

ge∆,n(V1,V2,V3;θ) ≡
ΞS (X1,θ) ·ΞS (X3,θ) · [π̂(Z1,θ)−π(Z1,θ)] ·

[
∂π̂(Z3,θ)

∂∆
− ∂π(Z3,θ)

∂∆

]

+
∂ΞS (X3,θ)

∂∆
·ΞS (X1,θ) · [π̂(Z1,θ)−π(Z1,θ)] · [π̂(Z3,θ)−π(Z3,θ)]

 ·1Z{U1 ≤U2} ·1Z{U3 ≤U2},

g
f
∆,n(V1,V2;θ) ≡

ϕ̂S (V1,θ) ·
∂ϕ̂S (V1,θ)

∂∆
·1Z{U1 ≤U2}+ ϕ̂S (V2,θ) ·

∂ϕ̂S (V1,θ)
∂∆

·1Z{U1 ≤U2}

+ ϕ̂S (V1,θ) ·
∂ϕ̂S (V2,θ)

∂∆
·1Z{U1 ≤U2}

,
g
g
∆,n(V1;θ) ≡ ϕ̂S (V1,θ) ·

∂ϕ̂S (V1,θ)
∂∆

·1{Z1 ∈ Z}.
(S1.57)

22



Using these expressions, (S1.55) becomes1,

∂Q̂S,Z(θ)
∂∆

=
1
n3

n∑
j=1

∑
i,j

∑
ℓ,i,j

ga∆(Vi ,Vj ,Vℓ;θ)− 1
n4

n∑
j=1

∑
i,j

∑
ℓ,i,j

∑
k,i,j,ℓ

gb∆,n(Vi ,Vj ,Vℓ ,Vk ;θ)

− 1
n
×

 1
n3

n∑
j=1

∑
i,j

∑
ℓ,i,j

gc∆,n(Vi ,Vj ,Vℓ;θ)

− 1
n3

n∑
j=1

∑
i,j

∑
ℓ,i,j

gd∆,n(Vi ,Vj ,Vℓ;θ)

+
1
n3

n∑
j=1

∑
i,j

∑
ℓ,i,j

ge∆,n(Vi ,Vj ,Vℓ;θ) +
1
n
×

 1
n2

n∑
j=1

∑
i,j

g
f
∆,n(Vi ,Vj ;θ)

+
1
n2 ×

1
n

n∑
j=1

g
g
∆,n(Vj ;θ)


(S1.58)

Let

V a∆,n(θ) ≡ 1
n · (n− 1) · (n− 2)

n∑
j=1

∑
i,j

∑
ℓ,i,j

ga∆(Vi ,Vj ,Vℓ;θ),

V b∆,n(θ) ≡ 1
n · (n− 1) · (n− 2) · (n− 3)

n∑
j=1

∑
i,j

∑
ℓ,i,j

∑
k,i,j,ℓ

gb∆,n(Vi ,Vj ,Vℓ ,Vk ;θ),

V c∆,n(θ) ≡ 1
n · (n− 1) · (n− 2)

n∑
j=1

∑
i,j

∑
ℓ,i,j

gc∆,n(Vi ,Vj ,Vℓ;θ),

Vd∆,n(θ) ≡ 1
n · (n− 1) · (n− 2)

n∑
j=1

∑
i,j

∑
ℓ,i,j

gd∆,n(Vi ,Vj ,Vℓ;θ),

V e∆,n(θ) ≡ 1
n · (n− 1) · (n− 2)

n∑
j=1

∑
i,j

∑
ℓ,i,j

ge∆,n(Vi ,Vj ,Vℓ;θ),

V f
∆,n(θ) ≡ 1

n · (n− 1)

n∑
j=1

∑
i,j

g
f
∆,n(Vi ,Vj ;θ),

V g
∆,n(θ) ≡ 1

n

n∑
j=1

∑
i,j

g
g
∆,n(Vj ;θ).

Then (S1.58) can be re-expressed as,

∂Q̂S,Z(θ)
∂∆

=
(

(n− 1)(n− 2)
n2

)
· V a∆,n(θ)−

(
(n− 1)(n− 2)(n− 3)

n3

)
· V b∆,n(θ)−

(1
n

)
×
(

(n− 1)(n− 2)
n2

)
· V c∆,n(θ)

−
(

(n− 1)(n− 2)
n2

)
· Vd∆,n(θ) +

(
(n− 1)(n− 2)

n2

)
· V e∆,n(θ) +

(1
n

)
×
(n− 1
n

)
· V f

∆,n(θ) +
( 1
n2

)
×V g

∆,n(θ)

(S1.59)
Next, we will analyze each term in (S1.59). Let us begin with V c

∆,n(θ). By the bounded-variation
properties of our kernel function described in Assumption E1 and the Lipschitz-restrictions in
Assumption E3, Nolan and Pollard (1987, Lemma 22), Pakes and Pollard (1989, Example 2.10,
Lemma 2.13, Lemma 2.14) imply that the class of functions involved is Euclidean (see Sherman

1Recall that 1{Uj ≤ u} ≡ 1{Uj ∈ Z}×1{Uj ≤ u}, so 1Z {Uj ≤Uj } = 1{Uj ∈ Z}, which explains the structure of

g
g
∆,n(Vj ,θ).
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(1994, Definition 3)), and given the existence of 2 + δ-moments in Assumptions I1 and E3, and the
boundedness restrictions in part (iii) of Assumption G1, the corresponding envelope for the class
also has finite 2+δ-moments. From here, Sherman (1994, Corollary 4) can be invoked to show that

sup
θ∈Θ

∣∣∣V c
∆,n(θ)

∣∣∣ =Op
(

1
h
dZ
n

)
. Therefore,

sup
θ∈Θ

∣∣∣∣∣∣(1
n

)
×
(

(n− 1)(n− 2)
n2

)
︸             ︷︷             ︸

→1

·V c∆,n(θ)

∣∣∣∣∣∣ =Op

 1

n · hdZn

 = op
(
n−1/2

)
, (S1.60)

where the last equality follows from the bandwidth convergence restrictions in Assumption E1.
Next, from the asymptotic properties of the remainders ϑπn (z,θ) and ϑ∇∆πn (z,θ) described in (S1.11)
and (S1.27), and the integrability and boundedness restrictions in Assumptions G1 and E3, we
have2

sup
θ∈Θ

∣∣∣Vd∆,n(θ)
∣∣∣ ≤

sup
θ∈Θ
z∈Z

∣∣∣ϑ∇∆πn (z,θ)
∣∣∣

︸              ︷︷              ︸
=op(n−1/2)

×sup
θ∈Θ

 1
n · (n− 1) · (n− 2)

n∑
j=1

∑
i,j

∑
ℓ,i,j

|ϕS (Vi ,θ)| ·1Z{Ui ≤Uj } ·1Z{Uℓ ≤Uj }

︸                                                                                            ︷︷                                                                                            ︸
=Op(1)

+sup
θ∈Θ
z∈Z

∣∣∣ϑπn (z,θ)
∣∣∣

︸           ︷︷           ︸
=op(n−1/2)

×sup
θ∈Θ

 1
n · (n− 1) · (n− 2)

n∑
j=1

∑
i,j

∑
ℓ,i,j

|ϕS (Vi ,θ)| ·
∥∥∥∥∥∂ΞS (Xℓ ,θ)

∂∆

∥∥∥∥∥ ·1Z{Ui ≤Uj } ·1Z{Uℓ ≤Uj }
︸                                                                                                                 ︷︷                                                                                                                 ︸

=Op(1)

+sup
θ∈Θ
z∈Z

∣∣∣ϑπn (z,θ)
∣∣∣

︸           ︷︷           ︸
=op(n−1/2)

×sup
θ∈Θ

 1
n · (n− 1) · (n− 2)

n∑
j=1

∑
i,j

∑
ℓ,i,j

∥∥∥∥∥∂ϕ(Xℓ ,θ)
∂∆

∥∥∥∥∥ ·1Z{Ui ≤Uj } ·1Z{Uℓ ≤Uj }
︸                                                                                               ︷︷                                                                                               ︸

=Op(1)

=op
(
n−1/2

)
.

Thus,

sup
θ∈Θ

∣∣∣Vd∆,n(θ)
∣∣∣ = op

(
n−1/2

)
=⇒ sup

θ∈Θ

∣∣∣∣∣∣
(

(n− 1)(n− 2)
n2

)
︸             ︷︷             ︸

→1

·Vd∆,n(θ)

∣∣∣∣∣∣ = op
(
n−1/2

)
(S1.61)

2Recall that |ΞS (x,θ)| ≤ 1 ∀ (x,θ).
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Combining the uniform rate of convergence results in equations (S1.12) and (S1.28) with the bound-
edness and existence-of-moments restrictions in Assumptions G1, I1 and E3, we have

sup
θ∈Θ

∣∣∣V e∆,n(θ)
∣∣∣ ≤

sup
θ∈Θ
z∈Z

|π̂(z,θ)−π(z,θ)|

︸                     ︷︷                     ︸
=op(n−1/4)

×sup
θ∈Θ
z∈Z

∣∣∣∣∣∂π̂(z,θ)
∂∆

− ∂π(z,θ)
∂∆

∣∣∣∣∣
︸                          ︷︷                          ︸

=op(n−1/4)︸                                                          ︷︷                                                          ︸
=op(n−1/2)

+sup
θ∈Θ
z∈Z

|π̂(z,θ)−π(z,θ)|

︸                     ︷︷                     ︸
=op(n−1/4)

×sup
θ∈Θ
z∈Z

|π̂(z,θ)−π(z,θ)|

︸                     ︷︷                     ︸
=op(n−1/4)︸                                                    ︷︷                                                    ︸

=op(n−1/2)

× sup
θ∈Θ
z∈Z

 1
n · (n− 1) · (n− 2)

n∑
j=1

∑
i,j

∑
ℓ,i,j

∥∥∥∥∥∂ΞS (Xℓ ,θ)
∂∆

∥∥∥∥∥ ·1Z{Ui ≤Uj } ·1Z{Uℓ ≤Uj }
︸                                                                                                 ︷︷                                                                                                 ︸

=Op(1)

=op
(
n−1/2

)
.

Thus,

sup
θ∈Θ

∣∣∣∣∣∣
(

(n− 1)(n− 2)
n2

)
︸             ︷︷             ︸

→1

·V e∆,n(θ)

∣∣∣∣∣∣ (S1.62)

Next we analyze V f
∆,n(θ). The results in equations (S1.42)-(S1.49) yield

sup
θ∈Θ

∣∣∣∣V f∆,n(θ)
∣∣∣∣ = sup

θ∈Θ

∣∣∣∣∣∣∣∣ 1
n · (n− 1)

n∑
j=1

∑
i,j

g
f
∆,n(Vi ,Vj ;θ)

∣∣∣∣∣∣∣∣ =Op(1).

sup
θ∈Θ

∣∣∣∣V f∆,n(θ)
∣∣∣∣

=sup
θ∈Θ

∣∣∣∣∣∣ 1
n · (n− 1)

n∑
j=1

∑
i,j

ϕ̂S (Vi ,θ) ·
∂ϕ̂S (Vi ,θ)

∂∆
·1Z{Ui ≤Uj }+ ϕ̂S (Vj ,θ) ·

∂ϕ̂S (Vi ,θ)
∂∆

·1Z{Ui ≤Uj }

+ ϕ̂S (Vi ,θ) ·
∂ϕ̂S (Vj ,θ)

∂∆
·1Z{Ui ≤Uj }

∣∣∣∣∣∣ =Op(1).
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Therefore,

sup
θ∈Θ

∣∣∣∣∣∣(1
n

)
×
(n− 1
n

)
︸  ︷︷  ︸
→1

·V f
∆,n(θ)

∣∣∣∣∣∣ =Op
(1
n

)
= op

(
n−1/2

)
, (S1.63)

For V g
∆,n(θ), we note once again that the results in equations (S1.42)-(S1.49) yield,

sup
θ∈Θ

∣∣∣V g
∆,n(θ)

∣∣∣ = sup
θ∈Θ

∣∣∣∣∣∣∣∣1n
n∑
j=1

ϕ̂S (Vj ,θ) ·
∂ϕ̂S (Vj ,θ)

∂∆
·1{Zj ∈ Z}

∣∣∣∣∣∣∣∣ =Op(1).

Thus,

sup
θ∈Θ

∣∣∣∣∣( 1
n2

)
×V g

∆,n(θ)
∣∣∣∣∣ =Op

( 1
n2

)
= op

(
n−1/2

)
(S1.64)

Next, we will analyze the U-statistics V a
∆,n(θ) and V b

∆,n(θ) through their Hoeffding decompositions (see
Serfling (1980, pages 177-178) or Sherman (1994, equations (6)-(7))). Let us begin with V a

∆,n(θ). Let

T (θ) ≡ E
[
ga∆(V1,V2,V3;θ)

]
.

Note that T (θ0) = 0 since,

T (θ0) = E
[
ϕS (V1,θ0) ·

∂ϕS (V3,θ0)
∂∆

·1Z{U1 ≤U2} ·1Z{U3 ≤U2}
]

= E
[
E
[
ϕS (V1,θ0) ·1Z{U1 ≤U2}

∣∣∣U2

]
︸                                    ︷︷                                    ︸

≡τZ (U2,θ0)=0 a.e U2

·
∂ϕS (V3,θ0)

∂∆
·1Z{U3 ≤U2}

]

= E
[
0 ·
∂ϕS (V3,θ0)

∂∆
·1Z{U3 ≤U2}

]
= 0.

Next, define,

g̃a∆(V1,V2,V3;θ) ≡ 1
3!

∑
p

ga∆(Vm1
,Vm2

,Vm3
;θ), (S1.65)

where
∑
p

denotes the sum over the 3! permutations {m1,m2,m3} of {1,2,3}. By construction, g̃a
∆

(V1,V2,V3;θ)

is symmetric in (V1,V2,V3), and E
[
g̃a
∆

(V1,V2,V3;θ)
]

= T (θ). We can express,

V a∆,n(θ) =
(
n
3

)−1 ∑
c

g̃a∆(Vi ,Vj ,Vℓ;θ),

where
∑
c

denotes the sum over the
(n

3
)

distinct combinations {i, j, ℓ} from {1, . . . ,n}. Let

ga∆(V1;θ) ≡ 3 ·
(
E
[
g̃a∆(V1,V2,V3;θ)

∣∣∣V1

]
−T (θ)

)
(S1.66)
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Note that, by construction, E
[
ga∆(V1;θ)

]
= 0 ∀ θ. Also note that evaluated at θ0, we have,

ga∆(V1;θ0) = ϕS (V1,θ0) ·E
[
E

[
∂ϕS (V3,θ0)

∂∆
·1Z{U3 ≤U2}

∣∣∣∣U2

]
·1{U1 ≤U2}

∣∣∣∣∣U1

]
(S1.67)

The Hoeffding decomposition of V a
∆,n(θ) (see Serfling (1980, pages 177-178) is given by,

V a∆,n(θ) = T (θ) +
1
n

n∑
i=1

ga∆(Vi ;θ) +U an (θ),

where U an (θ) is a linear combination of degenerate U-statistics of orders 2 and 3. By the Lipschitz-
restrictions in Assumption E3, Nolan and Pollard (1987, Lemma 22), Pakes and Pollard (1989,
Example 2.10, Lemma 2.13, Lemma 2.14) imply that the class of functions involved is Euclidean
(see Sherman (1994, Definition 3)), and given the existence of 2+δ-moments in Assumptions I1 and
E3, and the boundedness restrictions in part (iii) of Assumption G1, the corresponding envelope
for the class also has finite 2 + δ-moments. From here, Sherman (1994, Corollary 4) yields,

sup
θ∈Θ
|U an (θ)| =Op

(1
n

)
= op

(
n−1/2

)
.

Thus,

V a∆,n(θ) = T (θ) +
1
n

n∑
i=1

ga∆(Vi ;θ) +U an (θ), where sup
θ∈Θ
|U an (θ)| = op

(
n−1/2

)
. (S1.68)

And evaluated at θ0, we have T (θ0) = 0, and

V a∆,n(θ0) =
1
n

n∑
i=1

ga∆(Vi ;θ0) + op
(
n−1/2

)
, where

ga∆(V1;θ0) = ϕS (V1,θ0) ·E
[
E

[
∂ϕS (V3,θ0)

∂∆
·1Z{U3 ≤U2}

∣∣∣∣U2

]
·1{U1 ≤U2}

∣∣∣∣∣U1

] (S1.69)

sup
θ∈Θ
|T (θ)| <∞ under our restrictions. Thus, from (S1.68), we have sup

θ∈Θ

∣∣∣V a
∆,n(θ)

∣∣∣ =Op(1) and,

sup
θ∈Θ

∣∣∣∣∣∣(2− 3n
n2

)
︸    ︷︷    ︸

=O( 1
n )

·V a∆,n(θ)

∣∣∣∣∣∣ =Op
(1
n

)
.
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From here, it follows that,(
(n− 1)(n− 2)

n2

)
· V a∆,n(θ) = V a∆,n(θ) +

(2− 3n
n2

)
· V a∆,n(θ)︸               ︷︷               ︸

≡ϑan(θ)

= T (θ) +
1
n

n∑
i=1

ga∆(Vi ;θ) +ϑan(θ),

where sup
θ∈Θ
|ϑan(θ)| =Op

(1
n

)
= op

(
n−1/2

)
.

In particular, evaluated at θ0,(
(n− 1)(n− 2)

n2

)
· V a∆,n(θ0) =

1
n

n∑
i=1

ga∆(Vi ;θ0) + op
(
n−1/2

)
, where

ga∆(V1;θ0) = ϕS (V1,θ0) ·E
[
E

[
∂ϕS (V3,θ0)

∂∆
·1Z{U3 ≤U2}

∣∣∣∣U2

]
·1Z{U1 ≤U2}

∣∣∣∣∣U1

]
(S1.70)

Next we analyze the Hoeffding decomposition of V b
∆,n(θ), the last remaining term to study in

(S1.59). Note first that, from its definition in (S1.57), we have

E
[
gb∆,n(V1,V2,V3,V4;θ)

∣∣∣V1,V2,V3

]
= 0 ∀ θ,

and therefore E
[
gb
∆,n(V1,V2,V3,V4;θ)

]
= 0 ∀ θ. This follows because

E
[
ψ∇∆πn (V4;Z3,θ)

∣∣∣Z3

]
= E

[
ψπn (V4;Z3,θ)

∣∣∣Z3

]
= E

[
ψπn (V4;Z1,θ)

∣∣∣Z1

]
= 0 ∀ θ.

Define,

g̃b∆,n(V1,V2,V3,V4;θ) ≡ 1
4!

∑
p

gb∆,n(Vm1
,Vm2

,Vm3
,Vm4

;θ), (S1.71)

where
∑
p

denotes the sum over the 4! permutations {m1,m2,m3,m4} of {1,2,3,4}. By construction,

g̃b
∆,n(V1,V2,V3,V4;θ) is symmetric in (V1,V2,V3,V4), and E

[
g̃b
∆,n(V1,V2,V3,V4;θ)

]
= 0 ∀ θ. We can

express,

V b∆,n(θ) =
(
n
4

)−1 ∑
c

g̃b∆,n(Vi ,Vj ,Vℓ ,Vk ;θ),

where
∑
c

denotes the sum over the
(n

4
)

distinct combinations {i, j, ℓ,k} from {1, . . . ,n}. Let

gb∆,n(V1;θ) ≡ 4 ·E
[
g̃b∆,n(V1,V2,V3,V4;θ)

∣∣∣V1

]
.
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By inspection, we can see that,

E
[
g̃b∆,n(V1,V2,V3,V4;θ)

∣∣∣V1

]
=

3!
4!
E
[
gb∆,n(V2,V3,V4,V1;θ)

∣∣∣V1

]
=

1
4
×
E ϕS (V2,θ) ·ΞS (X4,θ) · 1

hdZn
ψ∇∆πn (V1;Z4,θ) ·1Z{U2 ≤U3} ·1Z{U4 ≤U3}

∣∣∣∣∣V1


+E

∂ΞS (X4,θ)
∂∆

·ϕS (V2,θ) · 1

hdZn
ψπn (V1;Z4,θ) ·1Z{U2 ≤U3} ·1Z{U4 ≤U3}

∣∣∣∣∣V1


+E

∂ϕS (V4,θ)
∂∆

·ΞS (X2,θ) · 1

hdZn
ψπn (V1;Z2,θ) ·1Z{U2 ≤U3} ·1Z{U4 ≤U3}

∣∣∣∣∣V1


Therefore,

gb∆,n(V1;θ) = E

ϕS (V2,θ) ·ΞS (X4,θ) · 1

hdZn
ψ∇∆πn (V1;Z4,θ) ·1Z{U2 ≤U3} ·1Z{U4 ≤U3}

∣∣∣∣∣V1


+E

∂ΞS (X4,θ)
∂∆

·ϕS (V2,θ) · 1

hdZn
ψπn (V1;Z4,θ) ·1Z{U2 ≤U3} ·1Z{U4 ≤U3}

∣∣∣∣∣V1


+E

∂ϕS (V4,θ)
∂∆

·ΞS (X2,θ) · 1

hdZn
ψπn (V1;Z2,θ) ·1Z{U2 ≤U3} ·1Z{U4 ≤U3}

∣∣∣∣∣V1

 .
(S1.72)

Note that, evaluated at θ0,

E

ϕS (V2,θ0) ·ΞS (X4,θ0) · 1

hdZn
ψ∇∆πn (V1;Z4,θ0) ·1Z{U2 ≤U3} ·1Z{U4 ≤U3}

∣∣∣∣∣V1


=E

[
E
[
ϕS (V2,θ0)

∣∣∣U2

]
︸               ︷︷               ︸

=0

·ΞS (X4,θ0) · 1

hdZn
ψ∇∆πn (V1;Z4,θ0) ·1Z{U2 ≤U3} ·1Z{U4 ≤U3}

∣∣∣∣∣V1

]
= 0,

E

∂ΞS (X4,θ0)
∂∆

·ϕS (V2,θ0) · 1

hdZn
ψπn (V1;Z4,θ0) ·1Z{U2 ≤U3} ·1Z{U4 ≤U3}

∣∣∣∣∣V1


=E

[
∂ΞS (X4,θ0)

∂∆
·E

[
ϕS (V2,θ0)

∣∣∣U2

]
︸               ︷︷               ︸

=0

· 1

hdZn
ψπn (V1;Z4,θ0) ·1Z{U2 ≤U3} ·1Z{U4 ≤U3}

∣∣∣∣∣V1

]
= 0.

Thus, evaluated at θ0,

gb∆,n(V1;θ0) = E

∂ϕS (V4,θ0)
∂∆

·ΞS (X2,θ0) · 1

hdZn
ψπn (V1;Z2,θ0) ·1Z{U2 ≤U3} ·1Z{U4 ≤U3}

∣∣∣∣∣V1


= E

∂ϕS (V4,θ0)
∂∆

·E
ΞS (X2,θ0) · 1

hdZn
ψπn (V1;Z2,θ0) ·1Z{U2 ≤U3}

∣∣∣∣∣V1,U3

 ·1Z{U4 ≤U3}
∣∣∣∣∣V1

 .
(S1.73)
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The Hoeffding decomposition of V b
∆,n(θ) is given by,

V b∆,n(θ) =
1
n

n∑
i=1

gb∆,n(Vi ;θ) +U bn (θ),

where U bn (θ) is a linear combination of degenerate U-statistics of orders 2, 3 and 4. By the bounded-
variation properties of our kernel function described in Assumption E1 and the Lipschitz-restrictions
in Assumption E3, Nolan and Pollard (1987, Lemma 22), Pakes and Pollard (1989, Example 2.10,
Lemma 2.13, Lemma 2.14) imply that the class of functions involved is Euclidean (see Sherman
(1994, Definition 3)), and given the existence of 2 + δ-moments in Assumptions I1 and E3, and the
boundedness restrictions in part (iii) of Assumption G1, the corresponding envelope for the class
also has finite 2 + δ-moments. From here, Sherman (1994, Corollary 4) yields

sup
θ∈Θ
|U bn (θ)| =Op

 1

n · hdZn

 = op
(
n−1/2

)
,

where the last equality follows from our bandwidth convergence restrictions since n1/2 ·hdZn −→∞.
Thus,

V b∆,n(θ) =
1
n

n∑
i=1

gb∆,n(Vi ;θ) +U bn (θ), where sup
θ∈Θ
|U bn (θ)| = op

(
n−1/2

)
,

and where gb∆,n(V1;θ) is as described in (S1.72), and it satisfies E
[
gb∆,n(V1;θ)

]
= 0 ∀ θ. Let us focus

on θ = θ0. Note first that,(
(n− 1)(n− 2)(n− 3)

n3

)
· V b∆,n(θ0) = V b∆,n(θ0) +

(
−6n2 + 11n− 6

n3

)
︸                ︷︷                ︸

=O( 1
n )

·V b∆,n(θ0)︸   ︷︷   ︸
=Op(1)︸                            ︷︷                            ︸

=Op( 1
n )=op(n−1/2)

Thus, (
(n− 1)(n− 2)(n− 3)

n3

)
· V b∆,n(θ0) =

1
n

n∑
i=1

gb∆,n(Vi ;θ0) + op(n−1/2) (S1.74)

where gb∆,n(V1;θ0) is as described in (S1.73). We are now ready to put together our results for
∂Q̂S,Z (θ0)

∂∆ . As before, let (V1,V2,V3,V4) ∼ FV ⊗FV ⊗FV ⊗FV (four randomly drawn observations from
our i.i.d sample (Vi)

n
i=1). Combining the results in (S1.60), (S1.61), (S1.62), (S1.63), (S1.64), (S1.70)
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and (S1.74), and plugging them into equation (S1.59), at θ = θ0 we have,

∂Q̂S,Z(θ0)
∂∆

=
1
n

n∑
i=1

Γ∆,n(Vi ;θ0) + op
(
n−1/2

)
, where

Γ∆,n(V1;θ0) ≡ ga∆(V1;θ0)− gb∆,n(V1;θ0)

= ϕS (V1,θ0) ·E
[
E

[
∂ϕS (V3,θ0)

∂∆
·1Z{U3 ≤U2}

∣∣∣∣U2

]
·1Z{U1 ≤U2}

∣∣∣∣∣U1

]
‘−E

∂ϕS (V4,θ0)
∂∆

·E
ΞS (X2,θ0) · 1

hdZn
ψπn (V1;Z2,θ0) ·1Z{U2 ≤U3}

∣∣∣∣∣V1,U3

 ·1Z{U4 ≤U3}
∣∣∣∣∣V1

 .
(S1.75)

Note, once again, that E
[
Γ∆,n(V1;θ0)

]
= 0.

S1.5.2 A linear representation result for ∆̂̂∆̂∆ (final step in the proof of Proposition 1)

Let

ψ∆,n(Vi ;θ0) ≡ −
∂2QS,Z(θ0)
∂∆∂∆′

−1

×
(
Γ∆,n(Vi ;θ0) +

∂2QS,Z(θ0)
∂∆∂γ ′

·ψγ (Vi ;γ0)
)

(S1.76)

Note that E
[
ψ∆,n(V ;θ0)

]
= 0. From equation (S1.54), our result in (S1.75) yields,

∆̂−∆0 =
1
n

n∑
i=1

ψ∆,n(Vi ;θ0) + op
(
n−1/2

)
, (S1.77)

and
√
n ·

(
∆̂−∆0

) d−→N (0,Ω∆), where Ω∆ = limn→∞E
[
ψ∆,n(V ;θ0) ·ψ∆,n(V ;θ0)′

]
. This is the result

described in Proposition 1. ■

S1.6 An estimator for Ω∆Ω∆Ω∆, the asymptotic variance of
√
n · (∆̂−∆0)
√
n · (∆̂−∆0)
√
n · (∆̂−∆0)

Based on our result in Section S1.5.2, our proposal is to estimate Ω∆, the asymptotic variance of
√
n · (∆̂−∆0), as Ω̂∆ ≡ 1

n

∑n
i=1 ψ̂∆,n(Vi ; θ̂) · ψ̂∆,n(Vi ; θ̂)′ , where ψ̂∆,n(Vi ; θ̂) is an estimator of the influ-

ence function ψ∆,n(Vi ; θ̂). We estimate the influence function ψπn (Vi ;z,θ) described in equations
(S1.7)-(S1.11) as follows. Let,

R̂πa (z,θ) ≡ 1

n · hdZn

n∑
i=1

(
Si −mNCS (Xi ,θ)

)
·ΞS (Xi ,θ) ·K

(
Zi − z
hn

)
,

R̂πb (z,θ) ≡ 1

n · hdZn

n∑
i=1

ΞS (Xi ,θ)2 ·K
(
Zi − z
hn

)
,

ψ̂πa,n(Vi ;z,θ) ≡
(
Si −mNCS (Xi ,θ)

)
·ΞS (Xi ,θ) ·K

(
Zi − z
hn

)
− hdZn · R̂πa (z,θ),

ψ̂πb,n(Ui ;z,θ) ≡ ΞS (Xi ,θ)2 ·K
(
Zi − z
hn

)
− hdZn · R̂πb (z,θ),

ψ̂πn (Vi ;z,θ) ≡ 1

R̂πb (z,θ)
· ψ̂πa,n(Vi ;z,θ)− π̂(z,θ)

R̂πb (z,θ)
· ψ̂πb,n(Ui ;z,θ)
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Next, we have3

∂2Q̂S,Z(θ)
∂θ∂θ′

=
1
n

n∑
j=1

∂2τ̂Z(Uj ,θ)

∂θ∂θ′
· τ̂Z(Uj ,θ) +

∂τ̂Z(Uj ,θ)

∂θ
·
∂τ̂Z(Uj ,θ)

∂θ

′ .
Where,

∂τ̂Z(u,θ)
∂θ

=
1
n

n∑
i=1

∂ϕ̂S (Vi ,θ)
∂θ

·1Z{Ui ≤ u},
∂2τ̂Z(u,θ)
∂θ∂θ′

=
1
n

n∑
i=1

∂2ϕ̂S (Vi ,θ)
∂θ∂θ′

·1Z{Ui ≤ u}.

And,
ϕ̂S (Vi ,θ) ≡ Si −mNCS (Xi ,θ)− π̂(Zi ,θ) ·ΞS (Xi ,θ),

∂ϕ̂S (Vi ,θ)
∂θ

= −
∂mNCS (Xi ,θ)

∂θ
+
∂π̂(Zi ,θ)
∂θ

·ΞS (Xi ,θ) +
∂ΞS (Xi ,θ)

∂θ
· π̂(Zi ,θ)

 ,
∂2ϕ̂S (Vi ,θ)
∂θ∂θ′

= −
∂2mNCS (Xi ,θ)

∂θ∂θ′
+
∂π̂(Zi ,θ)
∂θ

· ∂ΞS (Xi ,θ)
∂θ

′
+
∂2π̂(Zi ,θ)
∂θ∂θ′

·ΞS (Xi ,θ)

+
∂ΞS (Xi ,θ)

∂θ
· ∂π̂(Zi ,θ)

∂θ

′
+
∂2ΞS (Xi ,θ)
∂θ∂θ′

· π̂(Zi ,θ)

.
The Jacobian ∂π̂(Zi ,θ)

∂θ and Hessian ∂2π̂(Zi ,θ)
∂θ∂θ′ of our estimated weights π̂(Zi ,θ) are as described in

equations (S1.13)-(S1.33). For m ∈ N let (m)k ≡ m · (m − 1) · · · (m − k). From the definition in (A8),
and the definition of Γ∆,n(V1;θ) in (S1.75), we estimate

Γ̂∆,n(Vi ;θ) = ϕ̂S (Vi ,θ) · 1
(n− 1)1

∑
j,i

∑
k,i,j

∂ϕ̂S (Vk ,θ)
∂∆

·1Z{Uk ≤Uj } ·1Z{Ui ≤Uj }

− 1
(n− 1)2

∑
j,i

∑
k,i,j

∑
ℓ,i,j,k

∂ϕ̂S (Vℓ ,θ)
∂∆

·ΞS (Xj ,θ) · 1

hdZn
ψ̂πn (Vi ;Zj ,θ) ·1Z{Uj ≤Uk} ·1Z{Uℓ ≤Uk}

Let ψ̂γ (Vi ; γ̂) be the estimated MLE influence function for γ̂ . Using (A9), we estimate ψ∆,n(Vi ;θ0)
with,

ψ̂∆,n(Vi ; θ̂) ≡ −
∂2Q̂S,Z(θ̂)
∂∆∂∆′

−1

×
̂Γ∆,n(Vi ; θ̂) +

∂2Q̂S,Z(θ̂)
∂∆∂γ ′

· ψ̂γ (Vi ; γ̂)

 (S1.78)

From here, we estimate Ω∆, the asymptotic variance of
√
n · (∆̂−∆0), as Ω̂∆ ≡ 1

n

∑n
i=1 ψ̂∆,n(Vi ; θ̂) ·

ψ̂∆,n(Vi ; θ̂)′ . Using the results in Sections S1.1, S1.2, S1.3, S1.4, we see that under the restrictions of

Proposition 1, we have
∥∥∥ 1
n

∑n
i=1 ψ̂∆,n(Vi ; θ̂) · ψ̂∆,n(Vi ; θ̂)′ − 1

n

∑n
i=1ψ∆,n(Vi ;θ0) ·ψ∆,n(Vi ;θ0)′

∥∥∥ p
−→ 0, so∥∥∥Ω̂∆ −Ω∆

∥∥∥ p
−→ 0.

3Note that ∂2QS,Z (θ0)
∂θ∂θ′

= E
[
∂τZ (U,θ0)

∂θ
· ∂τZ (U,θ0)

∂θ

′]
(since τZ (U,θ0) = 0 a.s), and we can estimate ∂2QS,Z (θ0)

∂θ∂θ′
as

∂2Q̂S,Z (θ̂)
∂θ∂θ′

=
1
n

n∑
j=1

∂τ̂Z (Uj , θ̂)

∂θ
·
∂τ̂Z (Uj , θ̂)

∂θ

′

.
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S2 A linear representation result for M̂g(γ̂ ,∆)M̂g(γ̂ ,∆)M̂g(γ̂ ,∆) (the statistic pro-

posed in Section 2.7) and the proof of Proposition 2

In this section we describe the details of the asymptotic results mentioned in Section 2.7. There, we
allowed for the possibility that players cooperate almost surely, leading to the possibility that ∆0

is no longer point-identified. Under the maintained assumption that players always choose pure
strategies, γ0 is identified and estimable using MLE. Our proposal was to construct a confidence
set (CS) for ∆0 as follows. Let Z be our pre-specified inference range for U and let 1Z{U ≤ u} be as
defined previously. Next, let g :RdU →R be a real-valued, pre-specified function of U . In general,
our instrument function g would satisfy g(u) > 0 ∀ u. For a given u ∈RdU we defined,

τg (u,θ) ≡ E [ϕS (V ,θ) · g(U ) ·1Z{U ≤ u}] , Mg (θ) ≡ E[τg (U,θ)].

By iterated expectations, Mg (θ0) = 0. Since γ0 is identified, our proposal was to use the population
statistic Mg (γ0,∆) to construct a CS for ∆. Let ΘI

g = {∆ ∈ Θ : Mg (γ0,∆) = 0} be our target identified
set for ∆ based on the moment restriction Mg (θ0) = 0. Our sample statistic was

M̂g (γ̂ ,∆) =
1
n

n∑
j=1

τ̂g (Uj , γ̂ ,∆) =
1
n2

n∑
j=1

n∑
i=1

ϕ̂S (Vi , γ̂ ,∆) · g(Ui) ·1Z{Ui ≤Uj }

In this section we will show that, under our restrictions, our statistic M̂g (γ̂ ,∆) satisfies a linear
representation result. Note first that,

M̂g (γ̂ ,∆) =
1
n

n∑
j=1

τ̂g (Uj , γ̂ ,∆)

=
1
n2

n∑
j=1

n∑
i=1

ϕ̂S (Vi , γ̂ ,∆) · g(Ui) ·1Z{Ui ≤Uj }

=
1
n2

n∑
j=1

∑
i,j

ϕS (Vi , γ̂ ,∆) · g(Ui) ·1Z{Ui ≤Uj }

+
1
n
×

1
n

n∑
j=1

ϕ̂S (Vj , γ̂ ,∆) · g(Uj ) ·1{Zj ∈ Z}

 .
From the asymptotic properties of π̂(z,θ) described in Section S1.1 (see equation S1.12) of this
supplement and the integrability and boundedness restrictions in Assumptions G1 and E3, we
have

sup
θ∈Θ

∣∣∣∣∣∣∣∣1n
n∑
j=1

ϕ̂S (Vj ,θ) · g(Uj ) ·1{Zj ∈ Z}

∣∣∣∣∣∣∣∣ =Op(1).

Therefore,

sup
∆∈Θ

∣∣∣∣∣∣∣∣1n ×
1
n

n∑
j=1

ϕ̂S (Vj , γ̂ ,∆) · g(Uj ) ·1{Zj ∈ Z}


∣∣∣∣∣∣∣∣ =Op

(1
n

)
= op

(
n−1/2

)
.
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Thus,

M̂g (γ̂ ,∆) =
1
n2

n∑
j=1

∑
i,j

ϕ̂S (Vi , γ̂ ,∆) · g(Ui) ·1Z{Ui ≤Uj }+ ς
Mg
a,n (∆), where sup

∆∈Θ

∣∣∣ςMg
a,n (∆)

∣∣∣ = op
(
n−1/2

)
.

Since ϕ̂S (Vi , γ̂ ,∆)−ϕS (Vi , γ̂ ,∆) = − [π̂(Zi , γ̂ ,∆)−π(Zi , γ̂ ,∆)] ·ΞS (Xi , γ̂ ,∆), we obtain,

M̂g (γ̂ ,∆) =
1
n2

n∑
j=1

∑
i,j

ϕS (Vi , γ̂ ,∆) · g(Ui) ·1Z{Ui ≤Uj }

− 1
n2

n∑
j=1

∑
i,j

[π̂(Zi , γ̂ ,∆)−π(Zi , γ̂ ,∆)] ·ΞS (Xi , γ̂ ,∆) · g(Ui) ·1Z{Ui ≤Uj }

+ ς
Mg
a,n (∆), where sup

∆∈Θ

∣∣∣ςMg
a,n (∆)

∣∣∣ = op
(
n−1/2

)
.

(S2.1)

Let us begin with the first term on the right hand side of (S2.1). Using a second-order approxima-
tion, the first term becomes,

1
n2

n∑
j=1

∑
i,j

ϕS (Vi , γ̂ ,∆) · g(Ui) ·1Z{Ui ≤Uj } =
1
n2

n∑
j=1

∑
i,j

ϕS (Vi ,γ0,∆) · g(Ui) ·1Z{Ui ≤Uj }

+

 1
n2

n∑
j=1

∑
i,j

∂ϕS (Vi ,γ0,∆)
∂γ

· g(Ui) ·1Z{Ui ≤Uj }


′

(γ̂ −γ0)

+
1
2

(γ̂ −γ0)′
 1
n2

n∑
j=1

∑
i,j

∂2ϕS (Vi ,γ,∆)
∂γ∂γ ′

· g(Ui) ·1Z{Ui ≤Uj }

 (γ̂ −γ0) ,

(S2.2)

where, as usual, γ is a point in the line segment connecting γ̂ and γ0. Under our restrictions, we
have

sup
θ∈Θ

∥∥∥∥∥∥∥∥ 1
n · (n− 1)

n∑
j=1

∑
i,j

∂2ϕS (Vi ,θ)
∂γ∂γ ′

· g(Ui) ·1Z{Ui ≤Uj }

∥∥∥∥∥∥∥∥ =Op(1).

Thus,

sup
∆∈Θ

∣∣∣∣∣∣∣∣(γ̂ −γ0)′
 1
n2

n∑
j=1

∑
i,j

∂2ϕS (Vi ,γ,∆)
∂γ∂γ ′

· g(Ui) ·1Z{Ui ≤Uj }

 (γ̂ −γ0)

∣∣∣∣∣∣∣∣
≤
(
n · (n− 1)

n2

)
︸        ︷︷        ︸

→1

×
∥∥∥γ̂ −γ0

∥∥∥2︸     ︷︷     ︸
=Op( 1

n )

×sup
θ∈Θ

∥∥∥∥∥∥∥∥ 1
n · (n− 1)

n∑
j=1

∑
i,j

∂2ϕS (Vi ,θ)
∂γ∂γ ′

· g(Ui) ·1Z{Ui ≤Uj }

∥∥∥∥∥∥∥∥︸                                                                    ︷︷                                                                    ︸
=Op(1)

=Op
(1
n

)
= op

(
n−1/2

)
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Plugging back into (S2.2),

1
n2

n∑
j=1

∑
i,j

ϕS (Vi , γ̂ ,∆) · g(Ui) ·1Z{Ui ≤Uj } =
1
n2

n∑
j=1

∑
i,j

ϕS (Vi ,γ0,∆) · g(Ui) ·1Z{Ui ≤Uj }

+

 1
n2

n∑
j=1

∑
i,j

∂ϕS (Vi ,γ0,∆)
∂γ

· g(Ui) ·1Z{Ui ≤Uj }


′

(γ̂ −γ0) + ς
Mg

b,n (∆),

where sup
∆∈Θ

∣∣∣ςMg

b,n (∆)
∣∣∣ = op

(
n−1/2

)
.

(S2.3)

Let (V1,V2) ∼ FV ⊗FV (two randomly drawn observations from our i.i.d sample (Vi)
n
i=1, and define

H
Mg
γ (θ) ≡ E

[
∂ϕS (V1,θ)

∂γ
· g(U1) ·1Z{U1 ≤U2}

]
. (S2.4)

By the Lipschitz-restrictions in Assumption E3, Nolan and Pollard (1987, Lemma 22), Pakes and
Pollard (1989, Example 2.10, Lemma 2.13, Lemma 2.14) imply that the class of functions involved
is Euclidean (see Sherman (1994, Definition 3)), and given the existence of 2 + δ-moments in As-
sumptions I1 and E3, and the boundedness restrictions in part (iii) of Assumption G1, the corre-
sponding envelope for the class also has finite 2+δ-moments. From here, Sherman (1994, Corollary
4) yields,

sup
θ∈Θ

∣∣∣∣∣∣∣∣ 1
n · (n− 1)

n∑
j=1

∑
i,j

∂ϕS (Vi ,θ)
∂γ

· g(Ui) ·1Z{Ui ≤Uj }

∣∣∣∣∣∣∣∣ =Op(1),

sup
θ∈Θ

∣∣∣∣∣∣∣∣ 1
n · (n− 1)

n∑
j=1

∑
i,j

∂ϕS (Vi ,θ)
∂γ

· g(Ui) ·1Z{Ui ≤Uj } −H
Mg
γ (θ)

∣∣∣∣∣∣∣∣ = op(1).

Our restrictions also imply that
∥∥∥∥HMg

γ (θ)
∥∥∥∥ is bounded over Θ. Combined with the linear represen-

tation of γ̂ −γ0, these results imply, 1
n2

n∑
j=1

∑
i,j

∂ϕS (Vi ,γ0,∆)
∂γ

· g(Ui) ·1Z{Ui ≤Uj }


′

(γ̂ −γ0)

=
(
n · (n− 1)

n2

)
︸        ︷︷        ︸

→1

×

 1
n · (n− 1)

n∑
j=1

∑
i,j

∂ϕS (Vi ,γ0,∆)
∂γ

· g(Ui) ·1Z{Ui ≤Uj }


′

(γ̂ −γ0)

=
1
n

n∑
i=1

H
Mg
γ (γ0,∆)′ψγ (Vi ;γ0) + ς

Mg
c,n (∆), where sup

∆∈Θ

∣∣∣ςMg
c,n (∆)

∣∣∣ = op
(
n−1/2

)
.

(S2.5)

Note that E
[
H
Mg
γ (γ0,∆)′ψγ (V1;γ0)

]
= 0 ∀ ∆ ∈Θ. Now let us analyze the first term on the right hand

side of (S2.3). Let
qaMg

(V1,V2;θ) ≡ ϕS (V1,θ) · g(U1) ·1Z{U1 ≤U2}.

35



Note that,
Mg (θ) = E

[
qaMg

(V1,V2;θ)
]
.

Note that,
1
n2

n∑
j=1

∑
i,j

ϕS (Vi ,γ0,∆) · g(Ui) ·1Z{Ui ≤Uj } =
1
n2

n∑
j=1

∑
i,j

qaMg
(Vi ,Vj ;θ).

Recall that the identified set we are focusing on, ΘI
g for the strategic-interaction parameters ∆, is

defined as,

ΘI
g ≡

{
∆ ∈Θ : E [ϕS (V ,γ0,∆) · g(U ) ·1Z{U ≤ u}] = 0, FU−a.e u ∈RdU

}
.

And, as a result, Mg (γ0,∆) = 0 ∀ θ ∈ΘI
g . Let

q̃aMg
(V1,V2;θ) =

1
2
·
(
qaMg

(V1,V2;θ) + qaMg
(V2,V1;θ)

)
,

By construction, q̃aMg
(V1,V2;θ) is symmetric in (V1,V2) and E

[
q̃aMg

(V1,V2;θ)
]

=Mg (θ). Let

V aMg ,n
(θ) ≡

(
n
2

)−1 ∑
c

q̃aMg
(Vi ,Vj ;θ),

where
∑
c

denotes the sum over the
(n

2
)

distinct combinations {i, j} from {1, . . . ,n}. Note that,

1
n2

n∑
j=1

∑
i,j

ϕS (Vi ,γ0,∆) · g(Ui) ·1Z{Ui ≤Uj } =
(
n · (n− 1)

n2

)
· V aMg ,n

(γ0,∆) (S2.6)

We proceed by analyzing the Hoeffding decomposition of V aMg ,n
(θ). Let

qaMg
(V1;θ) ≡ 2 ·

(
E
[
q̃aMg

(V1,V2;θ)
∣∣∣V1

]
−Mg (θ)

)
(S2.7)

Note that, by construction, E[qaMg
(V1;θ)] = 0 ∀ θ. By inspection, we can also see that,

qaMg
(V1;γ0,∆) = ϕS (V1,γ0,∆) · g(U1) ·E

[
1Z{U1 ≤U2}

∣∣∣U1

]
∀ ∆ ∈ΘI

g . (S2.8)

The Hoeffding decomposition of V aMg ,n
(θ) (see Serfling (1980, pages 177-178) is given by,

V aMg ,n
(θ) =Mg (θ) +

1
n

n∑
i=1

qaMg
(Vi ;θ) +Ran(θ),

where Ran(θ) is a degenerate U-statistic of order 2. By the Lipschitz-restrictions in Assumption
E3, Nolan and Pollard (1987, Lemma 22), Pakes and Pollard (1989, Example 2.10, Lemma 2.13,
Lemma 2.14) imply that the class of functions involved is Euclidean (see Sherman (1994, Definition
3)), and given the existence of 2 + δ-moments in Assumptions I1 and E3, and the boundedness
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restrictions in part (iii) of Assumption G1, the corresponding envelope for the class also has finite
2 + δ-moments. From here, Sherman (1994, Corollary 4) yields,

sup
θ∈Θ
|Ran(θ)| =Op

(1
n

)
= op

(
n−1/2

)
.

Thus, ∀ θ ∈Θ,

V aMg ,n
(θ) =Mg (θ) +

1
n

n∑
i=1

qaMg
(Vi ;θ) +Ran(θ), where sup

θ∈Θ
|Ran(θ)| = op

(
n−1/2

)
. (S2.9)

And, in particular, over our identified set ΘI
g , the above representation simplifies to,

V aMg ,n
(γ0,∆) = 1

n

∑n
i=1 q

a
Mg

(Vi ;γ0,∆) +Ran(γ0,∆), where sup
∆∈ΘI

g

∣∣∣Ran(γ0,∆)
∣∣∣ = op

(
n−1/2

)
qaMg

(V1;γ0,∆) = ϕS (V1,γ0,∆) · g(U1) ·E
[
1Z{U1 ≤U2}

∣∣∣U1

]
 ∀ ∆ ∈ΘI

g

(S2.10)
Our restrictions yield sup

θ∈Θ

∣∣∣V aMg ,n
(θ)

∣∣∣ =Op(1). Thus, since

(
n · (n− 1)

n2

)
· V aMg ,n

(γ0,∆) = V aMg ,n
(γ0,∆)− 1

n
· V aMg ,n

(γ0,∆),

and sup
∆∈Θ

∣∣∣∣ 1
n · V

a
Mg ,n

(γ0,∆)
∣∣∣∣ ≤ sup

θ∈Θ

∣∣∣∣ 1
n · V

a
Mg ,n

(θ)
∣∣∣∣ = Op

(
1
n

)
= op

(
n−1/2

)
, combining (S2.9)-(S2.10) with

(S2.6), ∀ ∆ ∈Θ we have,

1
n2

n∑
j=1

∑
i,j

ϕS (Vi ,γ0,∆) · g(Ui) ·1Z{Ui ≤Uj } =Mg (γ0,∆) +
1
n

n∑
i=1

qaMg
(Vi ;γ0,∆) + ς

Mg

d,n(∆),

where sup
∆∈Θ

∣∣∣ςMg

d,n(∆)
∣∣∣ = op

(
n−1/2

)
,

(S2.11)

and where qaMg
(V1;θ) is as defined in (S2.7). In particular, over our identified set ΘI

g , the result in
(S2.12) simplifies to,

1
n2

∑n
j=1

∑
i,j ϕS (Vi ,γ0,∆) · g(Ui) ·1Z{Ui ≤Uj } = 1

n

∑n
i=1 q

a
Mg

(Vi ;γ0,∆) + ς
Mg

d,n(∆),

where sup
∆∈Θ

∣∣∣ςMg

d,n(∆)
∣∣∣ = op

(
n−1/2

)
,

qaMg
(V1;γ0,∆) = ϕS (V1,γ0,∆) · g(U1) ·E

[
1Z{U1 ≤U2}

∣∣∣U1

]


∀ ∆ ∈ΘI

g

(S2.12)
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Plugging in the results in (S2.5) and (S2.12) into (S2.3), we obtain,

1
n2

∑n
j=1

∑
i,j ϕS (Vi , γ̂ ,∆) · g(Ui) ·1Z{Ui ≤Uj } =

Mg (γ0,∆) + 1
n

∑n
i=1

[
H
Mg
γ (γ0,∆)′ψγ (Vi ;γ0) + qaMg

(Vi ;γ0,∆)
]

+ ς
Mg
e,n (∆),

where sup
∆∈Θ

∣∣∣ςMg
e,n (∆)

∣∣∣ = op
(
n−1/2

)
,


∀ ∆ ∈Θ (S2.13)

where qaMg
(V1;θ) is as defined in (S2.7). In particular, over our identified set ΘI

g , the result in
(S2.13) simplifies to,

1
n2

∑n
j=1

∑
i,j ϕS (Vi , γ̂ ,∆) · g(Ui) ·1Z{Ui ≤Uj } =

1
n

∑n
i=1

[
H
Mg
γ (γ0,∆)′ψγ (Vi ;γ0) + qaMg

(Vi ;γ0,∆)
]

+ ς
Mg
e,n (∆),

where sup
∆∈Θ

∣∣∣ςMg
e,n (∆)

∣∣∣ = op
(
n−1/2

)
,

qaMg
(V1;γ0,∆) = ϕS (V1,γ0,∆) · g(U1) ·E

[
1Z{U1 ≤U2}

∣∣∣U1

]


∀ ∆ ∈ΘI

g (S2.14)

Now we analyze the second term in (S2.1). Using a linear approximation,

1
n2

n∑
j=1

∑
i,j

[π̂(Zi , γ̂ ,∆)−π(Zi , γ̂ ,∆)] ·ΞS (Xi , γ̂ ,∆) · g(Ui) ·1Z{Ui ≤Uj }

=
1
n2

n∑
j=1

∑
i,j

[π̂(Zi ,γ0,∆)−π(Zi ,γ0,∆)] ·ΞS (Xi ,γ0,∆) · g(Ui) ·1Z{Ui ≤Uj }

+

 1
n2

n∑
j=1

∑
i,j


[
∂π̂(Zi ,γ,∆)

∂γ
−
π(Zi ,γ,∆)

∂γ

]
·ΞS (Xi ,γ,∆) · g(Ui) ·1Z{Ui ≤Uj }

+ [π̂(Zi ,γ,∆)−π(Zi ,γ,∆)] ·
∂ΞS (Xi ,γ,∆)

∂γ
· g(Ui) ·1Z{Ui ≤Uj }


′ (γ̂ −γ0)

(S2.15)
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where, once again, γ is a point in the line segment connecting γ̂ and γ0. Recall that |ΞS (x,θ)| ≤ 1
∀ x,θ. Using the results in (S1.12) and (S1.28),

sup
θ∈Θ

∥∥∥∥∥∥ 1
n · (n− 1)

n∑
j=1

∑
i,j


[
∂π̂(Zi ,θ)
∂γ

− π(Zi ,θ)
∂γ

]
·ΞS (Xi ,θ) · g(Ui) ·1Z{Ui ≤Uj }

+ [π̂(Zi ,θ)−π(Zi ,θ)] · ∂ΞS (Xi ,θ)
∂γ

· g(Ui) ·1Z{Ui ≤Uj }


∥∥∥∥∥∥

≤sup
θ∈Θ
z∈Z

∥∥∥∥∥∂π̂(z,θ)
∂γ

− π(z,θ)
∂γ

∥∥∥∥∥
︸                          ︷︷                          ︸

=op(n−1/4)

× 1
n · (n− 1)

n∑
j=1

∑
i,j

∣∣∣g(Ui)
∣∣∣ ·1Z{Ui ≤Uj }

︸                                           ︷︷                                           ︸
=Op(1)

+ sup
θ∈Θ
z∈Z

∥π̂(z,θ)−π(z,θ)∥

︸                      ︷︷                      ︸
=op(n−1/4)

×sup
θ∈Θ

 1
n · (n− 1)

n∑
j=1

∑
i,j

∥∥∥∥∥∂ΞS (Xi ,θ)
∂γ

∥∥∥∥∥ · ∣∣∣g(Ui)
∣∣∣ ·1Z{Ui ≤Uj }

︸                                                                         ︷︷                                                                         ︸
=Op(1)

= op
(
n−1/4

)
.

From here,

sup
∆∈Θ

∣∣∣∣∣∣
 1
n2

n∑
j=1

∑
i,j


[
∂π̂(Zi ,γ,∆)

∂γ
−
π(Zi ,γ,∆)

∂γ

]
·ΞS (Xi ,γ,∆) · g(Ui) ·1Z{Ui ≤Uj }

+ [π̂(Zi ,γ,∆)−π(Zi ,γ,∆)] ·
∂ΞS (Xi ,γ,∆)

∂γ
· g(Ui) ·1Z{Ui ≤Uj }


′ (γ̂ −γ0)

∣∣∣∣∣∣
≤
(n− 1
n2

)
︸  ︷︷  ︸
→1

× sup
θ∈Θ

∥∥∥∥∥∥ 1
n · (n− 1)

n∑
j=1

∑
i,j


[
∂π̂(Zi ,θ)
∂γ

− π(Zi ,θ)
∂γ

]
·ΞS (Xi ,θ) · g(Ui) ·1Z{Ui ≤Uj }

+[π̂(Zi ,θ)−π(Zi ,θ)] · ∂ΞS (Xi ,θ)
∂γ

· g(Ui) ·1Z{Ui ≤Uj }


∥∥∥∥∥∥︸                                                                                                      ︷︷                                                                                                      ︸

=op(n−1/4)

×
∥∥∥γ̂ −γ0

∥∥∥︸   ︷︷   ︸
=Op(n−1/2)

= op
(
n−3/4

)
= op

(
n−1/2

)
.
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Plugging back into (S2.15),

1
n · (n− 1)

n∑
j=1

∑
i,j

[π̂(Zi , γ̂ ,∆)−π(Zi , γ̂ ,∆)] ·ΞS (Xi , γ̂ ,∆) · g(Ui) ·1Z{Ui ≤Uj }

=
1

n · (n− 1)

n∑
j=1

∑
i,j

[π̂(Zi ,γ0,∆)−π(Zi ,γ0,∆)] ·ΞS (Xi ,γ0,∆) · g(Ui) ·1Z{Ui ≤Uj }+ ς
Mg

f ,n(∆),

where sup
∆∈Θ

∣∣∣ςMg

f ,n(∆)
∣∣∣ = op

(
n−1/2

)
.

(S2.16)

Next, using the linear representation result in (S1.11),

1
n2

n∑
j=1

∑
i,j

[π̂(Zi ,γ0,∆)−π(Zi ,γ0,∆)] ·ΞS (Xi ,γ0,∆) · g(Ui) ·1Z{Ui ≤Uj }

=
1
n2

n∑
j=1

∑
i,j

 1

n · hdZn

n∑
k=1

ψπn (Vk ;Zi ,γ0,∆) +ϑπn (Zi ,γ0,∆)

 ·ΞS (Xi ,γ0,∆) · g(Ui) ·1Z{Ui ≤Uj }

=
1
n3

n∑
j=1

∑
i,j

∑
k,i,j

1

hdZn
ψπn (Vk ;Zi ,γ0,∆) ·ΞS (Xi ,γ0,∆) · g(Ui) ·1Z{Ui ≤Uj }

+
1
n
×

 1
n2

n∑
j=1

∑
i,j

1

hdZn
·
[
ψπn (Vi ;Zi ,γ0,∆) +ψπn (Vj ;Zi ,γ0,∆)

]
·ΞS (Xi ,γ0,∆) · g(Ui) ·1Z{Ui ≤Uj }


+

1
n2

n∑
j=1

∑
i,j

ϑπn (Zi ,γ0,∆) ·ΞS (Xi ,γ0,∆) · g(Ui) ·1Z{Ui ≤Uj }

(S2.17)
Recall that |ΞS (x,θ)| ≤ 1 ∀ x,θ. Thus, under our restrictions, we have

sup
∆∈Θ

∣∣∣∣∣∣∣∣1n ×
 1
n2

n∑
j=1

∑
i,j

1

hdZn
·
[
ψπn (Vi ;Zi ,γ0,∆) +ψπn (Vj ;Zi ,γ0,∆)

]
·ΞS (Xi ,γ0,∆) · g(Ui) ·1Z{Ui ≤Uj }


∣∣∣∣∣∣∣∣

≤ 1
n
×
(
n · (n− 1)

n2

)
︸        ︷︷        ︸

→1

×sup
θ∈Θ

1
n · (n− 1)

n∑
j=1

∑
i,j

1

hdZn
·
∣∣∣ψπn (Vi ;Zi ,θ) +ψπn (Vj ;Zi ,θ)

∣∣∣ · ∣∣∣g(Ui)
∣∣∣ ·1Z{Ui ≤Uj }

︸                                                                                                 ︷︷                                                                                                 ︸
=Op

(
1

h
dZ
n

)

=Op

 1

n · hdZn

 = op
(
n−1/2

)
,
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And using the asymptotic properties of the remainder ϑπn (z,θ) described in equation (S1.11),

sup
∆∈Θ

∣∣∣∣∣∣∣∣ 1
n2

n∑
j=1

∑
i,j

ϑπn (Zi ,γ0,∆) ·ΞS (Xi ,γ0,∆) · g(Ui) ·1Z{Ui ≤Uj }

∣∣∣∣∣∣∣∣
≤ sup

θ∈Θ
z∈Z

∣∣∣ϑπn (z,θ)
∣∣∣

︸           ︷︷           ︸
=op(n−1/2)

×
(
n · (n− 1)

n2

)
︸        ︷︷        ︸

→1

× 1
n · (n− 1)

n∑
j=1

∑
i,j

∣∣∣g(Ui)
∣∣∣ ·1Z{Ui ≤Uj }

︸                                           ︷︷                                           ︸
=Op(1)

= op
(
n−1/2

)
.

Plugging these results back into (S2.17),

1
n2

n∑
j=1

∑
i,j

[π̂(Zi ,γ0,∆)−π(Zi ,γ0,∆)] ·ΞS (Xi ,γ0,∆) · g(Ui) ·1Z{Ui ≤Uj }

=
1
n3

n∑
j=1

∑
i,j

∑
k,i,j

1

hdZn
ψπn (Vk ;Zi ,γ0,∆) ·ΞS (Xi ,γ0,∆) · g(Ui) ·1Z{Ui ≤Uj }+ ς

Mg
g,n (∆),

where sup
∆∈Θ

∣∣∣∣ςMg
g,n (∆)

∣∣∣∣ = op
(
n−1/2

)
.

(S2.18)

Next we analyze the leading term in (S2.18). As we have done before, let (V1,V2,V3) ∼ FV ⊗FV ⊗FV
(three randomly drawn observations from our i.i.d sample (Vi)

n
i=1. Let

qbMg ,n
(V1,V2,V3;θ) ≡ 1

hdZn
·ψπn (V3;Z1,θ) ·ΞS (X1,θ) · g(U1) ·1Z{U1 ≤U2}.

Note that E
[
qbMg ,n

(V1,V2,V3;θ)
∣∣∣V1,V2

]
= 0 ∀ θ, and therefore E

[
qbMg ,n

(V1,V2,V3;θ)
]

= 0 ∀ θ. Let,

V bMg ,n
(θ) ≡ 1

n · (n− 1) · (n− 2)

n∑
j=1

∑
i,j

∑
k,i,j

qbMg ,n
(Vi ,Vj ,Vk ;θ).

Note that,
1
n3

n∑
j=1

∑
i,j

∑
k,i,j

1

hdZn
ψπn (Vk ;Zi ,γ0,∆) ·ΞS (Xi ,γ0,∆) · g(Ui) ·1Z{Ui ≤Uj }

=
(
n · (n− 1) · (n− 2)

n3

)
· V bMg ,n

(γ0,∆)

(S2.19)

As we have done before, we proceed now to analyze the Hoeffding decomposition of V bMg ,n
(θ).

Define,

q̃bMg ,n
(V1,V2,V3;θ) ≡ 1

3!

∑
p

qbMg ,n
(Vm1

,Vm2
,Vm3

;θ), (S2.20)
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where
∑
p

denotes the sum over the 3! permutations {m1,m2,m3} of {1,2,3}. By construction, q̃bMg ,n
(V1,V2,V3;θ)

is symmetric in (V1,V2,V3), and E
[
q̃bMg ,n

(V1,V2,V3;θ)
]

= 0. We can express,

V bMg ,n
(θ) =

(
n
3

)−1 ∑
c

q̃bMg ,n
(Vi ,Vj ,Vk ;θ),

where
∑
c

denotes the sum over the
(n

3
)

distinct combinations {i, j,k} from {1, . . . ,n}. Let

qbMg ,n
(V1;θ) ≡ 3 ·E

[
q̃bMg ,n

(V1,V2,V3;θ)
∣∣∣V1

]
Note that, by iterated expectations, E

[
qbMg ,n

(V1;θ)
]

= 0 ∀ θ. By inspection, we can see that,

E
[
q̃bMg ,n

(V1,V2,V3;θ)
∣∣∣V1

]
=

2
3!
E
[
qbMg ,n

(V2,V3,V1;θ)
∣∣∣V1

]
=

1
3
E

 1

hdZn
·ψπn (V1;Z2,θ) ·ΞS (X2,θ) · g(U2) ·1Z{U2 ≤U3}

∣∣∣∣∣∣V1

 .
Therefore,

qbMg ,n
(V1;θ) = E

 1

hdZn
·ψπn (V1;Z2,θ) ·ΞS (X2,θ) · g(U2) ·1Z{U2 ≤U3}

∣∣∣∣∣∣V1

 . (S2.21)

The Hoeffding decomposition of V bMg ,n
(θ) (see Serfling (1980, pages 177-178) is given by,

V bMg ,n
(θ) =

1
n

n∑
i=1

qbMg ,n
(Vi ;θ) +Rbn(θ),

where Rbn(θ) is a linear combination of degenerate U-statistics of orders 2 and 3. By the bounded-
variation properties of our kernel function described in Assumption E1 and the Lipschitz-restrictions
in Assumption E3, Nolan and Pollard (1987, Lemma 22), Pakes and Pollard (1989, Example 2.10,
Lemma 2.13, Lemma 2.14) imply that the class of functions involved is Euclidean (see Sherman
(1994, Definition 3)), and given the existence of 2 + δ-moments in Assumptions I1 and E3, and the
boundedness restrictions in part (iii) of Assumption G1, the corresponding envelope for the class
also has finite 2 + δ-moments. From here, Sherman (1994, Corollary 4) yields

sup
θ∈Θ
|Rbn(θ)| =Op

 1

n · hdZn

 = op
(
n−1/2

)
,

where the last equality follows from our bandwidth convergence restrictions since n1/2 ·hdZn −→∞.
Thus,

V bMg ,n
(θ) =

1
n

n∑
i=1

qbMg ,n
(Vi ;θ) +Rbn(θ), where sup

θ∈Θ
|Rbn(θ)| = op

(
n−1/2

)
, (S2.22)
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and where qbMg ,n
(V1;θ) is as described in (S2.21), and it satisfies E

[
qbMg ,n

(V1;θ)
]

= 0 ∀ θ. Next, note
that, (

n · (n− 1) · (n− 2)
n3

)
· V bMg ,n

(γ0,∆) = V bMg ,n
(γ0,∆) +

(
2n− 3n2

n3

)
︸       ︷︷       ︸

=O( 1
n )

·V bMg ,n
(γ0,∆)︸        ︷︷        ︸

=Op(1)

Since
sup
∆∈Θ

∣∣∣∣V bMg ,n
(γ0,∆)

∣∣∣∣ ≤ sup
θ∈Θ

∣∣∣∣V bMg ,n
(θ)

∣∣∣∣ =Op(1),

it follows from (S2.19) and (S2.22) that,

1
n3

n∑
j=1

∑
i,j

∑
k,i,j

1

hdZn
ψπn (Vk ;Zi ,γ0,∆) ·ΞS (Xi ,γ0,∆) · g(Ui) ·1Z{Ui ≤Uj }

=
(
n · (n− 1) · (n− 2)

n3

)
· V bMg ,n

(γ0,∆)

=
1
n

n∑
i=1

qbMg ,n
(Vi ;γ0,∆) + ς

Mg

h,n (∆), where sup
∆∈Θ

∣∣∣∣ςMg

h,n (∆)
∣∣∣∣ = op

(
n−1/2

)
,

(S2.23)

and where qbMg ,n
(V1;θ) is as described in (S2.21) and it satisfies E

[
qbMg ,n

(V1;θ)
]

= 0 ∀ θ. Let

ψMg ,n(Vi ;γ0,∆) ≡H
Mg
γ (γ0,∆)′ψγ (Vi ;γ0) + qaMg

(Vi ;γ0,∆)− qbMg ,n
(Vi ;γ0,∆). (S2.24)

H
Mg
γ (γ0,∆) is as defined in (S2.4), ψγ (Vi ;γ0) is the influence function of our MLE estimator γ̂ ,

qaMg
(Vi ;γ0,∆) is defined in (S2.7) and qbMg ,n

(Vi ;γ0,∆) is defined in (S2.21). Note that E[ψγ (Vi ;γ0)] =

0, and that E[qaMg
(Vi ;γ0,∆)] = 0 and E[qbMg ,n

(Vi ;γ0,∆)] = 0 ∀ ∆ ∈ Θ. Therefore, E[ψMg ,n(Vi ;γ0,∆)] =
0 ∀ ∆ ∈ Θ. Combining our results in (S2.13) and (S2.23) with (S2.1), we obtain our final result.
Under our restrictions,

M̂g (γ̂ ,∆) =Mg (γ0,∆) +
1
n

n∑
i=1

ψMg ,n(Vi ;γ0,∆) + ς
Mg
n (∆), ∀ ∆ ∈Θ,

where sup
∆∈Θ

∣∣∣ςMg
n (∆)

∣∣∣ = op
(
n−1/2

)
.

(S2.25)

And over our target identified set ΘI
g , the result in (S2.25) simplifies to,

M̂g (γ̂ ,∆) =
1
n

n∑
i=1

ψMg ,n(Vi ;γ0,∆) + ς
Mg
n (∆), ∀ ∆ ∈ΘI

g ,

where sup
∆∈Θ

∣∣∣ςMg
n (∆)

∣∣∣ = op
(
n−1/2

)
.

(S2.26)

Combined, S2.25-S2.26 are the statements in Proposition 2. ■
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S2.1 Uniform asymptotic coverage probability of the CS described in Section
2.7

Let F denote the space of distributions that contains the true DGP. If the conditions leading to
(S2.26) are satisfied jointly with Assumption E4, then4 the linear representation result described
in (S2.26) is satisfied uniformly over F , so

M̂g (γ̂ ,∆) =Mg,F(γ0,∆) +
1
n

n∑
i=1

ψFMg ,n
(Vi ;γ0,∆) + ς

Mg

F,n(∆), ∀ ∆ ∈Θ, where

EF[ψFMg ,n
(V ;γ0,∆)] = 0 ∀ (F,∆) ∈ F ×Θ,

limn→0EF

[
ψFMg ,n

(V ;γ0,∆)2
]
≥ B > 0 ∀ (F,∆) ∈ F ×Θ,

limn→∞EF

[∣∣∣∣ψFMg ,n
(V ;γ0,∆)

∣∣∣∣3] ≤D <∞ ∀ (F,∆) ∈ F ×Θ,

limn→∞
EF

[∣∣∣∣ψFMg ,n(V ;γ0,∆)
∣∣∣∣3](

EF

[
ψFMg ,n(V ;γ0,∆)2

])3/2 ≤ C <∞ ∀ (F,∆) ∈ F ×Θ,

sup
∆∈Θ

∣∣∣ςMg

F,n(∆)
∣∣∣ = op

(
n−1/2

)
uniformly over F (i.e, sup

F∈F
PF

(
n1/2 · sup

∆∈Θ

∣∣∣ςMg

F,n(∆)
∣∣∣ > ϵ)→ 0 ∀ ϵ > 0)

(S2.27)
From (S2.27),

limn→∞

EF

[∣∣∣∣ψFMg ,n
(V ;γ0,∆)

∣∣∣∣3](
EF

[
ψFMg ,n

(V ;γ0,∆)2
])3/2

≤ C <∞ ∀ (F,∆) ∈ F ×Θ (S2.28)

Letting

σFMg ,n
(∆)2 ≡ EF

[
ψFMg ,n

(V ;γ0,∆)2
]
,

the condition in (S2.28) and the Berry-Esseen Theorem (Lehmann and Romano (2005, Theorem
11.2.7)) imply that there exists a M <∞ (not depending on x, n, ∆ or F) such that,∣∣∣∣∣∣∣PF

n1/2 ·
1
n

∑n
i=1ψ

F
Mg ,n

(Vi ;γ0,∆)

σFMg ,n
(∆)

≤ x

−Φ(x)

∣∣∣∣∣∣∣ ≤ M

n1/2
∀ (F,∆) ∈ F ×Θ

For each F ∈ F let ΘI
g,F ≡

{
∆ ∈Θ : Mg,F(γ0,∆) = 0

}
. For a target coverage probability 1−α, let z1− α2

denote the 1− α
2 quantile of the N (0,1) distribution. From the previous result we would obtain,

lim
n→∞

sup
(F,∆)∈F ×Θ

∣∣∣∣∣∣∣PF

∣∣∣∣∣∣∣n1/2 ·

1
n

∑n
i=1ψ

F
Mg ,n

(Vi ;γ0,∆)

σFMg ,n
(∆)

∣∣∣∣∣∣∣ ≤ z1− α2

− (1−α)

∣∣∣∣∣∣∣ = 0.

4Note that we are explicitly denoting the dependence if each functional on F.
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From here, under the restrictions leading to (S2.27), if σFMg ,n
(∆) were known, a CS for ∆ with target

asymptotic coverage 1−α could be constructed as∆ ∈Θ :

∣∣∣∣∣∣∣n
1/2 · M̂g (γ̂ ,∆)

σFMg ,n
(∆)

∣∣∣∣∣∣∣ ≤ z1− α2

 .
Our proposed estimator for σFMg ,n

(∆)2 would be of the form,

σ̂Mg ,n(∆)2 =
1
n

n∑
i=1

ψ̂Mg ,n(Vi ; γ̂ ,∆)2,

where ψ̂Mg ,n(v;γ,∆) is an estimator of the influence function ψFMg ,n
(v;γ,∆). A CS for ∆0 with target

asymptotic coverage probability 1−α can be constructed as,

CS∆n (1−α) =

∆ ∈Θ :

∣∣∣∣∣∣∣n
1/2 · M̂g (γ̂ ,∆)

σ̂Mg ,n(∆)

∣∣∣∣∣∣∣ ≤ Φ−1
(
1− α

2

) (S2.29)

Under conditions such that,

liminf
n→∞

inf
(F,∆)∈F ×Θ:

∆∈ΘI
g,F

σ̂Mg ,n(∆)

σFMg ,n
(∆)2

≥ 1,

our proposed CS satisfies,

liminf
n→∞

inf
(F,∆)∈F ×Θ:

∆∈ΘI
g,F

PF
(
∆ ∈ CS∆n (1−α)

)
≥ 1−α

And, under conditions such that,

sup
(F,∆)∈F ×Θ:

∆∈ΘI
g,F

∣∣∣∣∣∣∣ σ̂Mg ,n(∆)

σFMg ,n
(∆)2

− 1

∣∣∣∣∣∣∣ p
−→ 0,

our proposed CS satisfies,

lim
n→∞

sup
(F,∆)∈F ×Θ:

∆∈ΘI
g,F

∣∣∣∣PF (∆ ∈ CS∆n (1−α)
)
− (1−α)

∣∣∣∣ = 0.

S3 Asymptotic properties of the estimator θ̂̂θ̂θ proposed in Section

3.5.2

The estimator proposed in Section 3.5.2 is analogous to the estimator we described in Section 2.6.
Accordingly, we will maintain Assumptions E1, G4 -G5, I5 -I7 and we will properly modify As-
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sumptions E2 and E3 based on the difference in the specifications of equations (15) and (38). Con-
sider the following.

Assumption E2’ (A modified version of Assumption E2)

(i) LetM be the integer described in Assumption E1. The following functionals areM−times continuously
differentiable with respect to z, with bounded derivatives for all (z,θ) ∈ Z ×Θ,

· fZ (z)

Element-wise:

· µΞYI (y|z,θ) ≡ E[Ξ(y|X,θ)(D(y)−m1(y|X,θ)) |Z = z] ∀ y ∈ Y

· µΞYII,1(y|z,θ) ≡ E[Ξ(y|X,θ) |Z = z] ∀ y ∈ Y

· µΞYII,2(y|z,θ) ≡ E[Ξ(y|X,θ) ·Ξ(y|X,θ)′ |Z = z] ∀ y ∈ Y

· µΞYIII,θℓ (y|z,θ) ≡ E
[
∂Ξ(y|X,θ)

∂θℓ
· (D(y)−m1(y|X,θ))

∣∣∣∣Z = z
]

(for ℓ = 1, . . . ,dθ and ∀ y ∈ Y)

· µΞYIV ,θℓ (y|z,θ) ≡ E
[
ΞY (y|X,θ) · ∂m1(y|X,θ)

∂θℓ

∣∣∣∣Z = z
]

(for ℓ = 1, . . . ,dθ and ∀ y ∈ Y)

· µΞYV ,θℓ (y|z,θ) ≡ E
[
ΞY (y|X,θ) · ∂ΞY (y|X,θ)

∂θℓ

′ ∣∣∣∣Z = z
]

(for ℓ = 1, . . . ,dθ and ∀ y ∈ Y)

· µΞYV I,θℓ (y|z,θ) ≡ E
[
∂ΞY (y|X,θ)

∂θℓ

∣∣∣∣Z = z
]

(for ℓ = 1, . . . ,dθ and ∀ y ∈ Y)

In addition, there exists a C <∞ such that each of the functionals described above is bounded above (in a
matrix-norm sense) by C, for all (z,θ) ∈ Z ×Θ and, letting y ∈ Y be the potential outcome that satisfies
the invertibility restriction in Assumption I6, then

∥∥∥∥µΞYII,2(y|z,θ)−1
∥∥∥∥ ≤ C ∀ (z,θ) ∈ Z ×Θ. Finally, there

exists a C > 0 such that fZ (z) ≥ C for all z ∈ Z.

(ii) The following functionals are element-wise continuously differentiable with respect to z with bounded
first derivative for all (z,θ) ∈ Z ×Θ, ∀ y ∈ Y ,

· ΥI,θℓ ,θj (y|z,θ) ≡ E
[
∂2ΞY (y|X,θ)
∂θj∂θℓ

· (D(y)−m1(y|X,θ))
∣∣∣∣∣Z = z

]
(for j, ℓ = 1, . . . ,dθ)

· ΥII,θℓ ,θj (y|z,θ) ≡ E
[
∂ΞY (y|X,θ)

∂θℓ
· ∂m1(y|X,θ)

∂θj

∣∣∣∣∣Z = z
]

(for j, ℓ = 1, . . . ,dθ)

· ΥIII,θℓ ,θj (y|z,θ) ≡ E
[
ΞY (y|X,θ) · ∂

2m1(y|X,θ)
∂θj∂θℓ

∣∣∣∣∣Z = z
]

(for j, ℓ = 1, . . . ,dθ)

· ΥIV ,θℓ ,θj (y|z,θ) ≡ E
[
∂2ΞY (y|X,θ)
∂θj∂θℓ

·ΞY (y|X,θ)′
∣∣∣∣∣Z = z

]
(for j, ℓ = 1, . . . ,dθ)

· ΥV ,θℓ ,θj (y|z,θ) ≡ E
[
∂ΞY (y|X,θ)

∂θℓ
· ∂ΞY (y|X,θ)

∂θj

′
∣∣∣∣∣Z = z

]
(for j, ℓ = 1, . . . ,dθ)

■
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Assumption E3’ (A modified version of Assumption E3)

Each of the functions below has the following type of Lipschitz property: ∥g(u,θ)− g(u,θ′)∥ ≤ G(u) ·
∥θ −θ′∥ ∀ u ∈ Supp(U ) (unless noted otherwise), and ∀ θ,θ′ ∈ Θ, where G(·) is a nonnegative function
that satisfies E[G(U )2+δ] <∞ for some δ > 0.

· The Lipschitz property holds for all x ∈ Supp(X) and y ∈ Y for the following functions: m1(y|x,θ),
ΞY (y|x,θ), ∂m1(y|x,θ)

∂θℓ
, ∂ΞY (y|x,θ)

∂θℓ
(for ℓ = 1, . . . ,dθ), with G(X) satisfying E[G(X)2+δ] <∞ for some

δ > 0.

· The Lipschitz property holds for all z ∈ Z and y ∈ Y for the following functionals (see our defi-
nitions in Assumption E2’): µΞYI (y|z,θ), µΞYII,κ(y|z,θ) (for κ = 1,2), µΞYIII,θℓ (y|z,θ), µΞYIV ,θℓ (y|z,θ),

µΞYV ,θℓ (y|z,θ), µΞYV I,θℓ (y|z,θ) (for ℓ = 1, . . . ,dθ). In each case, G(Z) satisfies E[G(Z)2+δ] <∞ for some
δ > 0.

· The Lipschitz property holds for all z ∈ Z and y ∈ Y for the following functionals, and for every
ℓ, j = 1, . . . ,dθ (see our definitions in Assumption E2’): ΥI,θℓ ,θj (y|z,θ), ΥII,θℓ ,θj (y|z,θ), ΥIII,θℓ ,θj (y|z,θ),

ΥIV ,θℓ ,θj (y|z,θ), ΥV ,θℓ ,θj (y|z,θ). In each case, G(Z) satisfies E[G(Z)2+δ] <∞ for some δ > 0.

■

Analogous arguments leading to the linear representation results in (S1.11) and (S1.27) can be used
to show that,

δ̂(z,θ) = δ(z,θ) +
1

n · hdzn

n∑
i=1

ψδn(Vi ;z,θ) +ϑδn(z,θ),

∂δ̂(z,θ)
∂θ

=
∂δ(z,θ)
∂θ

+
1

n · hdZn

n∑
i=1

ψ∇θδn (Vi ;z,θ) +ϑ∇θδn (z,θ),

where sup
θ∈Θ
z∈Z

∥∥∥ϑδn(z,θ)
∥∥∥ = op

(
n−1/2

)
, sup

θ∈Θ
z∈Z

∥∥∥ϑ∇θδn (z,θ)
∥∥∥ = op

(
n−1/2

)
,

(S3.1)

and where E[ψδn(V ;z,θ)] = 0, E[ψ∇θδn (V ;z,θ)] = 0 ∀ (z,θ) ∈ Z × Θ. Next, in what follows, let
(V1,V2,V3,V4) ∼ FV ⊗FV ⊗FV ⊗FV (four randomly drawn observations from our i.i.d sample (Vi)

n
i=1).

Let,

gaθ(y|V1,V2,V3;θ) ≡
∂ϕ(y|V3,θ)

∂θ
·ϕ(y|V1,θ) ·1Z{U1 ≤U2} ·1Z{U3 ≤U2},

gbθ,n(y|V1,V2,V3,V4;θ) ≡ 1

hdZn
×
(ψ∇θδn (V4;Z3,θ)′Ξ(y|X3,θ) +

∂Ξ(y|X3,θ)
∂θ

′
ψδn(V4;Z3,θ)

)
·ϕ(y|V1,θ)

+
∂ϕ(y|V3,θ)

∂θ
·ψδn(V4;Z1,θ)′Ξ(y|X1,θ)

 ·1Z{U1 ≤U2} ·1Z{U3 ≤U2}

(S3.2)
Since E[ψδn(V ;z,θ)] = 0, E[ψ∇θδn (V ;z,θ)] = 0 ∀ (z,θ) ∈ Z ×Θ, we have

E[gbθ,n(y|V1,V2,V3,V4;θ)|V1,V2,V3] = 0 ∀ θ ∈Θ, y ∈ Y
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Let

V aθ,n(y|θ) ≡ 1
n · (n− 1) · (n− 2)

n∑
j=1

∑
i,j

∑
ℓ,i,j

gaθ(y|Vi ,Vj ,Vℓ;θ),

V bθ,n(y|θ) ≡ 1
n · (n− 1) · (n− 2) · (n− 3)

n∑
j=1

∑
i,j

∑
ℓ,i,j

∑
k,i,j,ℓ

gbθ,n(y|Vi ,Vj ,Vℓ ,Vk ;θ)

Parallel arguments to those leading to the results in equations (S1.59)-(S1.64) now yield,

∂Q̂Y ,Z(y|θ)
∂∆

=
(

(n− 1)(n− 2)
n2

)
· V aθ,n(y|θ)−

(
(n− 1)(n− 2)(n− 3)

n3

)
· V bθ,n(y|θ) + ξ∇θQI,n (y|θ),

where sup
θ∈Θ

∥∥∥∥ξ∇θQI,n (y|θ)
∥∥∥∥ = op

(
n−1/2

) (S3.3)

From here, the next step is to analyze the U-statistics V aθ,n(y|θ) and V bθ,n(y|θ) through their Hoeffding
decompositions (see Serfling (1980, pages 177-178) or Sherman (1994, equations (6)-(7))). Let us
begin with V aθ,n(y|θ). Let

T (y|θ) ≡ E
[
gaθ(y|V1,V2,V3;θ)

]
.

Note that T (y|θ0) = 0 since,

T (y|θ0) = E
[
∂ϕ(y|V3,θ0)

∂θ
·ϕ(y|V1,θ0) ·1Z{U1 ≤U2} ·1Z{U3 ≤U2}

]
= E

[∂ϕ(y|V3,θ0)
∂θ

·E
[
ϕ(y|V1,θ0) ·1Z{U1 ≤U2}

∣∣∣U2

]
︸                                     ︷︷                                     ︸

≡TZ (y|U2,θ0)=0 a.e U2

·1Z{U3 ≤U2}
]

= E
[
0 ·
∂ϕ(y|V3,θ0)

∂θ
·1Z{U3 ≤U2}

]
= 0.

Next, define,

g̃aθ(y|V1,V2,V3;θ) ≡ 1
3!

∑
p

gaθ(y|Vm1
,Vm2

,Vm3
;θ), (S3.4)

where
∑
p

denotes the sum over the 3! permutations {m1,m2,m3} of {1,2,3}. By construction, g̃aθ(y|V1,V2,V3;θ)

is symmetric in (V1,V2,V3), and E
[
g̃aθ(y|V1,V2,V3;θ)

]
= T (y|θ). We can express,

V aθ,n(y|θ) =
(
n
3

)−1 ∑
c

g̃aθ(y|Vi ,Vj ,Vℓ;θ),

where
∑
c

denotes the sum over the
(n

3
)

distinct combinations {i, j, ℓ} from {1, . . . ,n}. Let

gaθ(y|V1;θ) ≡ 3 ·
(
E
[
g̃aθ(y|V1,V2,V3;θ)

∣∣∣V1

]
−T (y|θ)

)
(S3.5)
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Note that, by construction, E[gaθ(y|V1;θ)] = 0 ∀ θ. Also note that evaluated at θ0, we have,

gaθ(y|V1;θ0) = E
[
E

[
∂ϕ(y|V3,θ0)

∂θ
·1Z{U3 ≤U2}

∣∣∣∣U2

]
·1Z{U1 ≤U2}

∣∣∣∣∣U1

]
·ϕ(y|V1,θ0) (S3.6)

The Hoeffding decomposition of V aθ,n(y|θ) (see Serfling (1980, pages 177-178) is given by,

V aθ,n(y|θ) = T (y|θ) +
1
n

n∑
i=1

gaθ(y|Vi ;θ) +U an (y|θ),

whereU an (y|θ) is a linear combination of degenerate U-statistics of orders 2 and 3. Given our smooth-
ness and integrability restrictions, Nolan and Pollard (1987, Lemma 22), Pakes and Pollard (1989,
Example 2.10, Lemma 2.13, Lemma 2.14) imply that the class of functions involved is Euclidean
(see Sherman (1994, Definition 3)). From here, Sherman (1994, Corollary 4) yields,

sup
θ∈Θ

∣∣∣U an (y|θ)
∣∣∣ =Op

(1
n

)
= op

(
n−1/2

)
.

Thus,

V aθ,n(y|θ) = T (y|θ) +
1
n

n∑
i=1

gaθ(y|Vi ;θ) +U an (y|θ), where sup
θ∈Θ

∣∣∣U an (y|θ)
∣∣∣ = op

(
n−1/2

)
. (S3.7)

And evaluated at θ0, we have T (θ0) = 0, and

V aθ,n(y|θ0) =
1
n

n∑
i=1

gaθ(y|Vi ;θ0) + op
(
n−1/2

)
, where

gaθ(y|V1;θ0) = E
[
E

[
∂ϕ(y|V3,θ0)

∂θ
·1Z{U3 ≤U2}

∣∣∣∣U2

]
·1Z{U1 ≤U2}

∣∣∣∣∣U1

]
·ϕ(y|V1,θ0)

(S3.8)

Under our restrictions, sup
θ∈Θ

∣∣∣T (y|θ)
∣∣∣ <∞. Thus, from (S3.7), we have sup

θ∈Θ

∣∣∣V aθ,n(y|θ)
∣∣∣ =Op(1) and,

sup
θ∈Θ

∣∣∣∣∣∣(2− 3n
n2

)
︸    ︷︷    ︸

=O( 1
n )

·V aθ,n(y|θ)

∣∣∣∣∣∣ =Op
(1
n

)
.

From here, it follows that,(
(n− 1)(n− 2)

n2

)
· V aθ,n(y|θ) = V aθ,n(y|θ) +

(2− 3n
n2

)
· V aθ,n(y|θ)︸                  ︷︷                  ︸

≡ϑan(y|θ)

= T (y|θ) +
1
n

n∑
i=1

gaθ(y|Vi ;θ) +ϑan(y|θ),

where sup
θ∈Θ

∣∣∣ϑan(y|θ)
∣∣∣ =Op

(1
n

)
= op

(
n−1/2

)
.
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In particular, evaluated at θ0,(
(n− 1)(n− 2)

n2

)
· V aθ,n(y|θ0) =

1
n

n∑
i=1

gaθ(y|Vi ;θ0) + op
(
n−1/2

)
, where

gaθ(y|V1;θ0) = E
[
E

[
∂ϕ(y|V3,θ0)

∂θ
·1Z{U3 ≤U2}

∣∣∣∣U2

]
·1Z{U1 ≤U2}

∣∣∣∣∣U1

]
·ϕ(y|V1,θ0)

(S3.9)
Next we analyze the Hoeffding decomposition of V bθ,n(y|θ), the last remaining term to study in
(S3.3). As we pointed out previously,

E[gbθ,n(y|V1,V2,V3,V4;θ)|V1,V2,V3] = 0 ∀ θ ∈Θ, y ∈ Y

and therefore E
[
gbθ,n(y|V1,V2,V3,V4;θ)

]
= 0 ∀ θ ∈Θ, y ∈ Y . Define,

g̃bθ,n(y|V1,V2,V3,V4;θ) ≡ 1
4!

∑
p

gbθ,n(Vm1
,Vm2

,Vm3
,Vm4

;θ), (S3.10)

where
∑
p

denotes the sum over the 4! permutations {m1,m2,m3,m4} of {1,2,3,4}. By construction,

g̃bθ,n(y|V1,V2,V3,V4;θ) is symmetric in (V1,V2,V3,V4), and E
[
g̃bθ,n(y|V1,V2,V3,V4;θ)

]
= 0 ∀ θ. We can

express,

V bθ,n(y|θ) =
(
n
4

)−1 ∑
c

g̃bθ,n(y|Vi ,Vj ,Vℓ ,Vk ;θ),

where
∑
c

denotes the sum over the
(n

4
)

distinct combinations {i, j, ℓ,k} from {1, . . . ,n}. Let

gbθ,n(y|V1;θ) ≡ 4 ·E
[
g̃bθ,n(y|V1,V2,V3,V4;θ)

∣∣∣V1

]
.

By inspection, we can see that,

E
[
g̃bθ,n(y|V1,V2,V3,V4;θ)

∣∣∣V1

]
=

3!
4!
E
[
gbθ,n(y|V2,V3,V4,V1;θ)

∣∣∣V1

]
=

1
4
×
E  1

hdZn
ψ∇δn (V1;Z4,θ)′Ξ(y|X4,θ) ·ϕ(y|V2,θ) ·1Z{U2 ≤U3} ·1Z{U4 ≤U3}

∣∣∣∣∣V1


+E

∂Ξ(y|X4,θ)
∂θ

′ 1

hdZn
ψδn(V1;Z4,θ) ·ϕ(y|V2,θ) ·1Z{U2 ≤U3} ·1Z{U4 ≤U3}

∣∣∣∣∣V1


+E

∂ϕ(y|V4,θ)
∂θ

· 1

hdZn
ψδn(V1;Z2,θ)′Ξ(y|X2,θ) ·1Z{U2 ≤U3} ·1Z{U4 ≤U3}

∣∣∣∣∣V1
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Therefore,

gbθ,n(y|V1;θ) = E

 1

hdZn
ψ∇δn (V1;Z4,θ)′Ξ(y|X4,θ) ·ϕ(y|V2,θ) ·1Z{U2 ≤U3} ·1Z{U4 ≤U3}

∣∣∣∣∣V1


+E

∂Ξ(y|X4,θ)
∂θ

′ 1

hdZn
ψδn(V1;Z4,θ) ·ϕ(y|V2,θ) ·1Z{U2 ≤U3} ·1Z{U4 ≤U3}

∣∣∣∣∣V1


+E

∂ϕ(y|V4,θ)
∂θ

· 1

hdZn
ψδn(V1;Z2,θ)′Ξ(y|X2,θ) ·1Z{U2 ≤U3} ·1Z{U4 ≤U3}

∣∣∣∣∣V1

 .
(S3.11)

Note that, evaluated at θ0,

E

 1

hdZn
ψ∇δn (V1;Z4,θ0)′Ξ(y|X4,θ0) ·ϕ(y|V2,θ0) ·1Z{U2 ≤U3} ·1Z{U4 ≤U3}

∣∣∣∣∣V1


=E

[
1

hdZn
ψ∇δn (V1;Z4,θ0)′Ξ(y|X4,θ0) ·E[ϕ(y|V2,θ0)|U2]︸                ︷︷                ︸

=0

·1Z{U2 ≤U3} ·1Z{U4 ≤U3}
∣∣∣∣∣V1

]
= 0,

E

∂Ξ(y|X4,θ0)
∂θ

′ 1

hdZn
ψδn(V1;Z4,θ0) ·ϕ(y|V2,θ0) ·1Z{U2 ≤U3} ·1Z{U4 ≤U3}

∣∣∣∣∣V1


=E

[
∂Ξ(y|X4,θ0)

∂θ

′ 1

hdZn
ψδn(V1;Z4,θ0) ·E[ϕ(y|V2,θ0)|U2]︸                ︷︷                ︸

=0

·1Z{U2 ≤U3} ·1Z{U4 ≤U3}
∣∣∣∣∣V1

]
= 0

Thus, evaluated at θ0,

gbθ,n(y|V1;θ0) = E

∂ϕ(y|V4,θ)
∂θ

· 1

hdZn
ψδn(V1;Z2,θ)′Ξ(y|X2,θ) ·1Z{U2 ≤U3} ·1Z{U4 ≤U3}

∣∣∣∣∣V1


= E

∂ϕ(y|V4,θ)
∂θ

·E
 1

hdZn
ψδn(V1;Z2,θ)′Ξ(y|X2,θ) ·1Z{U2 ≤U3}

∣∣∣∣∣V1,U3

 ·1Z{U4 ≤U3}
∣∣∣∣∣V1

 .
(S3.12)

The Hoeffding decomposition of V bθ,n(y|θ) is given by,

V bθ,n(y|θ) =
1
n

n∑
i=1

gbθ,n(y|Vi ;θ) +U bn (y|θ),

where U bn (y|θ) is a linear combination of degenerate U-statistics of orders 2, 3 and 4. By the
bounded-variation properties of our kernel function described in Assumption E1 and our smooth-
ness and integrability conditions, Nolan and Pollard (1987, Lemma 22), Pakes and Pollard (1989,
Example 2.10, Lemma 2.13, Lemma 2.14) imply that the class of functions involved is Euclidean
(see Sherman (1994, Definition 3)). From here, Sherman (1994, Corollary 4) yields

sup
θ∈Θ
|U bn (y|θ)| =Op

 1

n · hdZn

 = op
(
n−1/2

)
,
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where the last equality follows from our bandwidth convergence restriction n1/2 · hdZn −→∞. Thus,

V bθ,n(y|θ) =
1
n

n∑
i=1

gbθ,n(y|Vi ;θ) +U bn (y|θ), where sup
θ∈Θ
|U bn (y|θ)| = op

(
n−1/2

)
,

Let us focus on θ = θ0. Note first that,(
(n− 1)(n− 2)(n− 3)

n3

)
· V bθ,n(y|θ0) = V bθ,n(y|θ0) +

(
−6n2 + 11n− 6

n3

)
︸                ︷︷                ︸

=O( 1
n )

·V bθ,n(y|θ0)︸     ︷︷     ︸
=Op(1)︸                               ︷︷                               ︸

=Op( 1
n )=op(n−1/2)

Thus, (
(n− 1)(n− 2)(n− 3)

n3

)
· V bθ,n(y|θ0) =

1
n

n∑
i=1

gbθ,n(y|Vi ;θ0) + op(n−1/2) (S3.13)

where gbθ,n(y|V1;θ0) is as described in (S3.12). Combining our results in (S3.3), (S3.9) and (S3.13),

∂Q̂Y ,Z(y|θ0)
∂θ

=
1
n

n∑
i=1

Γθ,n(y|Vi ;θ0) + op
(
n−1/2

)
, where

Γθ,n(y|V1;θ0) ≡ gaθ(y|V1;θ0)− gbθ,n(y|V1;θ0)

= E
[
E

[
∂ϕ(y|V3,θ0)

∂θ
·1Z{U3 ≤U2}

∣∣∣∣U2

]
·1Z{U1 ≤U2}

∣∣∣∣∣U1

]
·ϕ(y|V1,θ0)

−E
∂ϕ(y|V4,θ)

∂θ
·E

 1

hdZn
ψδn(V1;Z2,θ)′Ξ(y|X2,θ) ·1Z{U2 ≤U3}

∣∣∣∣∣V1,U3

 ·1Z{U4 ≤U3}
∣∣∣∣∣V1

 .
(S3.14)

Note, once again, that E
[
Γθ,n(y|V1;θ0)

]
= 0. From here,

∂Q̂Y ,Z(θ0)
∂θ

=
1
n

n∑
i=1

Γθ,n(Vi ;θ0) + op
(
n−1/2

)
, where Γθ,n(Vi ;θ0) ≡

∑
y∈Y ∗

Γθ,n(y|Vi ;θ0). (S3.15)

Thus, E[Γθ,n(V1;θ0)] = 0.

S4 An inferential procedure for θ0θ0θ0 in Section 3.7

As we described in Section 3.7, when we allow for the possibility that players cooperate almost
surely, we can construct a CS for θ0 based on (44). Take any y ∈ Y and let gy : RdU → R be a
real-valued, pre-specified function of U . For a given u ∈RdU , let

mg (y|u,θ) ≡ E
[
ϕ(y|V ,θ) · gy(U ) ·1Z{U ≤ u}

]
and Mg (y|θ) ≡ E[mg (y|U,θ)].
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Using iterated expectations, (44) impliesMg (y|θ0) ∀ y ∈ Y ∗ and a CS for θ0 can be constructed from
here. Let ΘI

g =
{
θ ∈Θ : Mg (y|θ) = 0 ∀ y ∈ Y ∗

}
be our target identified set for θ. Our sample statistic

for Mg (y|θ) is,

M̂g (y|θ) =
1
n

n∑
j=1

m̂g (y|Uj ,θ) =
1
n2

n∑
j=1

n∑
i=1

ϕ̂(y|Vi ,θ) · gy(Ui) ·1Z{Ui ≤Uj }

Maintain Assumptions E1, G4 -G5 and E2’-E3’. Using the linear representation result in (S3.1), we
have

M̂g (y|θ) =
1
n2

n∑
j=1

n∑
i=1

ϕ(y|Vi ,θ) · gy(Ui) ·1Z{Ui ≤Uj }

− 1
n3

n∑
j=1

n∑
i=1

m∑
k=1

1

hdZn
·ψδn(Vk ;Zi ,θ)′Ξ(y|Xi ,θ) · gy(Ui) ·1Z{Ui ≤Uj }

− 1
n2

n∑
j=1

n∑
i=1

ϑδn(Zi ,θ)′Ξ(y|Xi ,θ) · gy(Ui) ·1Z{Ui ≤Uj },

(S4.1)

where, as described in (S3.1), sup
θ∈Θ
z∈Z

∥∥∥ϑδn(z,θ)
∥∥∥ = op

(
n−1/2

)
. As in previous sections, in what follows

we will let (V1,V2,V3) ∼ FV ⊗ FV ⊗ FV (three randomly drawn observations from our i.i.d sample
(Vi)

n
i=1). Let

qaMg
(y|V1,V2;θ) ≡ ϕ(y|V1,θ) · gy(U1) ·1Z{U1 ≤U2},

q̃aMg
(y|V1,V2;θ) ≡ 1

2
·
(
qaMg

(y|V1,V2;θ) + qaMg
(y|V2,V1;θ)

)
Note that E[qaMg

(y|V1,V2;θ)] = E[q̃aMg
(y|V1,V2;θ)] =Mg (y|θ). Next, let

qaMg
(y|V1;θ) ≡ 2 ·

(
E[q̃aMg

(y|V1,V2;θ)|V1]−Mg (y|θ)
)
.

Note that E[qaMg
(y|V1;θ)] = 0 ∀ θ ∈Θ, and that

qaMg
(y|V1;θ) = ϕ(y|V1,θ) · gy(U ) ·E[1Z{U1 ≤U2}|U1] ∀ θ ∈ΘI

g .

Next, let

qbMg ,n
(y|V1;θ) ≡ E

 1

hdZn
·ψδn(V1;Z2,θ)′Ξ(y|X2,θ) · gy(U2) ·1{U2 ≤U3}

∣∣∣∣∣V1

 .
By iterated expectations, we can see that E[qbMg ,n

(y|V1;θ)] = 0 ∀ θ ∈ Θ since, as described in (S3.1),

we have E[ψδn(V ;z,θ)] = 0 ∀ (z,θ) ∈ Z ×Θ. Let

ψMg ,n(y|V1;θ) ≡ qaMg
(y|V1;θ)− qbMg ,n

(y|V1;θ).

Note that E[ψMg ,n(y|V1;θ)] = 0 ∀ θ ∈ Θ. Following analogous steps to those in Section S2 of this

Supplement, we can show that, under our current assumptions, M̂g (y|θ) satisfies the following
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linear representation,

M̂g (y|θ) =Mg (y|θ) +
1
n

n∑
i=1

ψMg ,n(y|Vi ;θ) + ς
Mg
n (y|θ), ∀ θ ∈Θ,

where sup
θ∈Θ

∣∣∣ςMg
n (y|θ)

∣∣∣ = op
(
n−1/2

)
.

(S4.2)

And over the identified set ΘI
g , the result in (S4.2) simplifies to,

M̂g (y|θ) =
1
n

n∑
i=1

ψMg ,n(y|Vi ;θ) + ς
Mg
n (y|θ), ∀ θ ∈ΘI

g ,

where sup
θ∈Θ

∣∣∣ςMg
n (y|θ)

∣∣∣ = op
(
n−1/2

)
.

(S4.3)

The results in (S4.2) and (S4.3) are analogous to those in (S2.25) and (S2.26), respectively. Con-
struction of a CS for θ0 can be done in a variety of ways from (S4.3). For example, consider
Mg (θ) ≡

∑
y∈Y ∗Mg (y|θ). Then, Mg (θ) = 0 ∀ θ ∈ ΘI

g . We can estimate this functional with M̂g (θ) =∑
y∈Y ∗ M̂g (y|θ). From (S4.2),

M̂g (θ) =Mg (θ) +
1
n

n∑
i=1

ψMg ,n(Vi ;θ) + ς
Mg
n (θ),

where sup
θ∈Θ

∣∣∣ςMg
n (θ)

∣∣∣ = op
(
n−1/2

)
,

ψMg ,n(V1;θ) ≡
∑
y∈Y ∗

ψMg ,n(y|V1;θ), =⇒ E[ψMg ,n(V1;θ)] = 0 ∀ θ ∈Θ.

(S4.4)

Let σMg ,n(θ)2 ≡ E
[
ψMg ,n(V1;θ)2

]
and consider an estimator σ̂Mg,n

(θ)2 ≡ 1
n

∑n
i=1 ψ̂Mg ,n(Vi ;θ)2. Similar

to our inferential approach in Section 2.7 of this Supplement, a CS for θ0 with target asymptotic
coverage probability 1−α can be constructed as,

CSθn (1−α) =

θ ∈Θ :

∣∣∣∣∣∣∣n
1/2 · M̂g (θ)

σ̂Mg ,n(θ)

∣∣∣∣∣∣∣ ≤ Φ−1
(
1− α

2

) (S4.5)

Consider the following restriction, which is a modification of Assumption E4.

Assumption E4’ Suppose the DGP F belongs to a family of distributions F that satisfy all the restric-
tions in Assumptions G4 -G5, I6-I7, E1, E2’ and E3’ and, in particular, suppose that the existence of 2+δ
moments in Assumption E3’ and the smoothness restrictions in Assumptions E2’-E3’ hold uniformly over
F (i.e, the bounds described for each one of those restrictions are common to every F ∈ F ). In addition,
suppose that the constant δ described in the existence of 2+δ moment restrictions satisfies δ ≥ 1, and that
for some δ ≥ 1 and C <∞, the instrument function g also satisfies EF[|gy(U )|2+δ] ≤ C for all F ∈ F .

For each F ∈ F let ΘI
g,F ≡

{
∆ ∈Θ : Mg,F(γ0,∆) = 0 ∀ y ∈ Y ∗

}
. Our previous results combined with

the same Berry-Esseen bound arguments from Section 2.7 in this Supplement can be used to show
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that, under conditions such that,

liminf
n→∞

inf
(F,θ)∈F ×Θ:

θ∈ΘI
g,F

σ̂Mg ,n(θ)

σFMg ,n
(θ)2

≥ 1,

our proposed CS satisfies,

liminf
n→∞

inf
(F,θ)∈F ×Θ:

∆∈ΘI
g,F

PF
(
θ ∈ CSθn (1−α)

)
≥ 1−α

And, under conditions such that,

sup
(F,θ)∈F ×Θ:

θ∈ΘI
g,F

∣∣∣∣∣∣∣ σ̂Mg ,n(θ)

σFMg ,n
(θ)2

− 1

∣∣∣∣∣∣∣ p
−→ 0,

our proposed CS satisfies,

lim
n→∞

sup
(F,θ)∈F ×Θ:

θ∈ΘI
g,F

∣∣∣∣PF (θ ∈ CSθn (1−α)
)
− (1−α)

∣∣∣∣ = 0, (S4.6)

so our CS has correct asymptotic coverage probability for θ0. An alternative CS construction can
potentially proceed as follows. Denote,

M˜ g (θ) ≡
(
Mg (y|θ)

)
y∈Y ∗

, M̂˜ g (θ) ≡
(
M̂g (y|θ)

)
y∈Y ∗

, ψ˜Mg ,n(V1;θ) ≡
(
ψMg ,n(y|V1;θ)

)
y∈Y ∗

Recall that dim(Y ∗) = 3, so each of the above vectors belongs in R3. From (S4.2),

M̂˜ g (θ) =M˜ g (θ) +
1
n

n∑
i=1

ψ˜Mg ,n(Vi ;θ) + ς˜Mg
n (θ), where sup

θ∈Θ

∥∥∥ς˜Mg
n (θ)

∥∥∥ = op
(
n−1/2

)

Let Σ˜Mg ,n(θ) ≡ E[ψ˜Mg ,n(V1;θ) · ψ˜Mg ,n(V1;θ)′]. Then,
√
n · M̂˜ g (θ)

d−→ N (0,Σ˜Mg
(θ)) for all θ ∈ ΘI

g ,
where Σ˜Mg

(θ) = limn→∞Σ˜Mg ,n(θ). Suppose Σ˜Mg
(θ) is positive definite (i.e, invertible) for all θ ∈ Θ

(this can be relaxed to only hold for all θ ∈ΘI
g ). Let

Σ̂˜Mg ,n
(θ) ≡ 1

n

n∑
i=1

ψ̂˜Mg ,n
(Vi ;θ) · ψ̂˜Mg ,n

(Vi ;θ)′

A CS for θ0 with target asymptotic coverage probability 1−α can be constructed as,

CSθn (1−α) ≡
{
θ ∈Θ : n · Σ̂˜Mg ,n

(θ)′Σ̂˜Mg ,n
(θ)−1Σ̂˜Mg ,n

(θ) ≤ c3,1−α

}
where ck,1−α is the 1 − α quantile of the χ2

k distribution. If we drop the assumption that Σ˜Mg
(θ)
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has full rank, we can replace the above construction with a generalized Wald statistic (see Andrews
(1987)). A more general construction would be of the form,

CSθn (1−α) ≡
{
θ ∈Θ : n · Σ̂˜Mg ,n

(θ)′Σ̂˜Mg ,n
(θ)+Σ̂˜Mg ,n

(θ) ≤ crank(Σ̂˜Mg ,n(θ)),1−α

}
where A+ denotes the Moore-Penrose generalized inverse and rank(A) denotes the rank of A. If,
uniformly over F ×Θ, our estimated variance matrix satisfies5

∥∥∥∥Σ̂˜Mg ,n
(θ)−Σ˜Mg

(θ)
∥∥∥∥ p
−→ 0 and P r

(
rank(Σ̂˜Mg ,n

(θ)) = rank(Σ˜Mg
(θ))

)
−→ 1,

and if the type of restrictions described in Assumption E4’ are satisfied, then CSθn (1 − α) would
have the type of asymptotic coverage properties described in (S4.6).

5See Andrews (1987, Theorem 1).
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