Econometric Supplement for “Estimation and

inference in discrete games with uncertain behavior”

Andres Aradillas-Lopez’

Abstract
This document includes step-by-step derivations leading to the main econo-
metric results in the paper. Every section in this document has the format
SX.X and every equation has the format (SX.X.X). Any section, assumption or
equation that we reference here which does not have this format refers to the
main paper, or to Appendix A (if it has the format AX.X.X).

S1 Asymptotic properties of A and proof of Proposition 1
As defined in equation (5), let,

m$ (X,0) = F1 (X711 = X5'Ay = X5 Ay, X535 By = X5'Ay = X5 Aslp),
C

my € (X,0) = Fo(X[¥' By — X} 'Ay , X5 By — X5 Aslp),
Es(X,0)=m$(X,0)-mC(X,0).

And recall that, from (3), our expression for E[S|U] simplifies to,
E[S|U] = mY€(X,00) + 71(2) - E5(X, 0y).

We begin by describing the asymptotic properties of the semiparametric convolution weights 7t(z, 0)
introduced in equation (22) of the paper.
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S1.1 Asymptotic properties of 7(z,0)

Take the functionals we defined in Assumption E2.

§:%(2,6) = E[(S —-mY (X, 6)) - E5(X,0) |Z = 2]
FTI,K(Z'Q) =E[Eg(X,0)" |Z =z] (for k = 1,2)

E [024(X,0
Fityo,(0)=E %-(S—m?’c(x,e)y |Z:z] (for£=1,...,dg)

= [9mN©(X,0)
= _ S ’ - S1.1
yléreé(z,e) =E —995 -Bg(X,0) ‘Z =z| (for{=1,...,dg) ( )
= [024(X,0)
s — N = _ _
yv,gg(z,Q):Eha—Qg-us(X,B) |Z—Z] (forf—l,...,de)

g 8u5 X, 9
=S _
i‘w,eg(z'e) =E _8—64 |Z = z} (for¢=1,...,dp)

From here, for any z € Supp(Z) (i.e, any z such that fz(z) > 0) and any 0 € © we will denote
Ri(2,0) = i;*(2,0) fz(z) and R}(2,0) = iy5(2,0) fz(2)

For any z € Supp(Z), we can write

R7(20)
,0) = . 1.2
11(z,0) R¥(20) (51.2)
We can describe our estimator 7t(z, 0) using sample analogs of R} (z,6) and Rj(z,6). Let
= 1 - Zi—z
r ’ = X; s -8 X'; -K : s
R (z,6) n.hZz ;(S my€(X;,0))-Es(X;,0) ( i )
ﬁ\g (z,0 i ( " )
Take a given (z,0). As described in equation (22) of the paper, let
Y
(2,0 = Ra(Z9), (S1.3)
R} (z,0)

Next, for a given h > 0 let,

n

iz 0 = ) ([ €060))-2506,0)-K (25 ) k(s ~mi€ix.0)- 250,00k (F) )

i=1

V0 =) (506,02 K (22 ) - E[sx 0k (5]

i=1

= |

By the bounded-variation properties of our kernel function described in Assumption E1 and the
Lipschitz-restrictions in Assumption E3, Nolan and Pollard (1987, Lemma 22), Pakes and Pollard



(1989, Example 2.10, Lemma 2.13, Lemma 2.14) imply that the class of functions involved is Eu-
clidean (see Sherman (1994, Definition 3)),

4, = {g(s,x,z) = (s—m?c(x,e))-Es(x,Q)-K(%) for some 0 € ®,Zc R, h > O},

4G, = {g(x,z) = Es(x,9)2 K(%) for some 0 € ®,Z€ R, h > O}.
Since |25(x,0)| < 1 and |m} “(x,0)| < 1 for all (x,0), 0 < S < 2, and |K(y)| < K for all ¢, the corre-
sponding envelope for the class of functions is constant, and thus trivially has finite 2+ 6 moments.
From here, Sherman (1994, Corollary 4) yields,

sup |v£n(z,6;h)| = Op(n_l/z), sup |v£n(z,6;h)| =0, (n_l/z)
0c®

0c0 (S1.4)
zeRiz 2cR9Z
h>0 h>0
Next, note that we can express,
R7(2,0) = R7(z,0) + BY,,(2,0) + — Van(2,0:hy),
& (S1.5)
R} (2,0) = Rj(2,0)+ By (2,0) + hTZ'VlZn(Z’Q;h”)’
n
where Bj,(z,0) and B’gln(z, 0) represent the bias terms,
T — 1 NC ) Z-z T
BY,(2,0)=E hTz'(S -m{€(X,0))-E5(X,0)- K| 5|~ Ri(z,0)
n n
1 Z—-z
B} (2,0)=E p7 24(X,0)? K( W ) R} (z,0)
n

An M"'—order approximation combined with the smoothness restrictions in Assumption E2 and
the higher-order properties of the kernel described in Assumption E1 yield,

sup|BZn(z,9)| = O(hf\f), sup(BZ"(z,G)l = O(hﬁ/[)

0O 0eO
zeZ zeZ

Combined with our bandwidth convergence restrictions in Assumption E1, these results imply

_ 1 -
Zzgg(zzg(z,e) —Rj(2,0)| = O(m)+ OP(W] =0, (n714),

(S1.6)

oy 1 _
ZE;'R?(Z,Q) —Rg(z,6)| = O(hﬁ/[)+ OP(W] = op(n 1/4),



Recall that we denote U = X UZ and V = (S, U). For a given (z,0), define

Y7, (Viiz,0) = (Si —mISVC(X,-,a))-Es(xi,e).K(Z;l_z)—E[(s —mgfc(x,e))-ES(X,Q)-K(Zh_Z)],

¥y, (Uisz,0) = ES(Xiie)z'K(%)—E[Es(x,ey 'K(Zh—z)}

(51.7)
Note that E[],(V;;2,0)] = 0 and E[IPZH(Ui;Z,Q)] =0V (z,0). The expressions in (S1.5) can be
expressed as linear representation results for ﬁg(z, 0) and ﬁg(z, 0), given by

R%(z,0) = R7(z,0) o lem Vi;2,0)+ B} ,(2,0), where sup|BZn(z,9)| = O(hf\f),
n-hy” 00
. * (51.8)
— 1 M
R} (z,0) =R (z,0) + 7 'ZIPIZH(UI';Z;@%LBZ”(Z,@), where sup|B (z,0 | = (hn )

. — 6O
h hn i=1 z€Z

Note from our bandwidth convergence restrictions in Assumption E1 that,

sup|BZn(z,6)| = O(hff) = o(n_l/z), sup|Bb .20 | = O(h%) = o(n_l/z). (51.9)
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Recall from Assumption E2 that there exists a C > 0 such that Rg(z,G) > C? for all (z,0) € Zx 0.
Using this restriction, equations (S1.2) and (S1.3) and a second-order approximation yields

71(z,0)

7(2,0) = 7(2,0) + m— R}(z,0)

-(RF(2,0) - R (2,0)) - (R} (2,6)- R} (2,6))
(S1.10)

+0, (H(R‘Z}(z,e) - Ri(2,0), fz‘g(z,e)—Rg(z,e))Hz)

From (S1.6), we have

— 2
sup” R(2,0) - Rg(z,e),R’;(z,e)—R;}(z,e))” =0,

0cO©
zeZ

1
— |
(hﬁz n1/2)
Using this result and plugging in the linear representations in (51.8), the expression in (S1.10)
yields,

7t(z,0) = 1t(z,0)

Z'vbn Vi;z,0)+ 9 (z,0), where
n- hn i

sup |97 (z,0)| = O (') + O,
92

¥ (Visz,0) =

l —
ﬁ]< 7). and s
n

n(z0)

lzbZn(szzzQ) RT(( ) 1/)bn( ll 2, )

Rg(z,e)

where 7,(V;;2,0) and ¢y, (Uj;2,0) are the influence functions described in (S1.7). The result



O(K)+0,

%] = op(n‘l/ 2) follows from the bandwidth convergence restrictions in As-
(hnZ.nl/z

sumption E1. Equation (S1.11) is a linear representation result for 7t(z,60) and will be invoked
repeatedly below. Note that, since E[¢7,(V;;2,0)] = 0 and E[¢py (U;;2,60)] = 0 ¥ (z,0), we have
E[Y]f(V;;2,0)] = 0 for all (z,0) such that Rj(z,0) # 0. In particular, we have E[¢;(V;2,0)] = 0
Y (z,0) € Zx0O. From (S1.11) it also follows that,

= 1
sup|(z,0) - 7(z,0)| = O [—]+o a2\ = o (w14, |
00 Plniz . 12 P( ) P( ) (51.12)

where the last result follows from the bandwidth convergence restrictions in Assumption E1. Next,

we study the properties of 87’1(;(;;6) - 97;(;;6) for¢=1,...,dg. From the expressions in (S1.2) and (S1.3),

we have

7 dR7(z,0
In(z,0) _ n1 (9R7(2,6) n(26)- 1 (z,0)
89(5 Rh (Z, 9) 895 895
. — = (S1.13)
Jm(z0) 1 (JRE(z06) _7(2,0)- JR}(z,0)
8(9@ EZ(Z,@) 865 ’ 865
Note that, using the functional definitions in (S1.1),
dR7(z,0) _E 0E5(X,0) (5 - mNC(X,6)) ’Z— o)~ amIS\IC(X,Q) 24(X,0) |Z— (@)
20, 20, s\ I g0,  osX0) 2=z fzlz

= (473,02 0) = i 0,(2:0))  f2(2)

JdR] (2,0 dZ24(X,0) _
%—Z-E[%-as(}(ﬂ)'Z:z]-fz(z)

=215, (2.0) f7(2).

We have already characterized the asymptotic properties of EZ(Z, 0) and 7t(z,0). We now proceed

. . IR™(2,0) IR (2,0)
to study the asymptotic properties of 0, nd 39[ . We have

n

dR™(2,0) 1 Z(aas(x,-,e)

995 - n- hﬁZ 895

omN¢(X;,0) 7. _s
(S —NC(x. s v g . . !
L (Sl mg (lee)) 895 ‘—'S(ere)] K( hn )

JRY(z,0) 2 Z dEs(X;,0)

T
995 n- hnZ 395

-Es(xi,m-K(Zi‘z)

i=1 n



Let

Vorr IE5(Xi,0) (o NC(y. _amIS\JC(X,',G)': o k[%i=z
(Vi;2,0) = [—aeg (Si-mYC(X;,0)) 56, Es(X;,0)|-K i
IZs5(X,0) NC ImyC(X,0) _ Z-z
—E[(a—eg(s—ms (X,e))—a—egus(}(,@) -K hn
Vo, _ . [PBsXi0) oy gy g (ZimZ)_p|BsX0) o k|22
l,l) ( i’ 19)—2 ( 865 —‘S(Xzfe) K hn E 895 —‘S(Xfe) K hn ’

(S1.14)

VOem U;z,0)] =0 for any (z,0). Next, define the bias terms,

Note that E[¢, ;" (V;2,0)] =0 and E[’van

V@ng

Bon' " (2,0) =

ol - 25 o) (53| a1 0 ot
b| e (s o) - 52D )] 5 ‘aRgézée)'

BZien(z,E))E

1 024(X,0) _ Z-z
2 E[hdz o0, HROKT,

~ 1 955(X,0) _ Z-z
_z.E{E.a—eg._‘S(x,Q).K T

-2 Vv L0, (2,0) fz(2)

IRY(z,0)
20,

An M'"—order approximation combined with the smoothness restrictions in Assumption E2 and
the higher-order properties of the kernel described in Assumption E1 yield,

sup Bz(zm(z,Q)' = O(hﬁ/l) = o(n_l/z), sup BZZ‘R(Z,9)| = O(hﬁ/l) = o(n_l/z), (51.15)
92 62

where (as before), the result O (hf}’f ) =0 ( nV 2) follows from the bandwidth convergence restrictions

in Assumption E1. From here, repeating the arguments that led to the linear representations in

IR (z,0) ORY(2,0)
Jg0, & d 90,

(51.8), our restrictions now yield the following linear representations for

IR (2,0) _ JRT(z,0)

o Zz,bvem Vi;2,0) +Bvem( z,0), where sup|B
Z

u?f (Z,Q)| =0p (”71/2);

895 B 865 n- QEZ@
9§§(Zr 0) 3R§(Z, Vng V@gn ng ~1/2
0, o, o dz le Uj;2,0)+B,, " (2,0), where Sel;g’B (z, 6)‘ p(n )
zeZ
(S1.16)



From the above result, we also have

aﬁg(z,e)_azzg(z,e)|:op(h 1 ]+op(_1/2) 0, (n7/4),

sup

0<0 d0, 20, Az g1/
R (2,0) OR™(z,0) (51.17)
b\ & b \% 1 y12 ~1/4
su - =0,| —|+o o,(n
6§§ 20, 20, p(hzz'nl/z] P( ) P( )
We are now ready to describe a linear representation result for ag(g’e) - 87;(;’6). To this end, we go
¢ ¢
back (S1.13). Note first that,
R dRT (2,0 ™ JR7 (2,0 R™ n
JR7(z,0) _7(2,0). b(209) _Ri(20) n(26). p(20) (9RF(20) IR(z0)
d6, 20, 20, 20, 20, d6,
IR (z,0) R7(z,0) dR%(z,0)
b — b b VO,
- 35 » - ’ - » : - Z, ’ 1.1
S (7(z0)~7(2,0)) ~n(z,0) ( o o | e 0) (51.18)
JR™(z,0) 9dR*(z,0)
VO,m — b b
h ¢ z, =- ’ - , ° -
where &/ 7(z,0) (7t(2,0) —1(z,0)) ( 90, 70,
From (S1.12) and (S1.17),
sup évem( ,9)| = op(n_l/z). (S1.19)
0O
22
Next, we have
1 1 1 = VO,
— = - (R7(2,0) =R (2,0))+ &, ¢ (2,0),
R(z0) Rj(z0) Rj(z06) (R ) by 20 (51.20)
where éH ( z,0) = (‘Rﬂ 2,0 Rg(z,6)|2) Y (z,0) € Zx0O.
From (S1.6),
sup 717 (2,0)] = 0 (n2). (51.21)
6cO

22



From here, going back to (51.13), we obtain,

97(z,0) _ 9n(z,6) 1 {(aﬁg(z,e) aRg(z,e))_ IR} (2,0)

20, - 90, * Rz, 0) X 96, a6, a0, -(1(z,0) - 7(2,0))
IR} (2,0) OR}(z,0) 1 IR (z,0) IR (z,0)\ }
—7(z, ( 0, 00, | Rz0) ( 90, -1(z,0)- —90, )-(Rh (2,0)-R}(2,0))

VO,
+ém€n( z,0), where

VO,n 1 VO,

S (20 )—{—W'(EZ(Z,Q)—Rh( ))+511n (z,0 )}

) {(aRg(z,e) aRZZ(z,@))_ R (20) i 6) - n(z6))

200, 90, 20,

IR} (2,0) IR} (z,0) 1 (9R%(2,0) IR (z,0)\ .
(=0 ( 00, a6, ]_Rg(z,e)'( g0, =05, )'(Rb(z’e)‘Rb(w))
T JdR(z,0 JdR} (2,0
+ &0 (2,0). (%—n<2,9>-%))

(S1.22)
Using the results in equations (S1.6), (S1.12), (S1.17), (S1.19) and (S1.21), the boundedness prop-
erties of the various functionals of Z described in Assumption E2 yield,

sup'élvl?f(z,(?)‘ = op(n_l/z). (S1.23)
0O

22

The last step is to plug in the linear representation results in (S1.8), (S1.11) and (S1.16) into (51.22).
Let

VO, 1 VO, IR} (z,0) VO,
, ST A B ’ - =4 ' - ’ 'B ’
Ervn (2,0)= R’,}(z,a)x{ an (2,0) 30, 9,(2,0)-7(z,0)-B, " (2,0)

1 '(aRg(Z’e) ~n(z,0)- 5 6)) By (z,e’}

~ R¥(z,0) 20, 20,

where B} (z,0) has the properties stated in (S1.9), B By%™(z,0) and Bvegn( ,0) have the properties

stated in (S1.15) and 9] (z,0) is as described in (S1.11). From those equations and the boundedness
properties of the functionals described in Assumption E2, we obtain,

sup Elvveﬁf(z,(?)| = op(n‘l/z). (S1.24)
02




Let

V@gT( 1 V@gﬂ’ BRZ(Z,Q) LT (.
(‘/l’ ’6) Rb (2,9) X{ (‘/Zl ’6) 36[ #’n(VZIZ’G)
Vorr . gy L (IRE(z0) IRY(Z0)\ k1
( ) 4) (‘/lizle) R'g(z’e) ( aeg n(zle) aeg ¢b,n(UllzyQ) 4
(S1.25)
where lpg (Uj;2,0) is as defined in (S1.7), ¢} (V;;2,0) is as defined in (S1.11), and z,bveén(Vl-;z,Q)

and gbvg”n(V,-;z,Q) are as defined in (S1.14). Note from the properties of those functionals that
E[lpvem (Vi32,0)] =0V (z,0) € Zx0O. Finally, let Svem( 0)= 611?’7:(2 0)+ 5?3‘””(;9) and note from

(51.23) and (S1.24) that,

v6”(2,9)| =0, (n_l/z). (S1.26)
92

From (S1.22) and our previous linear representation results, we have,

o7t(z, 6) 87‘( z,

dZ levgﬂl ‘/“ ’9 +8V9[7‘Z( 6),

20,
(51.27)
where Vo f”(z’9)| - Op(n—l/z)_
0cO
zeZ
From (S1.27) it also follows that,
d7(z,0) 871(2,6)' 1 1/ 1
su - =0, —— |+o0,(n =o0,(n .
GG(I; 865 895 p hZZ k n1/2 p( ) p( ) (5128)

zeZ
Next let us study gg (Zyg) To establish the asymptotic properties of our estimator, we only need

omlz) gg(’;g and not its asymptotic distribution. Take any

to focus on the probability-limit of

0,00,
(,j=1,...,dg. We have,
I’r(z0) 1 IR} (2,0) (9RK(z,0) IRY(2,6)
90,00, ~ Ri(z6)7 06, 20, = 20, 5199
1.29
Lot 9’Ri(2,0) dn(z,0) Rj(z0) nz 9’R7(z,0)
Ry(z,0) \ 00,00, 90; 20, ’ 96,00,
Take any ¢,j =1,...,dg. We have,
Prz0) 1 IRF(z0) (IRE(z,6) s IRE(z,6)
39]'(995 B E”(Z,9)2 89]' 00, ’ 00,
b (S1.30)

Ll azﬁg(z,e)_8'7'?(2,9)'7{\5(2,9)_7{(2 o P°R}(2,0)
R\Z(Z,Q) 89]'895 89]' 995 ’ aejaeg

From our previous results in equations (51.6)-(51.28), we have already established that, under our



assumptions,

sup | = ! - ! =0,(1), sup aﬁg(z,e) - IR} (.0) =0,(1) (forf=1,...,dg)

00 R¥(2,0) R} (z,0)? p 0c6 20, 20, p

sup IR; (2,0) - QRZZ(Z,G)‘ =0,(1) (for€=1,...,dg), sup|n(z,0)-1(z,0) =0,(1), (S1.31)
ool 0] 0c9 ”

sup 87;(;9) - 97;(;’59)‘ =0,(1) (for £=1,...,dg).

zeZ

7(z,0)  I*n(z0)| _ C o
Thus, comparing (S1.29) and (51.30), in order to obtain sup 0 39[ 90,00, | = 0,(1) for j, 0 =
190,

zeZ
PR (z,0) 9°RY(2,0)

9’ R%(z,0) 9?R7(2,0) _
70;90, 70,90,

.,dg, we only need to show that sup| 39 90, ~ 9090,
i

= 0p(1) and sup

0O
zeZ 22

0,(1). Take the functionals we defined in Assumption E2.

_[2%85(X,6) NC )
01,0,0;(20) = E W'(S—ms (X,Q)) ‘Z:z (for j,£=1,...,dg)
[0=4(x,0) omC(X,0) ,
S11,6,0,(2,0) = E 3(96 ). 599]- ’Z:z (for j,€=1,...,dg)
[9?ml€(X,0) 4
0111,0,,0;(2,0) = E T90.90, Es5(X,0) 'Z =z| (for j,€ =1,...,dg) (S1.32)

01v,0,,0,(20)=E % -Eg(X,0) ‘ ] (for j,€=1,...,dg)
5v,0,0,(20) = E 'aaz(;i,e) - ‘9358(;?9) ‘z = z] (for j,=1,...,dg)
We have,
% — (81,0,0,(240)~ 811,0,0,(200)~d110,0,(2,0)~ d111.0,0,(2:0) ) f7(2),
% = 2'(51v,9[,ej(zx )+6v,0,0,(2,0 ) fz(2)

10



And,

9*R7 (2,0 2?24(X;,0) NC Zi-z
90;00, ‘n hdzZ 90;00, Si=ms (Xi’e))'K( h, )
B 1 Zaas(xiﬁ).amé\]c(Xf,@)_K Zi—Z
1« PmyC(X;,0) (z._z
- \Bg(X;,0)-K[= )
noh = aejaeg s(Xi,0) h,
y o Ne _ (S1.33)
1 Zamg (X;,0 ‘Q:S(X,-,G)'K(Zi—z)
¥ & 20, 20, h, |
PRMz0) 2 & PE((X;,0) Zi—z
3696, =7 aes-(aé )“S(Xi’e)'K(lh )
joY%e n-hy” o joYe n
+ 2 < 8ES(XZ-,6) a:s(Xi,Q) K(Zl Z)
n-hlz = 90 0, h,
From here, we can express
’R(2,0) _ 9*R™(2,0)
20,00, ~ 00,00,
1 v« (d%E5(X;,0) NC Zi—z J*E5(X,0) NC Z-z
v Lol a5 (£5) | G0 (s - mconon)x (5
= (= (X; omNC¢(X;,0 - = omNC(X,0 -
[P g s o= )
n.hnz i:l f ] n € ] n
1 & *PmyC(X;,0) Zi—z ?mi€(X,0) Z-z
'ES(X‘,Q)'K( l )—E ‘ES(X,G)'K( )
n- hiZ ; aejaeg ! hn 89]895 n
1 i om€(X;,0) 9z4(X;,0) clZi=7\_; om€(X,0) 0=24(X,0) [(Z-z
n.hzZ = 89(3 89]' hn 895 (99]' hn
[ 1 9224(X,0)
+|E ﬁ'—aajaeg (s- 0))- ( I, ) —01,0,,0,(2,0) fz(2)
[ 1 925(X,0) amgVCXQ 7-
- E»ﬁ' 396 K hn —011,0,,0,(2.0) - f2(2)
[ 1 *miC(x,0) _ Z- z
- E_hflz 'W"—‘S( K( hn 6IIIQg fZ
[ 1 omlC(Xx,0) 955( 4
_Eﬁ 20, 26, (hn) —011,0,,0,(2.0) - f2(2)
(S1.34)

11



and,

9’R¥(z,0) _ 9%R¥(z,0)
90;00, 90;00,

2 Z(azss(xi,e) -ES(Xi,e)-K(Zi_Z)—E[‘QZES(X’Q) .ES(X,Q).K(Z—Z)])

n-n'z =\ 90,06, h 90,00, h,,
2 v [0EBg(X;,0) 024(X;,0) (Zi-z 0E4(X,0) 024(X,0) (Z-z
. . - . . 1.
T :Zl( 20, o0, N\ Th ) E T oe, a0, |7, )| €3

1 9?E(X,0) _ Z-z
n

1 034(X,0) 02¢(X,0) (Z-z
+2‘(E[h72‘ o0, o0, "
n

—01v,0,,0;(2,0)- fz(Z)]

)] —0v,0,,0;(2,0) fz(z)]

n

By the bounded-variation properties of our kernel function described in Assumption E1 and the

Lipschitz-restrictions in Assumption E3, Nolan and Pollard (1987, Lemma 22), Pakes and Pollard
(1989, Example 2.10, Lemma 2.13, Lemma 2.14) imply that the classes of functions that produce
the empirical processes described next are Euclidean. The existence of 2 + 0-moments in Assump-
tions I1 and E3, and the boundedness restrictions in part (iii) of Assumption G1 imply that the
corresponding envelopes for these classes also have finite 2 + 6-moments. From here, Sherman
(1994, Corollary 4) can be used to show that,

1 v (azasoci,e) NC Zi-z 9235(X,0) NC Z-z
sup (S;—mc ™ (X;,0) K( )—E (S-md ™~ (X,0) K( )) =0,(1),
60 n.hgz Z 9696, ( PoUs ) hy, 9000, ( S ) h, P
|1 Z I2s(X;,0) ImhC(X;,0) o[Zi=2\_ [ 2Esx.0 am€(x,0) K Z-z\ o (1)
veb | 1tz =\ 90 90; Ty 90, 90, m |7
zeZ -
1 & *myC(X;,0) zi-z\ _[P?mYC(x,0) Z-z
sup ~ES(X-,6)-K( L )— -ES(X,Q)-K( ) =0,(1),
QZEZ@ n-hzz ;4 39]'995 ! hy, 39]'395 hy, P
up | ! i amIS\IC(Xi,G).aES(XZ',G).K(Z,'—z)_E amISVC(X,Q).8ES(X,6).K(Z—Z)-  on(D)
QZEZQ n-hzZ = 26, 39]‘ hy, 29, 39]' hy, | PRy
sup 1 (8235(Xi,6) =5(X..0) K(Zi—z) E[(ﬂas(x,e) =25(X,0) K(Z—z)]) 0, (1)
“E5(X;,0)- _ .25(X,0)- - )
QZEZ@ n-hzz = 991‘395 ! hy, 99]'995 hy, p
1 v (ass(xi,e) dEs(X;,0) (Zi—z) [aas(x,e) dE5(X,0) (Z—z
sup . -K -E . -K )):0(1)
00 | n- hi7 = 20¢ 90; By 29¢ 90; hy, P

zeZ
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And for the bias terms, the smoothness restrictions in Assumption E2 yield,

[ 1 92E4(X,0) NC Z-z
E|l— =220 (s - X,0))-K
Zl;(g _hZZ 30,30, (S mg -~ ( ,9)) (h

zeZ

n

)] 01,0,,0,(20) - f2(2)

su .
" W90, 96

zeZ

(1 925(x,0) ImYC(X,0) (Zz-z
E|— s(X,0) oms K( ) —011,0,,0;,(2,0) - fz(2)| = 0(1),

hay

[ 1 ?mlC(x,0) Z-z
E|— =5 7 54(X,0)-K
" hiz 90,00, s(X.0) (hn

zeZ

)} = 0111,0,,0,(20) - fz(2)| = o(1),

sup|E|— -
oo | |t 20, 96,

zeZ

[ 1 omNC(X,0) 9=2.(X,0 Z-
s 93( ),K( Z) ~5110,0,(2:0)- f2(2)| = o(1),

[ 1 92534(x Z-
sup|E T'M'Es(xle)'K( Z)
0cO _hnZ 36]865

zeZ

= 01v,0,,0,(2,0) - fz(2)

—0v,0,,60,(20) f2(2)

sup|E % JE5(X,0) JEs(X,0) ‘K(Z—z)
0cO _h V4 995 89]

zeZ

Combined with equations (S1.34)-(S1.35), these results yield,

9’R™(2,6) 9*R7(z,0)

30,00, 90;00;

sup

0O
zeZ

=0,(1), €j=1,...,dg,

— S1.36
d’R(z,0) 9*R}(z,0) ( )

90,00,  00;06,

sup

0cO
zeZ

:Op(l), g,jzl,...,dg.

From the expressions in (S1.29) and (S1.30), the results summarized in (S1.31), combined with
(51.36) yield,

0°7(2,0) d*mn(z,0)
90,00, 00,00,

sup

0e®
zeZ

=o0p(1)for j,{=1,...,dg. (51.37)

To summarize, our restrictions yield the linear representation results,

71(z,0) = 1t(z,0) Zgbn Vi;2,0) + 97 (z,0),
n- hn P
where sup'Sn (z,0 |:0p(n_1/2),
Geg)
o71,0)_ont ’ (51.38)
Tt(Z, T Z; V@[ﬂ VO,m
e e,
where sup Sneen(z,e)' = op(n_l/z), £=1,...,dy,
0O

zeZ

where the influence function ¥ (V;;z,0) is as described in equation (S1.11), and the influence func-
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tion QDZQW(V,-;Z,G) is as described in equation (S1.25). Finally,

sup|7(z,0) - 7(z,0)| = 0, (n_1/4),

0O
zeZ

Jn(z,0) In(z,0)

':op(n71/4), 0=1,...,dy,

0<0 90, 20, (S1.39)
0°7(2,0) d*m(z,0)
— = 1, ',621,...,(1 .
Z‘%’ 90,00, ~ a6:00, | * 0
S1.2 Asymptotic properties of |63,Z(0)— Qs,z(e)l
Recall that the population objective function of our conditional GMM estimator is
1
Qs,2(0)= 5 - E[1z(U,0)"), where 7z(u,0) = E[ps(V,0)-1z{U <u}],
and @5(V;,0)=S; - mgC(X,-, 0)-mn(Z;,0)-Es(X;,0). Our sample objective function is,
~ 1 1y 5
Qs,2(0) = 3 ;TZ(Uj:Q) (S1.40)
]:
where, .
T(,0)= - ) §s(Vi0) 1z{Ui <u)
1#]
Ps(Vi,0) = S; —m{“(X;,0) - 7(Z;,0) - Es(X;, 0)
We have,

n

T, 0)- ) @s(Vif) 1z{Us <u) = Y @5(Vi0) - ps(Vi,0)) - 12(U; <u)
i=1 i=1

==Y [R(2:,0) - 7(2;,0)]-E5(X,,0) 12(U; <u)

Note that |2g(x,0)| <1V (x,0), and 1z{U; < u} < 1{Z; € Z} ¥ u. Thus,

_ 1 v _
sup [Tz(u,0)~ — ) @s(Vi,0)-1z{U; < u}| < sup|ii(z,0) - (2, 0)| = 0,(1) (51.41)
0e0 ni= 0co
ueR*U 2€

Given the Lipschitz restrictions in Assumption E3, Pakes and Pollard (1989, Lemmas 2.12, 2.13 and
2.14)) imply that the class of functions {¢s(V,0)-1z{u <c} for some 8 €O, ce R4} is a Euclidean
class (see Sherman (1994, Definition 3)), and given the existence of 2+ 0-moments in Assumptions
I1 and E3, and the regularity properties of the parametric distribution described in Assumption

G1, the corresponding envelope for the class also has finite 2 + -moments. From here, Sherman

14



(1994, Corollary 4) yields,

n

sup ‘% Z(‘PS(Vi:Q)‘]lZ{Ui <ul—1z(u,0))] = 0y(1).

i=1
ueRAU

Combined with the result in (S1.41), this yields,

sup [Tz(1,0) = T2(1,0)] = 0,(1). (51.42)

ueRAU

Plugging (S1.42) into (S1.40),

— 1 & P
Q5,2(0)= 5+~ ) T2(U;,0)+E,(0), Where sup

0cO

% : 5,?”(9)‘ = 0,(1). (S1.43)

j=1
Recall that Qg z(0) = %-E [TZ(U, 9)2]. Given the Lipschitz restrictions in Assumption E3, Pakes and
Pollard (1989, Lemmas 2.13 and 2.14)) imply that the class of functions {t(u,0) for some 6 € O} is
Euclidean, and the regularity properties of the parametric distribution described in Assumption
G1, the corresponding envelope for the class also has finite 2 + -moments. From here, Sherman

(1994, Corollary 4) yields,

1 n
sup —ZTZ(Uj,G)Z—E[TZ(U,G)Z] = 0,(1). (S1.44)
oco | 13
Plugging (S1.44) into (51.43), we obtain
sup|Qs,z(0) - Qs,z(6)] = 0,(1). (S1.45)

0cO

S$1.3 Asymptotic properties of

22Qs,2(6) 32Qs,z(9)|

0000 ~ ~ 0000’
We have 2 ) )
QS,Z(G _ d TZ(U,Q) aTZ(U,Q) aTZ(U,Q)’
9600’ ‘E[ Joggr U ONHE|l =5 — 5 ,
9*Qs,z(0) _ 1\~ (9*T2(U;,0) _ Uo IT2(U;,0) 97t2(U;,0) (51.46)
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Where,

9?1z (u,0) E s(V,0)
0000’ 0000’

0tz (u,0) _ E[aqos(V,Q)

]lz{USM}]:
9Tz (1,0) _ 1y 99s(Vi,0) |
20 ‘Zi_z g0 lzlUi=ul

Tz (1,0) _ 1y~ P Ps(V;,0)
2000’  n < 0000’

]]-Z{Ui < M}.

Recall that,
Ps(V;,0) = S; -my©(X;,0)-7(Z;,0)-

(PS(VZ,G) = Si - mIS\IC(Xire) - T((Zire) ’

(1]

s(X;,0),
s(X;, 0).

[1]

Thus,

8@5([/1',9) 8(p5 ‘/1,6 [ ZI,Q Bn(Zi,G)
S1.47

Eg X,@ —
PO) 2,001z, 00),
and,

I?ps(V;,0) *@s(V;,0)

0006’ 0006’
[azn(zi,a) 20°7(Z;,0)

d0 d0 a0

925(X;,0) [In(2,,0) In(Z:,0)|
20 90 90

Bn(Zi,G) _ Bﬁ(Zl,G)] ) aES(Xi,G)'

(S1.48)

0000" 0000’
92 =4(X;,0)
0000’

] ‘Es(X;,0) +
[n(Z;,0) -1(Z;,0)].

Under the existence-of-moments restriction in Assumption I1, and the regularity conditions in
Assumption E3, we have

zzg[nZ

1

aus Xl,Q H

92E4(X;,0) H

s T 0000

1), and sup [ n
=1

Furthermore, |E5(x,0)| <1 for all (x,6). Thus, from the expressions in (S1.47)-(S1.48), the uniform
convergence results in (51.39)-(51.39) yield

ITx(1,0) 8<ps v,,e)
— Z (U <u)| = 0,(1),

0cO 20

ueR4U

11]
(S1.49)
PTz(u,0) 1 = Pos(V;,0)
090" n—1L=" 9030’

sup
0O
ueRAU

“12{U; <u}|=o0,(1),
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Next, given the Lipschitz restrictions in Assumption E3, Pakes and Pollard (1989, Lemmas 2.12,
2.13 and 2.14)) imply that the class of functions

{&P%g’e)-]lz{u <c} for some 96®,c€RdU},

P ps(V,0
{% -1z{u <c} forsomeBe€O®,ce IRdU}
are Euclidean. The regularity properties of the parametric distribution described in Assumption
G1, and the existence of 2 + 5-moment restrictions described in Assumption I1 imply that the
corresponding envelope for the class also has finite 2 + 0-moments. From here, Sherman (1994,

Corollary 4) yields,
1 v [ dps(V;,0) dtz(u,0)
Y (B U < uy - 2 ) = 0,(1),
sup ”1:1( 0 310y < - T2 - o)
ueRAU
Ly (Pes(Vy,0) P15 (u,0)
— 1:{U, ————=||=0,(1).
e S P 11( g telUisul-—7555 ) op(l)
ueR4U
Combined with the results in (S1.49), this yields,
0tz(u,0) arg(u,(?)’
sup - =0,(1),
ueR4U
S1.50
sup *Tz(u,0) I’tz(u,0)| 0,(1) ( )
oco | 0006’ 0006’ P
ueRAU
Combining this result with (S1.42) and plugging back into (51.46),
9?Qs,2(0) _ 1y~ (’72(U;,0) 915(U;,0) 9t2(U;0)") | v,
Rl A — - 7 . U.,6 . 06"<(9),
G007~ n | amae = UrO+ —5 g6 | e (©)
=1 (S1.51)

where sup
0€®

5%5w4=%ux

I,n

Finally, the Lipschitz restrictions in Assumption E3, Pakes and Pollard (1989, Lemmas 2.12, 2.13

and 2.14)) imply that the following class of functions is Euclidean (element-wise),

9%1(u,0) 0tz(u,0) dtz(u,0)’
{aaae' w05 g

for some O € @}

The regularity properties of the parametric distribution described in Assumption G1, and the ex-
istence of 2 + -moment restrictions described in Assumption I1 imply that the corresponding en-
velope for the class also has finite 2 + 9-moments. From here, Sherman (1994, Corollary 4) and the
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2
definition of 2 ;265536(,6) in (S1.46) yield,

sup
0e®

n 2 . . . / 2
12{[9 U0, ), 92Up0) 9t2(U;,0) ]_a Qs,z(e)} o)1) (5152)

n 0000’ 20 20 0000’

Plugging this back into (51.51), we finally obtain,

2~ 2
sup 9°Qs,2(0) 9°Qs,2(0) = 0,(1). (S1.53)

veo| 00067 0000

S1.4 Consistency

Under the restrictions of Assumptions G1, G2 and 11, our estimator first-step MLE estimator

satisfies 77i> 70- Next, given the restrictions in Assumption 14, 6; is the unique minimizer of

Qs,z(0) over ©. Furthermore, Qg z(6) is continuous by the restrictions in Assumption I3. Also, as

we showed in (51.45), under our restrictions we have sup|(’2\572(6) - QS,Z(6)| = 0p(1). Thus, since
6cO

77i> Y0, we have, sup|(§5’g(77,A) - QS’Z(')/(),A)) = 0p(1). From here, Newey and McFadden (1994,
Ae®

Theorem 2.1) yields AL Ay. Thus, grouping 0= (77’,/A\’),, we have 0 - 0.

S$1.5 Asymptotic distribution

Since 0 € int(®) by assumption, smoothness of our sample objective function Q\S,Z(G) implies that,
9Qs,2(0)

with probability approaching one (w.p.a.1l), O satisfies the first-order conditions 35— = 0. From
here, a linear approximation yields,
9Qs,2(0) _ 9Qs,2(00)  #°Qs,2(0) .  Qsz(0)
0==28 " " angy VTVt a0n (A= 40)

As usual, §belongs in the line segment connecting 0 and 6y and, since -2 0,, it satisfies gLt 6.
9’Qsz(0)  9*Qs,2(0)

Given the uniform convergence result Zug 5507 S650| = 0p(1) in equation (S1.53) and the
(S
. 2?05 2(0)7" . . . . . .
assumption that —%=55—  exists and is a continuous function of 0 in an open neighborhood N of

0y (see Assumption I3), it follows that with probability approaching one, we can express,

A-Ag=-

97Qs z(6) " 9Qs.2(00) (92Qs,2(60) _
e R N L

Plugging in the linear representation result of our first-stage estimator 3/, we obtain,

2 -1 2} 2 n
A-A, :_(% +0p(1)]><[aQSéZA(90) +(9 gz,az;?o) +0p(1))~[%z¢(vii7/o)+0p(nUz)]l
i1

(S1.54)
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Our next step is to show that, under our restrictions, we can obtain a linear representation result

for —3QSéZA(9°).
S§1.5.1 A linear representation for _3Qs£(00)
We have,
9Qs5.2(0) _ 1y~ ((1y~ 1 - 055(V,0
= =;Z[[; Ps(Vi,0)- 12{U; < Uj) | x| = )~ (ps(;Ag ) iU < Uy
j=1 i=1 =1
Ly _ 95s(Ve, 0
:F ZZ(PS(VUG) (PS;AZ ) ]]'Z{U1<U]} ]].2{U€<U]}
j=1 iz#j {#i,]
1 1 & - 00<(V,,0 _ 95<(V..0
+Ex[ﬁ ((PS(V“@) <Psa(Az )1 {Ui < Ujt+ @5(V,0) - QOS;A’ )-]lZ{Ui<U]}
j=1 izj
_ dps(V},0)
+@5(Vi,0) aA] : Z{UZSU]}
1 - 95 (V;,0)
+pX[ Z(ps(vpe) p”

19



Writing 75 (V;,0) = 9(V;,0) + (V. 0) ~ (V;, 0)] and 225100 = 200L0) | | I00L0) _ 20000, e

JA JA JA
obtain,
9@5,2(9):
Ly I9s(V7,0)
;;Z;qﬂs(%@)-T-nz{wsU]-}-le{Ugng}
j=1 izj (#i,j
00s(Ve,0)  dps(Vy,0)
3;;&;% Vi 0)- [ |12t S U 12U < U
s (Vy, 0
LYY DO 1,00 sV, 0] 121U, £ U)) LU < Uy
j=1 i#j O=#i,j
1 v _ 0ps(V,,0)  dpg(Vy, 0
+;ZZZ[¢S<\4,9>—¢SM,9>]-[ P50 osti )]-ﬂz{uisuj}-nz{ugsuj}
j=1 i¢j€¢ij
1 99, Vz,9 _ 0ps(V;,0
] 1 i#j

dA

[ 9<ps< ,0)
Z@s j,0) =53
(S1.55)

Recall that, §5(V;, 0) = S;—m{ “(X;,0)-7(Z;,0)-E5(X;, 0), and @s(V;,0) = S;—my ©(X;,0)-1(Z;, 6)-
ES(Xi,Q). Thus,

EﬁS(ViJQ) (PS(VUQ ——[71 Zl,e) (Zile)]'ES(XifQ)r

0ps5(Ve,0)  dos(Ve,0) _ [ 97(Z,,6) In(Zp,0)] - _ 9Z4(X,,0)
dA - oA __[ aA  IA ] Es(Xe, 0 )—[7'C(Zg,9)—7I(Zg,9)].a—A
(S1.56)

Let the influence functions 7 (v;z,0) and 1y ™ (v;z,6) be as described in equations (S1.11) and
(S1.25), and let 97(z,0) and 9,27 (z,0) be the remainders of the linear representations described in
(51.11) and (S1.27). Plugging in these linear representations into (51.56),

n
Ps(Vi,0) = @s(V;, 0) = - IPZ(Vk}Zi’@)JrSn(Z 0)|-Es(Xi,0),
n-hdz
205(Vy,0)  dps(V, 0 -
RS :_[ s ZWA” Vis Ze,0)+ 9 (2,,0) |- 25(X,,0)
-y k=1
9Z5(X,,0)
— i Rl A el Sl
[n e ;wn VisZe,0) + 97(Z0,0) |- =2
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From here,

n 95 o 0
%ZZZ(%(V"’Q)'[ QDSQXg ) QDS;XZ )]']lZ{UiSU]‘}']lZ{UZSU]‘}

j=1 izj {=i,j
1 ¢ 1 n ~
==5 )0 ) ws(Vi0)- 1z Y WA (VisZg,0) + 97224, 0) |- B5(X,0)- 12(U; < Uj) - 12{Ug < Uj)
j=1 i#j L#i)j n-ly” k=1
Ly Ly 9E5(X,,0
=52 0D esVel)-| ) Wl(VisZe 0)+ 97(Z,,0) -S;—Af)-nz{u,-suj}-nz{ugguj}
j=1 i%j €=i,j n-hy” =3

And,

n a ) .
LYYy 20O G (v1,0) - s Vi, 001 121U; < Ul 121U < Uj)

j=1 izj (+#i,j
Ly dps(Ve,0) (1 ¥ .
:_FZZZ (PaA ) dz Z¢Z(Vk;zi’9)+95(zi:9) -25(X;,0)-12{U; < Uj} - 12{U, < Uj}
j=1 izj C#ij n-hy’ 1=
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In what follows, let (Vy,V,, V3, Vy) ~ Fy ® Fy ® Fy @ Fy (four randomly drawn observations from
our i.i.d sample (V;)i" ). Let,

8<p5(V3, 6)

Sa(V1, V2, V3;0) = s(V4,0) - A

1z{Us < Up}-1£{Us < Up},
1 = dZ5(X3,0
V1, V2 Vi, Vi) = - x [(psme) (25t 01 i visza, 00 5L vz, 0

N dps(V3,0)

A “Es(X1,0)- 95/ (Vy; Z1,0)

12{U; < Uy} - 12{Us < Uy},

Ps(V1,0)-E5(X3,0) - [y " (V13 Z3,0) + )/ (Va3 Z3,0) + )/ (V33 23, 0)]

+<PS(V1,9)'T'[¢§(V1}Z3;9)+¢Z(V2;Z3;9)+¢Z(V32Z3,9)]
‘Es(X1,0)-[¢(V1;21,0 )+4’3(‘/2}21:9)+4’§(V32Zp9)]]']lz{Ul S Up}-12{Us < Uy},

dZ5(X3,0)

. Qn
52 sxza.0)

g (Vi Vo, V350 = (cps<v1,9> : (ES(X3,9> 8V (25,0) +
+ 8(PS(V3x 9)

A ’ES(Xer)'Sg(erQ)]’ILZ{UI < Uy} 12{Us < Uy},

e - - —, 87/'[\2,6 BTCZ,Q
gA,nwl,vz,vs;e)z[as<x1,9>-as(x3,6>-[n(zl,m—n(zl,e)]-[ Zo0)_ onied)]

Ho(X3,
+9 s(X3,0)

A Es(X1,0)-[7(Z,,0) - 71(21'9)]'[7?\(23,9)—77(23;9)]]'lz{Ul S Uyl 12{Us < Uy},

_ 9ps(V1,0 _ 9ps(V1,0
gg,n(Vth;@) = (@s(Vl;Q)'% 12{U; < U2}+(PS(V2:9)’% -12{U; < Uy}
_ 95s(V>,0
+gs(v,0) 22020y, < Uz}],
_ 95s(V1,0
&8, (V150) = s (v1,0)- 220 g7 ¢ )
(51.57)
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Using these expressions, (S1.55) becomes!,

W0 LNy Y w05 Y Y Y Y v vivie)

j=1 izj €+i,j j=1 i#j €#i,jk=i,j,
1 [1 ¢ 1 i
- x EZZZgg,n(vi,Vj,vg;e) —EZZZgA,H(ij,Vg;e)
j=1 izj l=i,] j=1 izj C=i,j
ZZZgA"V“ , Ve 0 +—><[ ZZgAnVVQ x[—ZgAn
j=1 izj (#i,j j=1 izj
(51.58)
Let
Vi) = T ZZZgA Vi, Vj, Vi;0),
j=1 izj (#i,j
b — .
0002 <ﬂn2ngzzzz&m,www
j=1 izj O#i,jk=i,j,0
Vial0)= T L L Vi Vo),
j=1 i=j (#i,j
VA0 = DY Y ki Vo)
j=1 izj (#i,j
Va0 = oy ZZZ&M V;, V;, Vis0),
j=1 i=j (#i,j
n
fgy=_ L f :
VA (0) = =1 ZZgA,n(Vi,Vj,@),
j=1 izj
1 n
= " Zzgi,n(v] 0
j=1 izj
Then (51.58) can be re-expressed as,
9Qs,2(0) _((n-1)(n-2) (n=1)(n=2)(n=3)) L\ ((n=1)(n-2)

—(W)-VﬁAGH(w)-V&n(GH(%)X(n_ ! )-Vgln(9)+(%)xv§,n(9)

n? n
(S1.59)
Next, we will analyze each term in (S1.59). Let us begin with V&n(G). By the bounded-variation
properties of our kernel function described in Assumption E1 and the Lipschitz-restrictions in
Assumption E3, Nolan and Pollard (1987, Lemma 22), Pakes and Pollard (1989, Example 2.10,
Lemma 2.13, Lemma 2.14) imply that the class of functions involved is Euclidean (see Sherman

1Recall that HU;j <u} = 1{Uj € Z}x H{Uj < u}, so 1 z{U; < Uj} = 1{U; € 2}, which explains the structure of
8
gA,rz(Vl"Q)'
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(1994, Definition 3)), and given the existence of 2 + -moments in Assumptions I1 and E3, and the
boundedness restrictions in part (iii) of Assumption G1, the corresponding envelope for the class
also has finite 2+ 6-moments. From here, Sherman (1994, Corollary 4) can be invoked to show that
sup 11/3,”(9)1 =0, (%Z) Therefore,

0cO by

1 (n—l)(n—2) c 1 -
gl )2 o] o g o) (51.60)
—1

where the last equality follows from the bandwidth convergence restrictions in Assumption E1.
Next, from the asymptotic properties of the remainders 97 (z,0) and 927 (z,0) described in (S1.11)

and (S1.27), and the integrability and boundedness restrictions in Assumptions G1 and E3, we
have?

sup |Vg’n(9)| <
6€O

1 n
VAR
sup [9,""(z,0)|xsup lps(V;, 0)- 12{U; < Uj}- 12{U, < Uj}
zeZ g

—_——

:Op(n—1/2> =0,(1)

: ! Y . ”MH <U). .
+Z‘§@p|S”(Z'6)|X?£{n-(n_l)-(n_z)ZZZ'(PS(V“Q)' an | et U 1elUe<U)

i j=1 i%j L#i,)
————
=0, (n"1/2) =0,(1)
1 - Ip(X¢,6)
n — . . . . .
+sup |8n(z,6)|><sup ﬂ‘(n—1)~(n—2)ZZZ'.H A H 1{U; < Uj}-12{U, < Uj}
0e® 0eo j=1 izj (+i,j
z€Z g
—
:op(n—l/z) =0,(1)
— -1/2
—op(17172).
Thus,
_ n—1)(n-2 B
sup|VZ,n(0)| = op(n 1/2) = sup (%)-vg,n(e)‘ = op(n 1/2) (S1.61)
00 0e0 h
——————
—1

2Recall that |25(x,0)| <1V (x,0).
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Combining the uniform rate of convergence results in equations (51.12) and (S1.28) with the bound-
edness and existence-of-moments restrictions in Assumptions G1, I1 and E3, we have

sup|V3,(0)] <
6O

sup |7t(z,0) — 1t(z,0)| x sup o(z,0) _ In(z0)

0c6 oco | A IA
zeZ zeZ
o, (n1/4) =0, (n1/4)
=0p(n71/2)
+sup |7(z,0) — 7t(z,0)|xsup |7t(z,0) — 1(z,0)]
0O 0eO
zeZ zeZ
—o (n-1/4 —o, (n-1/4
p(n717%) p(n714)
=0p(n71?)
X su ZZZ 9E5(X0,0) Xg’ 12{U; <U;}-12{U, < Uj)
p n- Tl 2 Z\Wi=Yj ZYe = UYj
0<® j=1 i=j (#i,j
zeZ
:Op(l)
— -1/2
_op(n )
Thus,
n—-1)(n-2
sup (—( )(2 ))-vg’n(e)
0cO n (S1.62)
E/—/
-1
Next we analyze Vg'n(G). The results in equations (S1.42)-(51.49) yield
f
sup |V, (0)| =sup a Vi, Vis0)| = Oy(1).
eee‘A’” ‘ 6co |- (n—1) ;;’A" v
sup |VAn |
6cO
L vy (= Ips(V;,0) = 9Ps(V;,0)
=sup |——— V,0). 25507 (U < U V.,0)- 1{U; < U;
Zeg (11—1) JZ{; (PS( 16) oA Z{ i ]}+(PS( ]6) oA Z{ i ]}

dps(V;, 0
(v, 0)- 2700, ﬂz{U‘SU‘}]
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Therefore,

Ly (n=1\ f _o (Yo (12
Sup (n)X( " )VA,H(G)’—Op(n)—op(n ) (S1.63)
~——
—1

For Viyn(a), we note once again that the results in equations (S1.42)-(S1.49) yield,

1 & dps(V:,0)
8 = ]
sup [V, (0)=sup |- E (Vi,0) ——=———-1{Z; € Z}| = O,(1).
0€O | an | oco |1 P Pt oA J p
Thus,
1 1 _
sup '(—nz )xVi’n(G)‘ = Op(—le ) = Op(” 1/2) (S1.64)

0cO

Next, we will analyze the U-statistics Vi | (6) and Vg’n(é) through their Hoeffding decompositions (see
Serfling (1980, pages 177-178) or Sherman (1994, equations (6)-(7))). Let us begin with vg,n(e). Let

T(0) = E[gh(V1, V2, V3;0)]
Note that 7 (8,) = 0 since,

dps(V3,60)

A 1z{U; < Uy} - 12{Us < Uy}

9ps(V3,00)
dA

T(0o) ZE[fps(Vl;@o)'

= E[E[os(v1,00) 1201 < U} U] 1:(Us < Uyl

ETz( U2,60):0 a.e UQ

dps (V3,0
:E[O'%'ﬂz{UESUﬂ]
=0.

Next, define, .
ZA(V1, V2, V330) = Y 84V Vny, Viny360), (S1.65)
P

where % denotes the sum over the 3! permutations {my, m,, m3} of {1,2,3}. By construction, g (Vy, V5, V3;0)

is symmetric in (V1, V,, V3), and E [gZ(Vl, Vs, V3;6)] =T (0). We can express,

-1
n
vﬁ,n(e):(3) ) Z(Vi, v, Vi;6),
c

where ) denotes the sum over the (3) distinct combinations {i, j,£} from {1,...,n}. Let
c

34(V1;0) = 3-(E[§g(v1,v2, V3;0) |Vl]-7(9)) (S1.66)
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Note that, by construction, E [gg(vl;e)] =0V 0. Also note that evaluated at 6, we have,

_ Igs(Vs, 0
ga(V1;600) = (PS(Vl'GO)'E[E[% -12{Us < Uy} |U2] -IH{U; < Uy}

Ul] (S1.67)

The Hoeffding decomposition of V}  (0) (see Serfling (1980, pages 177-178) is given by,

Vi (6) Z (Vi;0)+U2(0),

where U(0) is a linear combination of degenerate U-statistics of orders 2 and 3. By the Lipschitz-
restrictions in Assumption E3, Nolan and Pollard (1987, Lemma 22), Pakes and Pollard (1989,
Example 2.10, Lemma 2.13, Lemma 2.14) imply that the class of functions involved is Euclidean
(see Sherman (1994, Definition 3)), and given the existence of 2+90-moments in Assumptions I1 and
E3, and the boundedness restrictions in part (iii) of Assumption G1, the corresponding envelope
for the class also has finite 2 + -moments. From here, Sherman (1994, Corollary 4) yields,

sup|U(0)] = op(%) = 0, (n712).

0cO

Thus,

1 n
Vﬁ,n(f?)=T(9)+;Z§Z(‘G;9)+U3(9)' where sup|U(0)] = o, (n™"2). (S1.68)
- 0e®

And evaluated at 6, we have 7 (6;) = 0, and

Vi 1(00) = ZgA Vi;0p)+o0 ( 1/2), where
(51.69)

dps(V3,0))

ga(V1;6p) = (PS(VerO)'E[E [a—A 12{U3 < Uy} |U2} U, < UL} Uy

sup|7 (0)| < co under our restrictions. Thus, from (S1.68), we have sup |V“ 6)| = Op(1) and,

0cO 0cO
2-3n 1
Zz(g( n2 ) VAn( )l OP(;)'
———

-o(})
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From here, it follows that,

- i=1

=9;(0)

1
where sup|9,(0)| = op(_) =0, (n—l/Z)'
0€O n

In particular, evaluated at 6,

(W) VAH 0p) = Z (Vi;69)+0 ( 1/2), where
. Igs(Vs,0
ga(V1;00) = s(V1,00)-E [E [% 12{Us < U} |U2] 12{U; < Uy} |Uy
(S1.70)

Next we analyze the Hoeffding decomposition of VK’H(G), the last remaining term to study in
(51.59). Note first that, from its definition in (S1.57), we have

E [gZ,n(Vl, V), V3, Vy;0) |V1; Vo, V3] =0V 0,
and therefore E [gg’n(Vl, V,, Vs, V4;9)] =0V 0. This follows because
E[¢VAn Vi Z3,0) |Z3] =E [IP;T(V4;Z3,9) |Za] = E[IP:}(VAL?ZDQ) )le =0vo.

Define,
1
28, (Vi, Vo, V3, Vi3 0) = I Zggln(vml,v,,,z, Vg Viny3 0), (S1.71)
P

where ) denotes the sum over the 4! permutations {my, m,, m3, my} of {1,2,3,4}. By construction,
p

§Z n(Vl,Vz, V3, Vy;0) is symmetric in (Vy, V,, V3, Vy), and E[’g’gn(Vl,VZ, V3,V4;6)] =0V 0. We can
express,

-1
n
VZ,71<9)=(4) > 2 Vi, Vi Ve, Vi 6),
c

where ) denotes the sum over the (};) distinct combinations {i, j,£,k} from {1,...,n}. Let
c

Zha(Vi:0)=4-E[gR (1, V2, V3, Vi0) | V3]
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By inspection, we can see that,

3!
E[@R,,(V1, V2, V3, Vis0) [Vi] = TE[8R (V2 Vi, Vi, Vi50) Vi ]

1
—~x|E
4X[

+E

Vi

_ 1
#s5(V2,0)-E5(X3,0)- - (V1323 0)- 12(U; < Ua) - 1(Us < Us)
n

aES (X4I 6)
oA

dy V1
n

1
“ps(V,,0)- h—lP;{(Vl}Zsz) ‘12{U, < Us} - 12{U4 < Us}

Vi

|
|

dz
n

- 1
-Es(X5,0)- h—lPZ(Vl}Zz,@) ‘12{U, < Us} - 12{U4 < Us}

Therefore,

%, (Vi;0)=E

_ 1
#5(V2,0)- (X4, 0) ™ (V152 0)- 12(Uz < Ua) - 12(Us < Us)
n

J0Z2¢(X,4,0 1
+E[%‘(PS(VZfQ)'hTZI;bZ(Vl;ZALfQ)'ILZ{UZ < Us)-12{Us < Us) [Vi|  (S51.72)
n
9ps(Vy,0) _ 1
+E %'55(X2'9)'hTZEDZf(Vl}Zz,Q)']lZ{Uz S Usb-12{Us < Uz} |Vp |
n
Note that, evaluated at 6,
[ H 1
E|@ps(V,,00) - Es(X4,00)- hTZ¢ZM(V1;Z4,90)']12{U2 < Usz}-1z{Us < Us} Vl]
L n
[ _ 1
=E E[@S(Vzleo)le]'DS(X4:90)‘hTZ¢ZAn(V1;Z4,90) ‘12{U, < Us}-12{Uy < Us} V1] =0,
S —  ——— n
-0
J0E¢(X,4,0 1
E S(8A4 0) '@S(VZIQO)‘hTZ¢Z(VIFZ4:QO)'ILZ{U2 < Us)-12{Us < U3} (V)
L n
[ 025(X4,60 1
_E S(9A4 0) .E[(ps(szeo)‘Uz]'hTZIPZ(VUZAL»@o) 12{U, < Us}- 12{Uy < U3} Vl] =0.

n

—,———
=0

Thus, evaluated at 6,

dps(Vs, 6)
JA

%,(Vi;00) =E 4]

- 1
“Eg(X3,0)) - hTZ#’Z(Vl;er@o)']lz{Uz < Uz} -1z{Us < Us}

n

=E

dps(Vy, 0 - 1
%'E[Ds(xzﬁo)'TEDZ(Vl;Zz;@o)']lZ{UzS Us} V1]~
h Z

Vi, U3} 12{Uy < Us)

n

(1.73)
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The Hoeffding decomposition of VK’H(Q) is given by,

where 24?(0) is a linear combination of degenerate U-statistics of orders 2, 3 and 4. By the bounded-
variation properties of our kernel function described in Assumption E1 and the Lipschitz-restrictions
in Assumption E3, Nolan and Pollard (1987, Lemma 22), Pakes and Pollard (1989, Example 2.10,
Lemma 2.13, Lemma 2.14) imply that the class of functions involved is Euclidean (see Sherman
(1994, Definition 3)), and given the existence of 2 + -moments in Assumptions I1 and E3, and the
boundedness restrictions in part (iii) of Assumption G1, the corresponding envelope for the class
also has finite 2 + 0-moments. From here, Sherman (1994, Corollary 4) yields

1 -
sup|Z/{rlf(9)|:Op[ dz]:op (n 1/2),

0e® n-hy

where the last equality follows from our bandwidth convergence restrictions since n'/? - hZz

Thus,

—> O0.
Vb > (V;;0 +Z/{b( 0), where su Iub(Q)I_—o (n_l/z)
An gAn 4 n 4 er n P ’

and where ggyn(vl;e) is as described in (S1.72), and it satisfies E [§Z,H(V1;6)] =0V 6. Let us focus
on O = 0. Note first that,

— —_ —_ - 2 B
((n b2l 3)).1}&1(90)=V§771(90)+(W)-V§n(90)
=0y (5)=0p(n712)
Thus,
((n—l)(ﬂn—32)(” )) VI (8y) = ZgA" Vi;60) + 0, (n™/2) (S1.74)

where §ZIH(V1;90) is as described in (51.73). We are now ready to put together our results for

%. As before, let (V1,V,, V3, Vy) ~ Fy ® Fy ® Fy ® Fy (four randomly drawn observations from
our i.i.d sample (V;)!_,). Combining the results in (51.60), (S1.61), (S1.62), (S1.63), (S1.64), (51.70)
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and (51.74), and plugging them into equation (S1.59), at 6 = 6 we have,

aQSZ(QO) -1/2
—SA = ;FAH Vi;00) + 0, ( ), where

T (V15600) = (V15 6)) §Zn (V1;60)

dps(V3,00)
= s (V1,00) EH #1500 lz{UaﬁUz}‘Uz]']lz{thUz}

]

9<P5(V4,90) V., Us

«

12{Us < Us)

1
[us(xzﬁo) e 4’ (V1;2,,00)-12{U, < Us}

n

vl]
(S1.75)
Note, once again, that E [T ,(V1;60)] =

§$1.5.2 A linear representation result for A (final step in the proof of Proposition 1)

Let

92Qs 2(60) " 9°Qs,2(69)
. __ =9srY) . _ =oer Y, . S1.76
II)A,n(VUQO) IAON X(FA,n(VIIQO)+ aAay’ lzby(vz!VO)) ( )

Note that E [ia ,(V;60)] = 0. From equation (S1.54), our result in (S1.75) yields,
1 n
A -1/2
A-Ap=— Z Pan(Vi;00) + 0, (1772), (S1.77)

and 7 - (K—AO) L, N(0,Q,), where Q, = lim,,_,, E [Wan(V;00)- ¥an(V;60)]. This is the result
described in Proposition 1. m

S1.6 An estimator for 5, the asymptotic variance of y/n- (K— Ao)

Based on our result in Section S1.5.2, our proposal is to estimate (25, the asymptotic variance of
Vii-(A-Ag),as Q=1 1 ﬂ)\A,n(Vi;é\) . {D\A,H(W;é\)’, where l//;A,n(Vi;é\) is an estimator of the influ-
ence function gbA,n(Vl-,Q). We estimate the influence function ¢} (V;;z,0) described in equations
(51.7)-(S1.11) as follows. Let,

Zi—z
RT(z,0)= E €(X;,0)) 2s(X;,0)- K[ ===,
Z 0. hd )) S( 1 ) ( hn )

7-[ =
Ry (6 _nhd ZHSXI’Q (h )

Vil Vis2,0) = (S - my©(X,,0)) - E5(X;, 0) (

Zi—z
hy,

)—hiz R(z,0),

— - Z:—z —
lpgn(Ui;Z,Q)E\:S(Xi,Q)z-K(—lh )—hiZ-RZ(z,G),
n

1 m(z,0) —~
’ ,6 = an 1% = * i’ )6
FiV52.0) = s Pl Vi5,0) = - B U520
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Next, we have?

2Qs.2(0) 1< (9*T=(U;,0) _ IT2(U;,0) 9T2(U;,0)’
9000 _ZZ Je0e 2O+ —55— 54 ‘
Where,
Itz (u,0) 1~ 9ps(V;,0) , 2Tz (u,0) 1 v 929s(V;,0) ,
20 n; go  LelUisul —5a58 ‘E:Z Jooe  LzlUisul
And,
Ps(V;,0)=S; -my©(X;,0)-7(Z;,0) - E5(X;, 0),
0P5(Vi,0)  (9m§C(X;,0) Im(z;,0) _ IZ5(X;,0)
90 g0t g Es(Xu0)+ —og— w2, 0)|,
*Ps(V;,0)  (9*miC(X;,0) 9m(Z;,0) 925(X;,0)  PR(Z;,0) _
=- + . + -25(X;,0)
20006’ 2000’ 20 20 20006’
d25(X;,0) dm(Z;,6)" 9’Es(Xi,0) —
N g0 " o009 40|

The Jacobian an(aze 9) and Hessian i 972(59,6 of our estimated weights 7t(Z;,0) are as described in

equations (S1.13)-(S1.33). For m € N let (m)y = m-(m—1)---(m—k). From the definition in (A8),
and the definition of I ,(V;;0) in (51.75), we estimate

_ 295 (Vy, 0
TanlVis0) = sV 0) ooy ) ) g Bs00) 3 (v U 1210 < U)
j=i k=i,j
9405 Vz; =
T Z Es(X;0)- TV 23,0)- 11U} S Uy - LU < Uy)
j=i k=i, jl=i,1,k n

Let 12)\),(\/,‘;)7) be the estimated MLE influence function for 7. Using (A9), we estimate { ,,(V;;6y)
with,

— — -1 — —
5 _2°Qs,2(0) X[A 5+ 2220 & 5 (51.78)

IPA,H(‘/Z';Q):_W FA,H(‘II';B)'}' aAay,

From here, we estimate ()5, the asymptotic variance of v7-(A—A), as Q, = 1 i llpA 2(Vi50) -
Pa (Vi;0) . Using the results in Sections S1.1, S1.2, S1.3, S1.4, we see that under the restrictions of

. —~ ~ —~ AP
Proposition 1, we have || Y7 D 4(Vi30) - Pan(Vis0) = L X1 pa u(Vis00) - han(Vis 0) || — 0, so
Qs - Qa5 0.

92Qs,2(60)
0000’

3Note that 9%Qs,z(60) E[aTz U,0o) . dtz( U90) ] (

20507 since tz(U,0) = 0 a.s), and we can estimate

as
#Qs,2(0) _ 1 ia?g(u,-,e) 9Tz(U;,0)
0000’  n 90 20 :
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S2 A linear representation result for M\g()?,A) (the statistic pro-

posed in Section 2.7) and the proof of Proposition 2

In this section we describe the details of the asymptotic results mentioned in Section 2.7. There, we
allowed for the possibility that players cooperate almost surely, leading to the possibility that A
is no longer point-identified. Under the maintained assumption that players always choose pure
strategies, 9, is identified and estimable using MLE. Our proposal was to construct a confidence
set (CS) for Ag as follows. Let Z be our pre-specified inference range for U and let 1z{U < u} be as
defined previously. Next, let g : R — R be a real-valued, pre-specified function of U. In general,
our instrument function g would satisfy g(u) > 0 ¥ u. For a given u € R% we defined,

To(u,0) = E[ps(V,0)-g(U)-1z{U <u}], M

4(0) = E[1,(U,0)]

By iterated expectations, M¢(0) = 0. Since yy is identified, our proposal was to use the population
statistic Mg(yo,A) to construct a CS for A. Let @I {A €O : My(yo,A) = 0} be our target identified

set for A based on the moment restriction M (60) 0. Our sample statistic was

A’Zg(f,A) = %Z (U, 7, A =3 ZZ(ps Vi, 7, A)-g(U;) - 12{U; < Uj}

j=1 j=11i=
In this section we will show that, under our restrictions, our statistic Mg()’/\, A) satisfies a linear
representation result. Note first that,

n

—_ 1 .
Me(7,8)=— ) T(Up7y.4)
j=1

ZZ(PS V. 7,A)-g(U)- 12{U; < Uj)

j=1i=1

ZZ@S Vi, 7A)-g(Uy) - 12(U; < Uj)

j=1 izj

1 1 — —
+ox ;;fpsm,y,A)-g(Uj)-ﬂ{Zj ez)|.

From the asymptotic properties of 7t(z,6) described in Section S1.1 (see equation S1.12) of this
supplement and the integrability and boundedness restrictions in Assumptions G1 and E3, we

have

sup Z(Ps Uj)-1{Zj € Z}| = O,(1).

Therefore,

su —><— 70 -g(Uj) - 1{Z; € Z}
s s 7
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Thus,

= 1y = = M M -1/2
g(y,A)z;;Z(psmwwg(w)-nz{wsuj}ﬂ;a,sm), where - sup |cu,; (A)] = oy (1 ).
j=1 iz

Since @5(V;, 7,A) —ps(Vi, 7, A) = = [1(Z;, 7, A) - 1(Z;, 7, A)] - Es(X;, 7, A), we obtain,

VA) = ZZ(PS Vi,7,A)-g(Ui) - 12{U; < U}

j=1 i#j
1 v B o
j=1 izj

+g2i‘f(A), where sup |gy,§(A)| = op(n

-1/2
Ae® ).

Let us begin with the first term on the right hand side of (S2.1). Using a second-order approxima-

tion, the first term becomes,

1 v _
520 @s(Viu 7 0)-g(Uy) 15{U; < nZZZ% Vi vo,A)- g(Uy) - 12{U; < Uj)
j=1 izj j=1 izj
Zza% Vl’yo’ U;)-12{U; < U} (7
P -g(U;)-12{U; < Uj}| (V= 0) (S2.2)
] 1 1¢]

Ps(Vi, 7,
(770 [nzzz PV ) oy 10, < U |7 ),

where, as usual, ¥ is a point in the line segment connecting » and yy. Under our restrictions, we

have
*ps(V;,0)
-g(Uy)- 15{U; < U)|[ = 0, (1).
oe || n-(n=1) ;; dydy’ ‘ P
Thus,
2 ps(V, 7,
sup (7~ 7o) [ ZZ ;y(;yy 2(U)- 12U < Uj} |(7=70)
j=1 i=zj
n~(n—1)) e 1 *ps(V;,0)
|—== x|y - xsu . (Uj)-12{U; < Uj}
( n? ”LZO_”, eegn(n—l);; dydy e
-1 :OP(%)

:Op(%) = Op(”fl/z)
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Plugging back into (52.2),

1 n N 1 n
20 sV A)-g(U) 12U < Ujh = — ) ) ps(Vivo,A)-8(U))- 12AU; < Uj)

j=1 i#j j=1 i=j
1 & «— 99s(Vi, y0, A L u
* pzz—%(aym )‘g(Ui)‘]lZ{UiSUj} (7= v0) + Sy a (D), (S2.3)
j=1 i=j

where sup|g:f15(A)| = op(nfl/z).
Ae®

Let (V1,V,) ~ Fy ® Fy (two randomly drawn observations from our i.i.d sample (V;);_,, and define

H;\/Ig(e) =E |: a(PS;‘;lle)

-8(U1)-12{U; < Us}|. (52.4)
By the Lipschitz-restrictions in Assumption E3, Nolan and Pollard (1987, Lemma 22), Pakes and
Pollard (1989, Example 2.10, Lemma 2.13, Lemma 2.14) imply that the class of functions involved
is Euclidean (see Sherman (1994, Definition 3)), and given the existence of 2 + -moments in As-
sumptions I1 and E3, and the boundedness restrictions in part (iii) of Assumption G1, the corre-

sponding envelope for the class also has finite 2+ 0-moments. From here, Sherman (1994, Corollary
4) yields,

1L -y 99s(V;,0)
P mzzz—y'g(Ui)'lz{UiSUj} =0,(1),

6<® =1 izj

1 Ny 9¢s(Vi0) ",
e n-(n—l)Zzsa—y'g(Ui)'lz{UiSUj}—Hy (0)

=0,(1).
0o =1 iz

M
Our restrictions also imply that ||H7, g(@)“ is bounded over ©®. Combined with the linear represen-
tation of ¥ g, these results imply,

n a i, ’A /A
[%;Z%'g(w)'ﬂz{wé%} 7=70)
j=1 i%]
(=) (1 dpsViyed) -
_( > )X[n'(n_l);’;To'g(Ui)']lZ{UiSUj} (¥=0) (S2.5)
—1

n

1 M , M M _
=5 L Hy 089y (Visyo)+ coi(8), where suplec,i(8)] = o, (n”/%).
i=1 €

Note that E[Hyg(yo,A)’v,by(Vl;yo)] =0V A € ©. Now let us analyze the first term on the right hand

side of (S2.3). Let
qg/fg(Vth;@) = @s(V1,0)-g(Uy) - 12{U; < Uy}
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Note that,

Mq(6) = E[giy (V1. V;0)]

Note that,

ZZq)g Vi 70, A)- g(U7) - 12{U; < ZZqM (Vi, V;30).

j=1 i=zj j=1 i#j

Recall that the identified set we are focusing on, @é for the strategic-interaction parameters A, is
defined as,

Oy ={A€®: E[ps(V,yp,A)-g(U) - 1z{U <u)] =0, Fy-a.e u e R},
And, as a result, Mg(yo, A)=0VOe G)i,. Let
1
Taa, (Vir Vi) = 5+ (s, (V2 Vas0) + g (V2. V150))

By construction, ’q;‘wg(vl, V,;0) is symmetric in (Vy, V) and E[’(ﬁwq(vl, VZ;Q)] = M,(6). Let

Vit (0 ()Zquve

where ) denotes the sum over the (3) distinct combinations {i, j} from {1,...,n}. Note that,
c

203 0V yo g0 120, < ) = (U v ) (52.6)

n2
j=1 iz]
We proceed by analyzing the Hoeffding decomposition of Vf/fgyn(Q). Let
Thy, (V130) = 2+ (E[T3, (1, V2s0) V1] - My (0)) (527)
Note that, by construction, E[ﬁj’\/lg(vl;())] =0V 6. By inspection, we can also see that,
T, (Visvo.8) = 95(Vi,70,4)-g(Un) - E[1z(Ur < U)|Uy | ¥ Aoy, (52.8)

The Hoeffding decomposition of VK,Ig’n(G) (see Serfling (1980, pages 177-178) is given by,

Vit,n(0) Z (Vi;0) +RA(0),

where R7(0) is a degenerate U-statistic of order 2. By the Lipschitz-restrictions in Assumption
E3, Nolan and Pollard (1987, Lemma 22), Pakes and Pollard (1989, Example 2.10, Lemma 2.13,
Lemma 2.14) imply that the class of functions involved is Euclidean (see Sherman (1994, Definition
3)), and given the existence of 2 + 0-moments in Assumptions I1 and E3, and the boundedness
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restrictions in part (iii) of Assumption G1, the corresponding envelope for the class also has finite
2 + 6-moments. From here, Sherman (1994, Corollary 4) yields,

1 .
sup[R%(0)| = op(—) = 0, (n7?).
0e® n

Thus,V 0 €0,

1v_ -
g(6)+—quAg(Vi;6)+R’f,(9), where sup [R4(0)| = o, (n~"/?). (S2.9)

Ve (0)=M
Mo ni= CEE)

And, in particular, over our identified set @é, the above representation simplifies to,

Vit (70 8) = 5 1Ly @i (Vis 7o, A) + Riy(yo, A), - where  sup [R(vo, A)| = oy (n72)
AcBy YAe @é
T, (Vis70,8) = ps(Vi, 70,8) - g(U) - E[Lz{Uy < U)| U4
(S2.10)

Our restrictions yield sup |V]‘\‘Ag’n(9)| = Op(1). Thus, since
6cO

n-(n—1) 1
(—2) Vi 008 = Vi (0. 8= = Vi (70,8,
and sup %-V&g’n(y/o,A)| < sup %-V&gm(())' = Op(%) = op(n’l/z), combining (52.9)-(S2.10) with
Ac© 6cO

(52.6), V A € © we have,

1 v 1 v _ M
520 s(Vivo.8)-8(U))- 1z(Us S Uj) = Mg(yo, )+~ ) 3, (Visyo, A) +6,,5(A),
j=1 izj i=1 (52.11)

n
My _ -1/2
where sup|gd’n(A)) = op(n ),
Ae®

and where ﬁ&g(Vl; 0) is as defined in (S2.7). In particular, over our identified set @é, the result in
(52.12) simplifies to,

_ M
w2 L=t Livj s (Vi yo, ) 8(Up) - Lz{U; < Ujh = 5 T Ty (Vis 70, 8) + 64,0 (A),
M, _ -1/2 I
where it;g(gd'n(A)( =0, (n ), VAe 68

Taa, (Vi570:8) = 95(V1, y0,A) 'g(Ul)'E[]lZ{Ul < U2}|U1]
(52.12)
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Plugging in the results in (S2.5) and (S2.12) into (52.3), we obtain,

n2 Z IZZIJ (PS(VUV'A) g(Ul) : ]lZ{Ui < U]} =
_ M
Mg (y0,A) + S [Hy (Y0, A, (Visyo) + GI?\/Ig(Vi;VO;A)] +Cen (Al v Aco (52.13)

where Sup|€fz\ff(A)| =0p (”_1/2)’
Ae®

where q;‘wg(vl;e) is as defined in (S2.7). In particular, over our identified set @é, the result in
(52.13) simplifies to,

X Yiej s(Vi 7, A) - g(Ui) - 12{U; < Uj) =

M , _ M
[ 0 8y Vi o)+ 8, (Vi 0] + ca ),
VAeO! (S2.14)
where sup|g24,f(A)| = op(n‘l/z), g
Ae®

T, (Vis70,8) = ps(Vi, 70,8) - g(U) - E[Lz{Uy < U)| U4

Now we analyze the second term in (52.1). Using a linear approximation,

ZZ[” Zi, 7,0 = 1(Zi, 7, M)]- B (X3, 7, A) - g(Uj) - 12{U; < Uj)

j=1 izj

Zﬁ ZZ[E(ZI"VO;A) —1(Z;,y0,0)]- Es(Xi, y0,A) - 8(U;) - 12{U; < Uj}

=1 ij

Zl’ ’ Z,‘,_,A — _
[nzZZ{[ 2 TETA . 24,70 g(UD 121U, < U

j=1 izj

dZ5(X;, 7, A)

+[1(Z;, 7, 0) - (Z;,77,A)] - 7y

-g(U;)-12{U; < U; }}] V=70)
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where, once again, 7 is a point in the line segment connecting 7 and y,. Recall that [E¢(x,0)| <1
¥ x,0. Using the results in (S1.12) and (S1.28),

87{ Zve (21:6):| —
su ‘Es(X;,0)-g(U;)- 12{U; < U}
sl L L[5 -2 s o s
_ 9Z4(X,0
+[T((Zif9)_n(zi,9)]'%'g([}i)'ﬂz{[}iSU]'}}H
Jo7t(z,0) m(z,0
o [ 755 i L Dl et s v
j=1 izj
zeZ
—op(n71/4) =0,(1)

+sup ||7t(z, 0) — (2, 0)|| x sup [

X,@
l H |ls(Ui)|- 12{U; < U}}

0cO 0e®
ZEZ < =1 i#j
:op(n‘1/4) :Op(l)
— -1/4
= Op (Tl )
From here,
In(Z;, 7, A T‘(Zir7’A)] -
sup - -E5(X3,7,4)-g(Uy) - 1(U; < Uj)
AcO [712 ]Zl,;{[ ay 1 i 1 ]

#7127, 8) = 7(2, 7, A =502 g U) 12U < U }}] (7-7)

n-1 on(Zi,0) m(Z;,0)| -
Zo(X 3.1 . )
S( n2 )ng(g n 1 Z’Z{[ ay ] ( 1’9) g(Uz) Z{UZSU]}
~— ] 1#]
—1
_ IEs(X;,0 R
HR(Z:0) (2, 0)]- 500 g 150 < U,-}} x[[7=
y ~———
:op(,,—l/z)

o, (n~1/4)

- 0, )= 0, (4772).
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Plugging back into (S2.15),
1 | 3 = ~™ —_
n-(n—1) ZZ[N(ZZ';%A)—TZ(Zi,y,A)].:,S(Xi,y,A).g(Ui).RZ{Ui <Uj)

M,
= 122 (Zi,70,8) = 1(Zi, 70, M) - B (X, 70, A) - g(Ui) - 12{U; < Ujh+ ¢ 5(A), (52:16)

where Zug|gfn )|:op(n*1/2).

Next, using the linear representation result in (S1.11),

- XD” Zi,yo,N) = 1(Zi, 0, M) Bs(Xi, 70, A) - g(U;) - 15{U; < Uj)
j=1 izj

=3 T

j=1 izj

Z% Vi Zis Yo, A) + 97(Ziy Yo, A )}-Es<xi,yo,A>‘g<Ui>-nz{UisU]»}

n- hn k=1

=3 ZZZ iz i (Vi Zin v, A) - Es(Xi, y0,4) - g(Ui) - 12{U; < Uy}

j=1 i#j k=i,j ha

- x[nzzz [WEVis Ziv0, 8)+ (V5321 v0, N)] - B5(Xi, 70,8) - 8(U;) - 12{U; < U))

j=1 izj ﬂ

1 ¢ .
+3 ) ) SN(Ziyo ) Es(Xi y0,0) - g(Un) - 12{U; < Uj)
j=1 i#j
(S2.17)

Recall that |Eg(x,0)| <1V x,0. Thus, under our restrictions, we have

sup
Ae®

- [HZZZ - [WE (Vs 20 yo, )+ WV 210 v0, B)] - B (Xi, v0,A) - (U3 - 12{U; < U)

j=1 izj

S%X(M)Xsupn =1) ZZ Jwr(Vis 2, 0)+ (Vi 2;,0)| - |g(Uy)| - 12{U; < U}

2
n
0e0 j=1 1¢]

-1
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And using the asymptotic properties of the remainder 97 (

) described in equation (S1.11)

sup ;Zism,yo,m-Es<xi,yo,A>-g<U»>-nz{U <U))
AO | T ST i
n-(n-1)
< sup |Sff(z,6)|x( v ) 5T ZZ|g |-12{U; < Uj)
<o j=1 i#j
z€Z _
— —1
=0p(n71?) b
o (12
= 0, (n71?).

Plugging these results back into (52.17)

Ly Y [#Zy -

T(Zi, 70, 0)]- Es(Xi, v0,A) - 8(U;) - 12{U; < Uj}
=T iz

ZZZ dzebn VisZi yo A Es (X5, 70, 8) - 8(Uy) - 12{U; < Uj} + g (A)

(52.18)
j=1 i#j k¢1]
where sup |ggn A)| = op(n_l/z).
Ae®
Next we analyze the leading term in (52.18). As we have done before, let (V{,V,,V3) ~ Fy ® Fy ® Fy
(three randomly drawn observations from our i.i.d sample (V;)!" . Let

dz

Bt (V1 V2 V3i0) = - 91 (V3:21,0) - Es(X,,0) -g(U1) - 12Uy < Ul

Note that E[q}, (V1, V2, V3;0)| Vi, V2] = 0V 0, and therefore E[qh; ,(V1, V2, V3;0)] =0V 6. Let

GE Y ZZDM (Vi Vjs Vi 0).
j=1 izj k=i,j
Note that,
ZZZ dzzpn Vi Zir y0,A) - Es (X3, yo, A) - g(Ui) - 12{U; < Uj)
j=1 izj k=i,j hy

(52.19)
:(%) Vhy o)

As we have done before, we proceed now to analyze the Hoeffding decomposition of VJ{’A (0)
Define,

%g,n(vp V2, V3;

1
)= 5 YAty (Vinys Viys Viny36) (52.20)
P
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where ) denotes the sum over the 3! permutations {m, m,, m3} of {1, 2, 3}. By construction, ﬁf{%’n(vl, V,,V3;0)
P

is symmetric in (Vy, V,, V3), and E[Ej&g’n(vl, Vs, V3;9)] = 0. We can express,

Vil ( ) ZqM W (Vi Vi, Vis 0),

where ) denotes the sum over the (3) distinct combinations {i, j, k} from {1,...,n}. Let
c

q?\/fg,n(vl;e) =3 E[%g,n(vlr VZ: V3l6) |V1]

Note that, by iterated expectations, E [ﬁg/{g’n(Vl;())] =0V 6. By inspection, we can see that,

[y, Ve, Vo, Vii0) V] = 5 [l (Va2 Vs, Vi) [V

1 [1 _
= gE hTZ'IPZ(VUZZ’Q)':‘S(X2r9)'g(U2)']lZ{U2 <Usb Wi
n
Therefore,
_ 1 -
qg/lg,n(vl;e) = E[hTz Py (V1525,0)-Es(X3,0)-g(Uy) - 12{U, < Us} |V, (52.21)
n

The Hoeffding decomposition of v&g’n(e) (see Serfling (1980, pages 177-178) is given by,

1 v _
VZI\)/Ig,n(G) = E QIb\/Ig,n(Vi;e)-'_RZ(Q)'
i=1

where R%(0) is a linear combination of degenerate U-statistics of orders 2 and 3. By the bounded-
variation properties of our kernel function described in Assumption E1 and the Lipschitz-restrictions
in Assumption E3, Nolan and Pollard (1987, Lemma 22), Pakes and Pollard (1989, Example 2.10,
Lemma 2.13, Lemma 2.14) imply that the class of functions involved is Euclidean (see Sherman
(1994, Definition 3)), and given the existence of 2 + -moments in Assumptions I1 and E3, and the
boundedness restrictions in part (iii) of Assumption G1, the corresponding envelope for the class
also has finite 2 + 5-moments. From here, Sherman (1994, Corollary 4) yields

1
b _ _ -1/2
sup|R,(0) =0 [—)—0 n ,
Supfn P\ iz P( )

where the last equality follows from our bandwidth convergence restrictions since n'/? - hiZ —> oo.
Thus,

n

1 a’ -
Vzl\ilg,n(e) =5 ZQ?Ag,n(ViJQ) +RZ(9), where seuglRZ(Qﬂ =0, (n 1/2), (52.22)
i=1 €
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and where ﬁgdgyn(vl;e) is as described in (S2.21), and it satisfies E[qugyn(vl; 9)] =0V 6. Next, note

that,
n-(n-1)-(n-2)

n3

2n—3n
)‘Vﬂg,n(Vo,A)ZV&g,n(Vo,A) (n—) VM 2o, D)
— B
o) W
Since

sup [Viy (v )| < sup [V, (0)] = 0, (1),
Ac® 0O

it follows from (52.19) and (52.22) that,

3ZZZ 7 V(i Zi v 8)- 26 (Xiryo,8)-8(Ui) - 12{U; < Uj)

j=1 i#j k=i,j hy

:(W).V&g’n(m,m (52.23)

M, _
= ZqM 2(Visvo, A +gh’ﬁ(A), where Zug ‘ghn A)‘:op(n 1/2),
€

and where ﬁ?v[g,n(vl?@) is as described in (52.21) and it satisfies E[ﬁgAg’n(Vl;())] =0V 0. Let

M Y —=a -
Prtgn (Vi yo, 8) = Hy * (y0, ), (Vis yo) + T, (Vis o, ) =Ty (Vi 0, B). (52.24)

Hﬁ/[g(yo,A) is as defined in (52.4), ¥, (Vi;79) is the influence function of our MLE estimator 7,
ﬁ?w (Vi;vo,A) is defined in (52.7) and ﬁ?/l 1(Vis0,A) is defined in (S2.21). Note that E[¢,,(Vi;0)] =
0, and that E[q}, Vl,yo, )] =0 and E[qu +(Vi;70,0)] =0V A € ©. Therefore, E[l,ng'n(Vi;yO,A)] =
0VAeO. Combmmg our results in (S2.13) and (S2.23) with (52.1), we obtain our final result.

Under our restrictions,

—~ 1 <& M,
My(7,8) = Mg(yo, A)+ ) (Vi o, A) 46 (A), ¥ A€,
i=1

(52.25)
where sup|gnMg(A)| =0, (n_1/2).
Ae®
And over our target identified set O! the result in (52.25) simplifies to,
1 ¢ M
M(7,8)= — ) dran(Visyo )+ *(A), Y A€ @,
i=1 (S2.26)

where sup‘gnMg(A)| =0, (n_l/z).

Ae©®

Combined, 52.25-52.26 are the statements in Proposition 2. m
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$2.1 Uniform asymptotic coverage probability of the CS described in Section
2.7

Let F denote the space of distributions that contains the true DGP. If the conditions leading to
(S2.26) are satisfied jointly with Assumption E4, then? the linear representation result described
in (52.26) is satisfied uniformly over F, so

M(7,8) = Mg p(yo, A ZwM AVisvo, A +cpi(A), Y A€®, where

[¢M V370, 8)]=0Y (F,A)e F x0,

F,A
llmnHOEp[r,anVyo, ]ZE >0V (F,A)e F x0,
lim,,_, o EF Hl,bM V3o, A | ] YV (F,A)e Fx0O,
— EFHIPM A (Vive.A)

1 —00
T (et

J/z <C<owV (F,A) € FxO,

sup‘gfﬁ(A)( =0, (n_l/z) uniformly over F (i.e, sup Pr (111/2 . sup‘gfﬁ(A)( >e|l—>0VYe>0)
Ae® FeF Ae©
(52.27)

From (52.27),

hmn—>c>o

e[, (Vi o) |

3/2gE<OOV(P,A)efx® (S2.28)
Ee [, (Vivo A7)

Letting
Ot (8 = Ep [y (Vivo, 2],

the condition in (S2.28) and the Berry-Esseen Theorem (Lehmann and Romano (2005, Theorem
11.2.7)) imply that there exists a M < co (not depending on x, 1, A or F) such that,

a ?:1 wll\:/lg,n(vi; Yo, A)

/2 "
F
O-Mg,n(A)

M
Peln <x|-®(x)| <5 V(FA)EFxO

For each F € F let ©! oF = {A €0 : Mgr(yo,A) = O} For a target coverage probability 1 —a, let z;_g
denote the 1 - 5 quantlle of the N (0, 1) distribution. From the previous result we would obtain,

1170M n(‘/liyof )
aMg’n(A)

1/2 | n

lim  sup =0.

H=00(F N)eFx©

PpTl

Szlg]—(l—a)

4Note that we are explicitly denoting the dependence if each functional on F.

44



From here, under the restrictions leading to (S2.27), if OJ\F/Ig,n(A) were known, a CS for A with target
asymptotic coverage 1 — @ could be constructed as

{AE@Z Szlg}.

Our proposed estimator for G]{?,Ig’n(A)2 would be of the form,

nl/2 M\g(f,A)

_ 1y = =
Guign (A=) Pl VA,
i=1

where ., (v; 7, A) is an estimator of the influence function begyn(v, ¥,A). A CS for Ay with target
asymptotic coverage probability 1 — a can be constructed as,

nl/2 M\ ¥, A
CSﬁ(l—a): Ae®: A—g(y) qu_l(l—g) (5229)
UMg,n(A 2
Under conditions such that, -
GMg,n(A)

liminf inf —+ =L
1m0 (F,A)eFx0: 0y H(A)2
I &
AeG)g,F

our proposed CS satisfies,

liminf inf Pr(AeCS2(1-a))>1-
minf, inf Fr(A€CSIA-w)>1-a

Ae@éf
And, under conditions such that,
ET\Mg,n(A) p
sup + 5 0
(EM)eFx0: | Oy u(A)
AeOy

our proposed CS satisfies,

lim sup [P(AeCSp(1-a))-(1-a)=0.
"O0(F,A)eFxO:
Ae@é‘;f

S3 Asymptotic properties of the estimator 5proposed in Section
3.5.2

The estimator proposed in Section 3.5.2 is analogous to the estimator we described in Section 2.6.
Accordingly, we will maintain Assumptions E1, G4 -G5, I5 -17 and we will properly modify As-
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sumptions E2 and E3 based on the difference in the specifications of equations (15) and (38). Con-
sider the following.

Assumption E2’ (A modified version of Assumption E2)

(i) Let M be the integer described in Assumption E1. The following functionals are M—times continuously
differentiable with respect to z, with bounded derivatives for all (z,0) € Zx 0,

© fz(2)
Element-wise:
i (§12,0) = E[EGIX, 0)(D(y) ~m (y1X,0) |Z = 2] Yy ey
- H (92 0) = E[EWIX,60)|Z=2] Vyey
C HE(912,0) = E[E(IX,6)-E(IX,0) [Z =2] Y ye)

Kty 0,012:0) = E| Z400 - (D(y) i (91X, 0)) |2 = 2| (for £=1,....dg and ¥ y € V)

. ﬂIE\}/’QF(})|Z;9) = [E (})lX 9) M |Z = Z] (for€ =1,. d@ and ¥ JS y)
E‘Y 9_,y leG
A 1 0) = [Hy(yp( 0)- PO |7 z] (for C=1,...,dg and ¥ y € V)

W o 0z, 0) = E [M 'Z_z] (for C=1,...,dg and ¥ y )

In addition, there exists a C < oo such that each of the functionals described above is bounded above (in a
matrix-norm sense) by C, for all (z,0) € Z x © and, letting y € ) be the potential outcome that satisfies
the invertibility restriction in Assumption 16, then HV” 5 y|z,9)_1H < CV (2,0) € Zx©. Finally, there
exists a C > 0 such that f7(z) > C forall ze Z.

(ii) The following functionals are element-wise continuously differentiable with respect to z with bounded
first derivative for all (z,0)€e Zx0,V ye ),

o 0)= E| LEx0IX0) | py — X,0) |z=z| (forie=1,...,dy)
1,0,,0,(92,0) = 20,00, (D(y) - m1(y1X,0)) z| (forj, ,oeerdo

0= X,0) o X,0
. TII,Gg,G,‘(ﬂZ'G)EE[ Ya(gle ). Wna(yglj )

Z:z] (for j,£=1,...,dg)

= >m (yIX,0
Visaga,15.0) = E|Sy(41%,0)- CLK0

Z :z] (for j,€=1,...,dg)

2y (lX,0) — ,
Tiv0,0,120) = E| ZHU 2 1x.0

Z :z] (for j,€=1,...,dg)

9Zy(yX,0) J=y(pIX,0)’ .
- Yv,0,0,(yl2 0 )=E[ (%l[ Yl%lj ) ‘Zzz] (for j,€=1,...,dg)
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Assumption E3’ (A modified version of Assumption E3)

Each of the functions below has the following type of Lipschitz property: ||g(u,0)—g(u,0")]] < G(u) -
|6 —6'|| VY u € Supp(U) (unless noted otherwise), and ¥ 0,0” € ®, where G(-) is a nonnegative function
that satisfies E[G(U)**°] < oo for some & > 0.

- The Lipschitz property holds for all x € Supp(X) and y € Y for the following functions: my(y|x, 0),
Ey(vlx,0), Bmla(gix,e , auy ylx 9 (for £ =1,...,dg), with G(X) satisfying E[G(X)**%] < oo for some
0>0.

- The Lipschitz property holds for all z € Z and y € ) for the following functionals (see our defi-
nitions in Assumption E2’): ydy(y|z,6) /"ILI (Vz,0) (for k = 1,2), Vflyl,aé(ﬂz'@)’ ﬂ[d‘}/,eg(ﬂz,@),
]A‘E,?’Qg(ylz, ) yw 0,¥2,0) (for £ =1,...,dg). In each case, G(Z) satisfies E[G(Z)**%] < oo for some
0>0.

- The Lipschitz property holds for all z € Z and y € Y for the following functionals, and for every
(,j=1,...,dg (see our definitions in Assumption E2’): Tlﬂeﬁj (vlz,0), TILge,gj (vlz,0), FY}II’Qgrgj(y|Z, 0),
2+6]

TIV,QZ'Qj(ylz, 0), TV,Q[,QJ. (v|z,0). In each case, G(2) satisfies E[G(2) < oo for some 6 > 0.

Analogous arguments leading to the linear representation results in (S1.11) and (51.27) can be used
to show that,

3(z.0) = 5(z,0) + Zw,?(w;z,a)w,?(z,e),

dZ
n-hy 5
86275 ) _ d5( z, dz leveé (Vi32,0) + 9Y9(2,0), (53.1)
S
o< 00

and where E[3(V;2,0)] = 0, E[¢py9%(V;2,0)] = 0 ¥ (2,0) € Zx ©. Next, in what follows, let
(V1, V), V3, Vy) ~ Fy®Fy ®Fy ®Fy (four randomly drawn observations from our i.i.d sample (V;)_, ).
Let,

9@(?“’3: 9) .

a .0\ —
oIV, V,, V3;0) = 50

PIV1,0)-12{U; < Up}-12{Us < U},

JE(y|X3,6)

o VaVaiZ3,0)] p(IV1,0)

1 -
8g,n(}’|V1:V2» V3, Vy;0) = iz X [( 202V Z3,0)E(y1X5,0) +
n

dp(y|V3,0)

+ T (Ve 21, 0) EIX 1, 0) | 12{Uy S U} 12{Us < Un)

(S3.2)
Since E[93(V;2,0)] =0, E[pY0°(V;2,0)] =0V (z,0) € Zx O, we have

E[gg,n(ylvl; V21 V3/ V4;6)|V1; V21 V3] =0VY0¢e ®! V € y
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Let

Ven })l@ n- Tl— Zzzga yl ir ]rvfl

] 1 i#j l=i,j

Veb,n(yle) n-(n 1) n 2 I’l 3 ZZZ den ylvl' Ve, Vi; 0 )

j=1 i#j €=i,jk=i,j,l

Parallel arguments to those leading to the results in equations (51.59)-(S1.64) now yield,

aQyéiyle) _ ((n—lr)l(zn—2))'Vgrn(yle)_((n—l)(n;ﬂ(n )) Ven(y|9)+ch6Q(y|9),

(S3.3)
where sup ||€ZSQ(y|9)|‘ =0y (n_l/z)
0€®
From here, the next step is to analyze the U-statistics Vj  (y|0) and Vg’n(y|9) through their Hoeffding
decompositions (see Serfling (1980, pages 177-178) or Sherman (1994, equations (6)-(7))). Let us
begin with Vj | (y/6). Let
T(316) = E[g6(31V1, V2, V330)].

Note that 7 (y]|60y) = 0 since,

dp(y|Vs,0
Tvi00) = £| 22520 v, 00) 12101 < Vsl 12105 < )|

:E[B(P(y“/&@o)

20 ‘E[(P(?Wl:@o)'lz{Ul < U} |U2]~]IZ{U3 < Uz}]

=Tz(y|Up,00)=0 a.e U,

dp(y|Vs,
:]5[().%.]12{(]3 <U,)
=0.
Next, define,
=a 1 a
GBIV, V2 V530) = 57 ) 85(01Viny Vinys Viny36), (83.4)
p

where % denotes the sum over the 3! permutations {m;,m,, m3} of {1, 2,3}. By construction, ’g‘g(y|vl, V,,V3;0)

is symmetric in (V7, V,, V3), and E [%(ylvl, Vs, V3;9)] =7 (y|0). We can express,

where ) denotes the sum over the (3) distinct combinations {i, j,£} from {1,...,n}. Let
c

2oIVi;0)=3-(E[g5 IV, V2, V330) [Vi |- T (316)) (S3.5)
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Note that, by construction, E[gp(v|V1;6)] = 0 ¥ 6. Also note that evaluated at 6, we have,

. dp(y|V3,0
85 (41V1300) = E[E[% 12{Us < Uy) \Uz] 12(Uy < Uy)

U1]"P(3/|V1’90) (53.6)

The Hoeffding decomposition of Vg , (y|0) (see Serfling (1980, pages 177-178) is given by,

V5,.(910) =T (310) + Z (¥IVi;0) + U (310),

where U/} (y|0) is a linear combination of degenerate U-statistics of orders 2 and 3. Given our smooth-
ness and integrability restrictions, Nolan and Pollard (1987, Lemma 22), Pakes and Pollard (1989,
Example 2.10, Lemma 2.13, Lemma 2.14) imply that the class of functions involved is Euclidean
(see Sherman (1994, Definition 3)). From here, Sherman (1994, Corollary 4) yields,

a 1 -
suplti610) = Oy ) e (7).
Thus,

Vo..v10) =T (|0) + Z WVi;0)+ U, (y|0), where suplbl,f(ylf))'zop(n_l/z). (S3.7)
0cO

And evaluated at 6, we have 7 (6y) =0, and

VQn(y|90 de Z/|Vz;90)+0 ( 71/2), where
= (S3.8)

_ I(yIVs, 0
8o (WIV1;00) = E[E[WT‘%O) ‘12{U; < Uy} |U2] 1{U; < Uy} Ul]'(P(}’Wp@o)
Under our restrictions, sup (T (v10) | < o0. Thus, from (53.7), we have sup |V” (v16) l =0,(1) and,
0O 0cO
2-3n\ ., _ 1
sup (223" 0101 <0, 1)
|

From here, it follows that,

((ﬂ—l)(H—Z)

n2

)-8, 0100 =3, 10)+ (225,100 =T o) de JIVi0)+ 94(310),

=9(»16)

a 1 -
where Zl;g|9n(y|9)| = OP(Z): op(n 1/2).
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In particular, evaluated at 0,

((n_lr)l#)-l/gn 16g) = de y|Vi;00) +0 ( 1/2), where
. Io(y[Vs, 0
89(3/|V1290)=E[E[%'12{U3SUz}le]']lz{UlSUz} Ui |- @®|V1,0))
(3.9)

Next we analyze the Hoeffding decomposition of Vg,n(yle), the last remaining term to study in
(53.3). As we pointed out previously,

E[gh,,(0IV1, Vo, V3, Vis0)[V1, Vs, V3] = 0¥ 0 €0, pe Y

and therefore E [gg'n(ylvl, V5, V3, V4;9)] =0Y 60€0,ye). Define,
1
2 (WIVi, Vo, Vs, Vi3 0) = 0 Zggln(le, Vinys Vs Vini3 0), (S3.10)
p

where ) denotes the sum over the 4! permutations {my, m,, m3, my} of {1,2,3,4}. By construction,
p

20, (VIV1, Vo, V3, Vi3 0) is symmetric in (Vy, Va, V3, Vy), and E [gg,n(ywl, V,, Vs, V4;9)] =0V 0. We can
express,

VQn 3’|9 ( ) Zg@n |‘/11 Vfle) )

where )~ denotes the sum over the (};) distinct combinations {i,j,¢, k} from {1,...,n}. Let
[

20,,01V1;0) = 4-E[gh ,(vIV1, Vo, V3, Vi50) [V1].
By inspection, we can see that,
3!
E[2,40IV1, V2, V3, Vis0) Vi | = 1B (86, 01V, Vs, Vi, Vi30) [Vi]
| i ]
=1 % [ [ DN2(V1324,0)E(IX4,0) - @(p|Va,0) - 12{U, < Us}- 1z{Uy < U3} |V,

E(yX4,0)" 1
+E[% hT'J’ n(Vi3Z4,0)- (|V5,0) - 12{U, < Us}- 12{Uy < Us} |V

WA(V132,,0)EWIXp,0) - 12{U; < Us)- 12{Uy < Us} (V)

+E[T =
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Therefore,

26,4(¥1V1;0) = E Vi

1 5 )=
hTZ VO(V1324,0) E(¥X4,0) - @(p|V2,0) - 1z{U, < Us}- 12{Uy < Us)

n

vil.

IE(|Xy,0) 1
E{% VAV Z0,0) @(31V2,0) 12(Ur < Us) 12Uy < Us) |V
n
dp(y|Vy,0) 1 -
+E{(”%—;-h72¢2<vl;zz,9) E1X2,0) - 12(Us < Us) - 12{Us < Us) Vi |
! (S3.11)
Note that, evaluated at 6,
» 1 ) I=
E| gy 9" (V1324 00 E(yIXa,00) - 9(1V2, 00) 12(Uz < Us) 12Uy < Us} | Vi
L 'tn
[ 1 ) =
=k hTz¢:Yb(V1;Z4,90) E(IX4,00) - E[@(]V2,00)|Uz]- 1 2{U; < Uz} - 12{Uy < U3} V1] =0,
L —
" =0
[ 0=(y]X4,00)" 1
E }}3—940) hTZ¢S(V1}Z4:90)'(P(}’|V2:90)'12{U2SUa}']lz{U4SU3} Vi
L n
[02(y|X4,00)" 1 &
=k % hTzlwbg(Vl?Zb@o)‘E[<P(}’|V2:90)|U2]']12{U2S Us}-12{Us < Us} V1]=0
—_—
" =0
Thus, evaluated at 6,
_ dowlV,0) 1 .
%0, (91V1500) = E[% Vi 22 0) B 01X, 0)- 12(U; < Us) - 12(Us < Ush |
n
a ( |V16) 1 5 )=
=E[(”’g—94-E VIV 22,0V B2, 0)- 12(Us < Usl| Vi, Us | 12U < Us)
! (53.12)

The Hoeffding decomposition of Vg’n(y|9) is given by,

1v_
Vou(v10)=— ) 80, (41Vis0) + U3 (y10),
i=1

where L{,?(yl@) is a linear combination of degenerate U-statistics of orders 2, 3 and 4. By the
bounded-variation properties of our kernel function described in Assumption E1 and our smooth-
ness and integrability conditions, Nolan and Pollard (1987, Lemma 22), Pakes and Pollard (1989,
Example 2.10, Lemma 2.13, Lemma 2.14) imply that the class of functions involved is Euclidean
(see Sherman (1994, Definition 3)). From here, Sherman (1994, Corollary 4) yields

1
suplub( |8)| =0 [—]=0 n12),
0o g g n-hiz p( )
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1/2 . hzz

where the last equality follows from our bandwidth convergence restriction n —> oo. Thus,

V5 ,(16) = Zga,, (WIV;:0)+UL(y10), where sup UL (y16)] = 0, (n7"2),

im 0cO

Let us focus on 6 = 6. Note first that,

—6n2+11n-6
)) 'Vg,n(ﬂ@o) = Vg,n(ﬂ@o) + (—3)'Vg,n(3?|90)

((n—l)(n—2)(n—3

n3

Thus,

((n—l)(n—

n3

2)(”_3)) V5. (v160) = den YIVis00) + 0, (172 (S3.13)

where gg’n(le;GO) is as described in (S3.12). Combining our results in (S3.3), (53.9) and (S3.13),

dQy,z(v100) -1/2
—Sg - Zfen yIVi;6¢) + 0, ( ), where

To,,(v1Vi;00) = 86 (91 V1500) - 5, (vIVi560)

:E[E[w-lg{Ug < U} |U2]-112{U1 < U,}

Ul]-q)(yle@o)

0
dp(y|Vy, 0) 1 .
{%—Q“-E YRV Z0 0B (41X0)- 12Uy < U Vi, Us | 15(Us < Us) |
' (S3.14)
Note, once again, that E [Ty ,,(y|V1;6¢)] = 0. From here,
dQy z(00) ~
YO";Z 0 ngn Vi;0q) + 0, ( 1/2), where Ty ,(Vi;00) = ZFG” y|V;;60p). (S3.15)

yey”

Thus, E[Ty ,(V1;60)] =

S4 An inferential procedure for 6, in Section 3.7

As we described in Section 3.7, when we allow for the possibility that players cooperate almost
surely, we can construct a CS for 0y based on (44). Take any y € Y and let g, : R — R be a
real-valued, pre-specified function of U. For a given u € R7V, let

my(ylu,0)= E[p(y1V,0) - g,(U) 1z(U <u)] and My(y|6) = E[my(y|U,0)].
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Using iterated expectations, (44) implies M,(y|0y) ¥ y € V" and a CS for 8 can be constructed from
here. Let @I {6 €0 : M(ylo)=0V ye y*} be our target identified set for 6. Our sample statistic
for M (y|9) is,
1 n n
My (y10) = ng UR0)= 15 ) ) POIVi0):gy(Ui) 12(U; < Uj
j=1i=

Maintain Assumptions E1, G4 -G5 and E2’-E3’. Using the linear representation result in (S3.1), we

have
My(310) = Zan 9IVi,0)- g, (Uy) - 12{U; < Uj)
j=11i=
n m
ZZZT 8(VisZi, Y EWIX;, 0) - g,(Uy)- 12{U; < Uj) (54.1)
==,
n
ZZSD Zi,0)E(IX;,0)- g,(U;)- Lz{U; < Uj),
j=1i=
where, as described in (S3.1), sup”Sn (z,0 “ = op(n_l/z). As in previous sections, in what follows

zeZ
we will let (V1,V,,V3) ~ Fy ® Fy ® Fy (three randomly drawn observations from our i.i.d sample

(Vi) Let
A, (91V1, V230) = 9(v1V1,0) - 8, (Un) - 12{U1 < Up},

l a
%g(ﬂvb V;0) = 3 (qu(lJWl, V2;0) + q?‘wg(yle, V1;9))
Note that E[q}, (ylVl, V,;0)] = E[%g(ylvl, Vy;0)] = Mg(yIQ). Next, let
Thy, 91V130) = 2-(E[@h, 61V, Va3 0)1Vi ] - Mg (310)).
Note that E[qﬁdg(ylvl;())] =0V 0 €0, and that
i1, W1V150) = 9(y|V1,0) - 8,(U) - E[12{U; < Up)|U1] ¥ 0 €6y,

Next, let
Vi

Th,n(¥IV1;6) = E

1 5 /=
hTZ‘lPZ(VUZz,Q) E(yIX»,0) - g,(Us)- H{U, < Us}

n

By iterated expectations, we can see that E[ﬁ?/[g,n(ﬂ‘/l;@)] =0V 0 € O since, as described in (53.1),
we have E[(3(V;2,0)] =0V (z,0) € Zx O. Let

Prtgn(3IV130) =Ty (1V130) =Ty (91V150).

Note that E[beg,,,(ylvl;Q)] =0V 0 € ©. Following analogous steps to those in Section S2 of this

Supplement, we can show that, under our current assumptions, Mg(yla) satisfies the following
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linear representation,

My(310) = My (310) + Zl,bM WIVis0)+cr* (16), ¥ 0 € ©,
i=1 (54.2)

where sup|c;n (v19) |—op( *1/2).
0O

And over the identified set @é, the result in (S4.2) simplifies to,

My (310) = ZwM W(§IVii0)+ 6 (410), ¥ 0 € ©f,
(54.3)

where sup|<;,, g(yl@)( =0, (1{1/2)'
6cO

The results in (S4.2) and (S4.3) are analogous to those in (52.25) and (S2.26), respectively. Con-
struction of a CS for 6 can be done in a variety of ways from (S4.3). For example, consider
M,(0) = Zyey* M,(]6). Then, Mg(0) =0V 0 € @é. We can estimate this functional with ﬁg(()) =
Y ey Mg(10). From (54.2),

Wig(0) = Mq(0)+ ) g u(Vis0) + 1 (6),
i=1

where suplgnMg(9)| =0, (n_l/z), (S4.4)
6cO
Pun(Vis0)2 ) u a0IV130), = E[our, (V150)] =0V 0 €0,
yey”
Let oMg,n(Q)zEE[begy,,(Vl;Q)z]and consider an estimator EMg (0)? ——): llpM ,,(V,,Q) Similar

to our inferential approach in Section 2.7 of this Supplement, a CS for 6 with target asymptotic
coverage probability 1 — a can be constructed as,

n'/2. M,(0)

Ccs%1-a)={0€O:
) { Grtg0)

<! (1 - %)} (54.5)

Consider the following restriction, which is a modification of Assumption E4.

Assumption E4’ Suppose the DGP F belongs to a family of distributions F that satisfy all the restric-
tions in Assumptions G4 -G5,16-17, E1, E2" and E3’ and, in particular, suppose that the existence of 2+0
moments in Assumption E3” and the smoothness restrictions in Assumptions E2’-E3” hold uniformly over
F (i.e, the bounds described for each one of those restrictions are common to every F € F). In addition,
suppose that the constant 6 described in the existence of 2+ 0 moment restrictions satisfies 5 > 1, and that
for some &> 1 and C < oo, the instrument function g also satisfies EF[lg},(U)|2+5] <Cforall FeF.

For each F € F let ®£F = {A €0 : Mg,F(Vo,A) =0Vype y*}. Our previous results combined with

the same Berry-Esseen bound arguments from Section 2.7 in this Supplement can be used to show
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that, under conditions such that,

Er\Mg,n(e)

op "

liminf inf F
n—oo (F,G)e]-'x@:aM

n
I 8
9€®g,F
our proposed CS satisfies,

liminf inf Pr(0eCS%(1-a))>1-
it (F,Q;gfo):F( nl a))_ .

AcO; ;
And, under conditions such that,
EM ,n(e) p
sup Fg—gz - O;
(F,0)cFxO: UMg,n( )
0Oy ¢
our proposed CS satisfies,
lim  sup |Pp(eecsf(1—a))—(1—a)| -0, (S4.6)
"= (F,0)e FxO:
00}

so our CS has correct asymptotic coverage probability for 6y. An alternative CS construction can

potentially proceed as follows. Denote,

fMg,n(Vlie)E(¢Mg,n(lf|V1;9)) .

M (0) = (Mg(y|9))y€ yey”

. M (0)=(M(yl6))

P yey*’

Recall that dim()") = 3, so each of the above vectors belongs in R3. From (54.2),

—

n
Mg<e>=Mg<e>+%;gMg,n(vi;GHJg(m, where - suplli(6)] = o, (™)

, — d
Let ZMg,n(Q) = E[fMg,n(Vl;G) . %Mg,n(Vl;Q) ]. Then, \/E-Mg(e) — N(O,EMg(Q)) for all 6 € @é,

where ;Mg(e) =lim,,_, ;Mg,n(e). Suppose Xy (0) is positive definite (i.e, invertible) for all 6 € ©
(this can be relaxed to only hold for all 0 € @é). Let

- 1 -

Sy 0=") % (Vi0)p  (Vi0)
i=1 ¢

g

A CS for 0 with target asymptotic coverage probability 1 — « can be constructed as,

CS9(1-a)= {9 c0: 5, (0T, (07T, 0)< cgll,a}

~Mg,n

where ¢y ;_, is the 1 — a quantile of the )(,% distribution. If we drop the assumption that ;Mg(e)
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has full rank, we can replace the above construction with a generalized Wald statistic (see Andrews

(1987)). A more general construction would be of the form,

csf(1-a)= {9 €@:n-Ty (O Ty (O Ty (0)<C s (9))’1_(1}

g’n ~Mg,n

where A* denotes the Moore-Penrose generalized inverse and rank(A) denotes the rank of A. If,

uniformly over F x ©, our estimated variance matrix satisfies’

HEMg,n(Q)—ZMg(Q)”LO and  Pr(rank(E, ,(0)) = rank(Z,, (0)) — 1,

and if the type of restrictions described in Assumption E4’ are satisfied, then CS?(1 — a) would
have the type of asymptotic coverage properties described in (54.6).

5See Andrews (1987, Theorem 1).
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