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Abstract

This supplement contains the steps of the proofs of the econometric theorems and lemmas
in the paper. Throughout, we make reference to restrictions (assumptions) described in the
paper.

1 Proof of Theorem 2

We prove parts 1 and 2 in the statement of the Theorem in separate steps. Let β̃∗ and λ∗ denote

the population values of β̃ = (α,β′)′ and λ, and let b̃ denote any alternative value of (α,β′)′ such

that b̃ , β̃∗.

Step 1. Suppose that F is known and define the sets

S+
b̃
≡

{
z : z1

(
b̃ − β̃∗

)
> 0∧ z2

(
b̃ − β̃∗

)
≥ 0

}
,

S−
b̃
≡

{
z : z1

(
b̃ − β̃∗

)
< 0∧ z2

(
b̃ − β̃∗

)
≤ 0

}
.
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For any z ∈ S+
b̃

we have that

F
(
z1b̃, z2b̃

)
> F

(
z1β̃
∗, z2β̃

∗
)

= P (Y = (0,0)|z) ,

and likewise for any z ∈ S−
b̃

,

F
(
z1b̃, z2b̃

)
< F

(
z1β̃
∗, z2β̃

∗
)

= P (Y = (0,0)|z) .

Under conditions (i) and (ii) in the statement of the Theorem we’ll show that at least one of

P
(
Z ∈ S+

b̃

)
and P

(
Z ∈ S−

b̃

)
is positive, implying that b̃ and β̃∗ are observationally distinct. Since

the choice of b̃ is arbitrary, this establishes that β̃∗ is point identified.

To see why at least one of P
(
Z ∈ S+

b̃

)
and P

(
Z ∈ S−

b̃

)
is positive, first note that at least one of

P
(
Z1

(
b̃ − β̃∗

)
> 0

)
, P

(
Z1

(
b̃ − β̃∗

)
< 0

)
(1)

is positive, since if this were not true this would imply P
(
Z1

(
b̃ − β̃∗

)
= 0

)
= 1, which is a violation

of condition (i). If only P
(
Z1

(
b̃ − β̃∗

)
> 0

)
of the two probabilities in (1) is positive, then

P
(
Z ∈ S+

b̃

)
= P

(
Z2

(
b̃ − β̃∗

)
≥ 0|Z1

(
b̃ − β̃∗

)
> 0

)
P
(
Z1

(
b̃ − β̃∗

)
> 0

)
,

which must be positive by application of condition (ii) in the statement of Theorem with c = b̃− β̃∗.
Similar reasoning establishes that P

(
Z ∈ S−b

)
is positive if only P

(
Z1

(
b̃ − β̃∗

)
< 0

)
of the two prob-

abilities in (1) is positive. If both probabilities in (1) are positive, then at least one of P
(
Z ∈ S+

b̃

)
=

P
(
Z2

(
b̃ − β̃∗

)
≥ 0|Z1

(
b̃ − β̃∗

)
> 0

)
·P

(
Z1

(
b̃ − β̃∗

)
> 0

)
and P

(
Z ∈ S−

b̃

)
= P

{
Z2

(
b̃ − β̃∗

)
≤ 0|Z1

(
b̃ − β̃∗

)
< 0

}
·

P
(
Z1

(
b̃ − β̃∗

)
< 0

)
must be strictly positive by (ii). Thus with λ∗ known b̃ is observationally distinct

from β̃∗, since for each z ∈ Sb̃, P (Y = (0,0)|z) , F
(
z1b̃, z2b̃

)
.

Define now the expectation of n−1 times the log-likelihood

L0

(
β̃,λ

)
≡ E

[
`
((
β̃′ ,λ

)′
;W

)]
,

where as in the main text, for θ1 ≡
(
β̃,λ

)
, w ≡ (y,x) and zj ≡ (1,−xj ):

` (θ1;w) ≡ 1[y = (0,0)] · logF
(
z1β̃, z2β̃;λ

)
+ (1[y , (0,0)]) · log

(
1−F

(
z1β̃, z2β̃;λ

))
.

If F is only known to belong to some class of distribution functions {Fλ : λ ∈ Γ }, the above reasoning

implies that for each λ ∈ Γ , L0

(
β̃,λ

)
is uniquely maximized with respect to β̃. Then the conclusion

of the first claim of the Theorem follows letting β̃∗ (λ) denote the maximizer of L0

(
β̃,λ

)
with

respect to β̃ ∈ B for any λ ∈ Γ .
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Step 2. Here we will show that, under the assumptions of the theorem,

P r
[
F
(
Z1β̃,Z2β̃;λ

)
, F

(
Z1β̃

′ ,Z2β̃
′;λ′

)]
> 0 ∀ (β̃,λ) , (β̃′ ,λ′) ∈Θ. (2)

And identification of (β̃∗,λ∗) follows. Take a pair of parameter values (β̃,λ) and (β̃′ ,λ′) in Θ and

abbreviate Z1β̃ ≡ u1, Z1β̃
′ ≡ u′1 Z2β̃ ≡ u2 and Z2β̃

′ ≡ u′2. Denote u ≡ (u1,u2) and u′ ≡ (u′1,u
′
2). Let

C(u,u′), D(u′) and D(u) be as defined in the assumptions of the theorem. Then, (β̃,λ) and (β̃′ ,λ′)

are observationally equivalent if and only if

C(u,u′) = λ′D(u′)−λD(u) w.p.1. (3)

That is, if and only if

P r
[
F
(
Z1β̃,Z2β̃;λ

)
= F

(
Z1β̃

′ ,Z2β̃
′;λ′

)]
= 1

Suppose β̃ = β̃′. Then, u = u′ w.p.1, which implies C(u,u′) = 0 andD(u) =D(u′) w.p.1. In this case,

(3) holds if and only if λ = λ′. Therefore, (β̃,λ) , (β̃′ ,λ′) are observationally equivalent only if β̃ ,

β̃′. However, in this case (3) would violate the full-rank condition stated in the assumptions of the

theorem. Therefore we conclude that there does not exist a pair of parameter values (β̃,λ) , (β̃′ ,λ′)

in Θ that are observationally equivalent. From here it follows that L0

(
β̃∗,λ∗

)
, L0

(
β̃,λ

)
for any

(β̃,λ) ∈Θ such that (β̃,λ) , (β̃∗,λ∗). Since L0

(
β̃∗,λ∗

)
≥ L0

(
β̃,λ

)
for all (β̃,λ) ∈Θ (by the information

inequality, implied in turn by Jensen’s inequality), equation (2) implies that θ∗1 ≡ (β̃∗,λ∗) is the

unique maximizer of L0 and is therefore identified. A standard mean value theorem expansion

for maximum likelihood estimation then gives

θ̂1 = θ∗1 +
1
n

n∑
i=1

ψM (wi) + op
(
n−1/2

)
,

where

ψM (wi) ≡H−1
0
∂` (θ1;wi)
∂θ1

is the maximum likelihood influence function satisfying

n−1/2
n∑
i=1

ψM (wi)→N
(
0,H−1

0

)
, with H0 = E

∂`
(
θ∗1;W

)
∂θ1

∂`
(
θ∗1;W

)
∂θ1

′ .

�
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2 Theorem 3

In this section we prove Theorem 3, guiding the reader through all the steps leading to the final

proof. The steps rely on empirical process results. Throughout, we refer to various restrictions

stated in the paper.

2.1 Euclidean classes of functions involved

The first step will consist of verifying that the relevant classes of functions involved have the

Euclidean property as defined in Nolan and Pollard (1987, Definition 8) and Pakes and Pollard

(1989, Definition 2.7). Let

H =
{
f : X →R: f (x) = ω(x) ·K(x − x′;h): x′ ∈ X , h > 0

}
,

G1,k =
{
f : Y →R: f (y) = 1

[
Rθ(y,x) ⊆ Uk(x,y′;θ)

]
where (y′ ,x) ∈W , θ ∈Θ

}
,

G2,k =
{
f :R2→R: f (u1,u2) = 1[(u1,u2) ∈ Uk(x,y;θ)] for some (y,x) ∈W , θ ∈Θ

}
.

Since K is a function of bounded variation (see Restriction I2), H is a Euclidean class of functions

for constant envelopeω·K , whereω ≡ supω andK ≡ sup |K | (see Pakes and Pollard (1989, Example

2.10)). Since the class of sets

D1,k =
{
y ∈ Y : Rθ(y,x) ⊆ Uk(x,v;θ) for some (v,x) ∈W , θ ∈Θ

}
is assumed to be a VC class of sets (see Restriction I3), G1,k is a Euclidean class of functions for

constant envelope 1 (see Pakes and Pollard (1989, p. 1033)). The same holds for the class of

functions Gk,2 since the class of sets

D2,k =
{
Uk(x,y;θ) for some (y,x) ∈W , θ ∈Θ

}
is assumed to be a VC class of sets in Restriction I3. Next, we turn our attention to PU (Uk(x,y;θ);θ).

Let

g(u) =
e−u

(1 + e−u)2 , G(u) =
eu

1 + eu
.

denote the logistic pdf and cdf, respectively. According to our copula parameterization, the joint

density of (u1,u2) is given by

f (u1,u2;λ) = g(u1)g(u2) ·
[
(1 +λ ·

(
1− 2G(u1)− 2G(u2) + 4G(u1)G(u2)

)]
.

Notice that

PU (Uk(x,y;θ);λ) =
∫
u2

∫
u1

1[(u1,u2) ∈ Uk(x,y;θ)] · f (u1,u2;λ)du1du2.
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Define

g2(u) =
e−u/2

2 ·
(
1 + e−u/2

)2 .

g2 is the pdf for a re-scaled Logistic random variable with variance 4 · π2

3 (instead of π2

3 ). We have

sup
u

(
g(u)
g2(u)

)
= 2, sup

u

(
g(u) ·G(u)
g2(u)

)
< 1.23.

Let f2(u1,u2) = g2(u1) · g2(u2). Note that f2 is a well-defined pdf. We can re-express

PU (Uk(x,y;θ);θ) =
∫
u2

∫
u1

1[(u1,u2) ∈ Uk(x,y;θ)] ·
(
f (u1,u2;λ)
f2(u1,u2)

)
· f2(u1,u2)du1du2

≡
∫
u2

∫
u1

1[(u1,u2) ∈ Uk(x,y;θ)] · h(u1,u2;λ) · f2(u1,u2)du1du2,

where

h(u1,u2;λ) ≡
f (u1,u2;λ)
f2(u1,u2)

=
g(u1) · g(u2)
g2(u1) · g2(u2)

·
[
(1 +λ ·

(
1− 2G(u1)− 2G(u2) + 4G(u1)G(u2)

)]
Let

G3 =
{
h :R2→R: h(u1,u2) =

f (u1,u2;λ)
f2(u1,u2)

for some λ ∈ [−1,1]
}
.

Recall that −1 ≤ λ ≤ 1. Therefore, |h| ≤ 24 ∀ h ∈ G3. Also note that for any λ,λ′ ∈ [−1,1],

∣∣∣h(u1,u2;λ)− h(u1,u2;λ′)
∣∣∣ ≤ ∣∣∣∣∣[1− 2G(u1)− 2G(u2) + 4G(u1)G(u2)] ·

g(u1) · g(u2)
g2(u1) · g2(u2)

∣∣∣∣∣ · ∣∣∣λ−λ′∣∣∣
< 17 ·

∣∣∣λ−λ′∣∣∣
From here, by Pakes and Pollard (1989, Lemma 2.13) we deduce that G3 is a Euclidean class of

functions for the constant envelope sup
u1,u2

|h(u1,u2;0)|+2 ·17 = 4+17 ·2 ·supλ∈[−1,1] |λ− 0| = 4+2 ·17 =

38. Now define

G4,k =
{
g1g2: g1 ∈ G2,k , g2 ∈ G3

}
.

From our previous arguments and Pakes and Pollard (1989, Lemma 2.14), the class of functions

G4,k is Euclidean for the constant envelope 1 · 38. Now let

G5,k =


∫
u2

∫
u1

h(u1,u2) · f2(u1,u2)du1du2 for some h ∈ G4,k

 .
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Note that PU (Uk(x,y;θ);λ) ∈ G5,k . By Nolan and Pollard (1987, Lemma 20) or Sherman (1994,

Lemma 5), the class of functions G5,k is Euclidean for the constant envelope 38. Finally, let

Fk =
{
(g1 − g2) · g3: g1 ∈ G1,k , g2 ∈ G5,k , g3 ∈H

}
.

By Pakes and Pollard (1989, Lemma 2.14), the class of functions Fk is Euclidean for the constant

envelope 39 ·K ·ω ≡ Fk . Notice that

Fk = {g :W →R: g(y,x) =mk(y,v,u;θ) ·ω(x) ·K(x −u;h) for some (v,u) ∈W , θ ∈Θ, h > 0} .

Next, recall from Restriction I3 that the following is a VC class of sets,

D5,k =
{
w ∈W : c1 ≤ Tk(w;θ) < c2 for some θ ∈Θ, c1 < c2 in R

}
.

Therefore, the following is a Euclidean class of functions

G6,k = {f :W →R: f (w) = ω(x) · 1[−b ≤ Tk(w;θ) < 0] for some θ ∈Θ and b ∈R} ,

for the constant envelope ω. Finally, recall again from Restriction I3 that the following is a VC

class of sets,

D6,k =
{
(y,x) ∈W : Tk(w;θ) ≥ c for some θ ∈Θ, c ∈R

}
.

For w1 ≡ (y1,x1) and w2 ≡ (y2,x2) denote

vk (w2,w1;θ,h) ≡ω(x1) ·ω(x2) ·mk (y2, y1,x1;θ) ·K (x1 − x2;h) · 1[Tk (w1,θ) ≥ 0] .

And consider the class of functions

Vk = {f :W ×W →R: f (w1,w2) = vk (w2,w1;θ,h) for some θ ∈Θ and h > 0.}

From the VC property of the class of sets G6,k , the Euclidean properties of the classes of functions

reviewed above and Pakes and Pollard (1989, Lemma 2.14), the class of functions Vk is Euclidean

for the constant envelope ω2 ·K .

2.2 Auxiliary maximal inequality results

Recall that we denote w ≡ (y,x) and that the supports of Y and X are denoted as Y and X , re-

spectively. Also recall that the joint support of W ≡ (Y ,X) is denoted as W and that W ∗ is the

projection of X ∗ (our pre-specified inference range) onto W . Using the Euclidean properties for

the classes of functions described in Section 2.1 we will now use the maximal inequality results in

Sherman (1994) to derive asymptotic properties for some key empirical processes in our problem.
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Let us begin with the process νk1n(·) defined as

νk1n(y,x;θ) =
1
n

n∑
i=1

(
mk(Yi , y,x;θ) ·ω(Xi) ·K (Xi − x;hn)−E [mk(Y ,y,x;θ) ·ω(X) ·K (X − x;hn)]

)
= hzn ·

(
T̂k(y,x;θ)−E[T̂k(y,x;θ)]

)
.

Note that here and throughout this supplement when it is helpful for clarity we make use of the

minor abuse of notation T̂k(y,x;θ) = T̂k((y,x);θ), Tk(y,x;θ) = Tk((y,x);θ), and so forth, replacing

w = (y,x) with y,x as arguments before the semicolon. Now, using Sherman (1994, Corollary 4),

the Euclidean property of the class of functions Fk described in Section 2.1 yields

sup
w∈W
θ∈Θ

∣∣∣νk1n(y,x;θ)
∣∣∣ =Op

( 1
n1/2

)
=⇒ sup

w∈W
θ∈Θ

∣∣∣∣T̂k(y,x;θ)−E[T̂k(y,x;θ)]
∣∣∣∣ =Op

(
1

n1/2 · hzn

)
.

Next note that Restrictions I1 and I2 coupled with an Mth order approximation yield

sup
w∈W ∗
θ∈Θ

∣∣∣∣E[T̂k(y,x;θ)]− Tk(y,x;θ)
∣∣∣∣ ≤ CT · hMn , (4)

for some CT <∞. Therefore,

sup
w∈W ∗
θ∈Θ

∣∣∣∣T̂k(y,x;θ)− Tk(y,x;θ)
∣∣∣∣ =Op

(
1

n1/2 · hzn

)
+O

(
hMn

)
,

sup
w∈W ∗
θ∈Θ

∣∣∣∣T̂k(y,x;θ)
∣∣∣∣ =Op(1).

(5)

Take any integer q and any 0 < α < 1. By Sherman (1994, Main Corollary), there exists a universal

constant Λ (described there) such that,

E

sup
w∈W
θ∈Θ

∣∣∣∣n1/2 · νk1n(y,x;θ)
∣∣∣∣q
 ≤Λ ·

(
ω ·K

)q−α
,

Therefore,

E

sup
w∈W
θ∈Θ

∣∣∣∣∣T̂k(y,x;θ)−E
[
T̂k(y,x;θ)

]∣∣∣∣∣q
 =O

 1(
n1/2 · hzn

)q
 for any integer q. (6)
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Next, note from (4) that

P

 sup
w∈W ∗
θ∈Θ

∣∣∣∣∣T̂k(y,x;θ)− Tk(y,x;θ)
∣∣∣∣∣ > bn

 ≤ P
 sup
w∈W ∗
θ∈Θ

∣∣∣∣∣T̂k(y,x;θ)−E
[
T̂k(y,x;θ)

]∣∣∣∣∣ > bn −CT · hMn


From here, (6) and Chebyshev’s inequality (for higher-order moments) yields

P

 sup
w∈W ∗
θ∈Θ

∣∣∣∣∣T̂k(y,x;θ)− Tk(y,x;θ)
∣∣∣∣∣ > bn

 =O

 1(
n1/2 · hzn · (bn −CT · hMn )

)q
 for any integer q. (7)

Note from Restriction I2 that n1/2 · hzn · (bn −CT · hMn )→∞. Denote

Dn = 1

 sup
w∈W ∗
θ∈Θ

∣∣∣∣∣T̂k(y,x;θ)− Tk(y,x;θ)
∣∣∣∣∣ > bn

 . (8)

Note that

Dn =
(
Dn −E [Dn]

)
+E [Dn] =Op

(√
V ar [Dn]

)
+E [Dn] =Op

(√
E [Dn] · (1−E [Dn])

)
+E [Dn]

=Op
(√
E [Dn]

)
+E [Dn] =Op

 1(
n1/2 · hzn · (bn −CT · hMn )

)q/2
×

1 +O

 1(
n1/2 · hzn · (bn −CT · hMn )

)q/2



=Op

 1(
n1/2 · hzn · (bn −CT · hMn )

)q/2
× [1 + o(1)

]
=Op

 1(
n1/2 · hzn · (bn −CT · hMn )

)q/2


(9)

for any integer q. Now take any ∆ > 0 and consider n1/2+∆ · Dn. Let ε > 0 be as described in

Restriction I2 and take any integer q > (1 + 2∆)/ε (i.e, 1/q+ 2∆/q < ε). By (9),

n1/2+∆ · Dn =Op

 n1/2+∆(
n1/2 · hzn · (bn −CT · hMn )

)q/2


=Op

 1(
n1/2−1/q−2∆/q · hzn · bn −CT ·n1/2−1/q−2∆/q · hMn

)q/2


= op(1),

where the last result follows from the bandwidth convergence conditions in Restriction I2. There-

fore,

Dn = op
(
n−1/2−∆

)
∀ ∆ > 0. (10)
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Now let us proceed to analyze the process νk2n(·) defined as

νk2n(θ) =
1
n

n∑
i=1

(
ω(xi) · 1

[
−2bn ≤ Tk (wi ;θ) < 0

]
−E

[
ω(xi) · 1

[
−2bn ≤ Tk (wi ;θ) < 0

]])
.

Using Sherman (1994, Corollary 4), the Euclidean property of the class of functions G6k described

in Section 2.1 yields

sup
θ∈Θ

∣∣∣νk2n(θ)
∣∣∣ =Op

( 1
n1/2

)
. (11)

2.3 Proof of Lemma 2 in the paper

Let

R̂k (θ) ≡ 1
n

n∑
i=1

ω(xi) · T̂k (wi ;θ) · 1
[
T̂k (wi ,θ) ≥ −bn

]
.

Note that

R̂(θ) =
K∑
k=1

R̂k (θ) .

Now let

R̃k (θ) ≡ 1
n

n∑
i=1

ω(xi) · T̂k (wi ;θ) · 1[Tk (wi ,θ) ≥ 0] .

As defined in the paper, let

R̃ (θ) ≡ 1
n

n∑
i=1

ω(xi)

 K∑
k=1

T̂k (wi ;θ) · 1 {Tk (wi ,θ) ≥ 0}

 ,

Note that

R̃ (θ) =
K∑
k=1

R̃k (θ) .

Lemma 2 asserts that, under Restrictions I1-I4,

sup
θ∈Θ

∣∣∣R̃ (θ)− R̂ (θ)
∣∣∣ = op

(
n−1/2−ε

)
,

where ε > 0 is as described in Restriction I2. We will prove the lemma by showing that

sup
θ∈Θ

∣∣∣R̃k (θ)− R̂k (θ)
∣∣∣ = op

(
n−1/2−ε

)
for k = 1, . . . ,K.
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Let

ξk,n(θ) =
1
n

n∑
i=1

ω(xi) ·
∣∣∣∣T̂k (wi ;θ)

∣∣∣∣ · ∣∣∣∣1[T̂k (wi ;θ) ≥ −bn]− 1[Tk (wi ;θ) ≥ 0]
∣∣∣∣.

Note that ξk,n(·) ≥ 0 and ∣∣∣R̃k (θ)− R̂k(θ)
∣∣∣ ≤ ξk,n(θ).

We have∣∣∣1[T̂k(yi ,xi ;θ) ≥ −bn]− 1[Tk (wi ;θ) ≥ 0]
∣∣∣

= 1
[
T̂k (wi ;θ) ≥ −bn, − 2bn ≤ Tk (wi ;θ) < 0

]
+ 1

[
T̂k (wi ;θ) ≥ −bn, Tk (wi ;θ) < −2bn

]
+ 1

[
T̂k (wi ;θ) < −bn, Tk (wi ;θ) ≥ 0

]
≤ 1

[
−2bn ≤ Tk (wi ;θ) < 0

]
+ 1

[∣∣∣T̂k (wi ;θ)− Tk (wi ;θ)
∣∣∣ ≥ bn].

From the above arguments, we have

ξk,n(θ) ≤ 1
n

n∑
i=1

ω(xi) ·
∣∣∣Tk (wi ;θ)

∣∣∣ · 1[−2bn ≤ Tk (wi ;θ) < 0
]

+
1
n

n∑
i=1

ω(xi) ·
∣∣∣T̂k (wi ;θ)− Tk (wi ;θ)

∣∣∣ · 1[−2bn ≤ Tk (wi ;θ) < 0
]

+
1
n

n∑
i=1

ω(xi) ·
∣∣∣T̂k (wi ;θ)

∣∣∣ · 1[∣∣∣T̂k (wi ;θ)− Tk (wi ;θ)
∣∣∣ ≥ bn]

Then,

ξk,n(θ) ≤

2bn + sup
w∈W ∗
θ∈Θ

∣∣∣∣T̂k (w;θ)− Tk (w;θ)
∣∣∣∣
× 1

n

n∑
i=1

ω(xi) · 1
[
−2bn ≤ Tk (wi ;θ) < 0

]

+ 1

 sup
w∈W ∗
θ∈Θ

∣∣∣T̂k (w;θ)− Tk (w;θ)
∣∣∣ ≥ bn

× sup
w∈W ∗
θ∈Θ

∣∣∣∣T̂k (w;θ)
∣∣∣∣ ·ω

Using the results in equations (5) and (10),

ξk,n(θ)

≤
(
2bn +Op

(
1

n1/2 · hzn

)
+O

(
hMn

))
× 1
n

n∑
i=1

ω(xi) · 1
[
−2bn ≤ Tk (wi ;θ) < 0

]
+ op

(
n−1/2−∆

)
∀ ∆ > 0

=
(
2bn +Op

(
1

n1/2 · hzn

)
+O

(
hMn

))
×
(
ν2k(θ) +E

[
ω(X) · 1

[
−2bn ≤ Tk (Y ,X;θ) < 0

])
+ op

(
n−1/2−∆

)
∀ ∆ > 0

10



Let n0 denote the smallest n such that 2bn ≤ b, where b is as described in Restriction I4. By the

conditions described there, we have

sup
θ∈Θ

E
[
ω(X) · 1

[
−2bn ≤ Tk (Y ,X;θ) < 0

]
≤ 2A · bn ∀ n ≥ n0.

Combining this with the result in (11),

sup
θ∈Θ

ξk,n(θ) =
(
2bn +Op

(
1

n1/2 · hzn

)
+O

(
hMn

))
×
(
Op

( 1
n1/2

)
+O(bn)

)
+ op

(
n−1/2−∆

)
∀ ∆ > 0

=
(
2bn +Op

(
1

n1/2 · hzn

)
+O

(
hMn

))
× bn ×

(
Op

(
1

n1/2 · bn

)
+O(1)

)
+ op

(
n−1/2−∆

)
∀ ∆ > 0

=
(
2bn +Op

(
1

n1/2 · hzn

)
+O

(
hMn

))
× bn ×

(
op(1) +O(1)

)
+ op

(
n−1/2−∆

)
∀ ∆ > 0

=Op
(
b2
n

)
+Op

(
bn

n1/2 · hzn

)
+O

(
hMn · bn

)
+ op

(
n−1/2−∆

)
∀ ∆ > 0

= op
(
n−1/2−ε

)
,

where ε > 0 is as described in Restriction I2. Therefore, under Restrictions I1-I4,

sup
θ∈Θ

∣∣∣R̃k (θ)− R̂k (θ)
∣∣∣ = op(n−1/2−ε) for k = 1, . . . ,K.

From here,

sup
θ∈Θ

∣∣∣R̃ (θ)− R̂ (θ)
∣∣∣ ≤ K∑

k=1

[
sup
θ∈Θ

∣∣∣R̃k (θ)− R̂k (θ)
∣∣∣] = op(n−1/2−ε),

where ε > 0 is as described in Restriction I2. This proves Lemma 2 in the paper. �

2.4 Using Lemma 2 to setup the result in Theorem 3

For w1 ≡ (y1,x1) and w2 ≡ (y2,x2), let

vk (w2,w1;θ,h) ≡ω(x1) ·ω(x2) ·mk (y2, y1,x1;θ) ·K (x1 − x2;h) · 1[Tk (w1,θ) ≥ 0]

From Lemma 2,

vk (w`,wi ;θ,h) ≡ω(xi) ·ω(x`) ·mk (y`, yi ,xi ;θ) ·K (xi − x`;h) · 1[Tk (wi ,θ) ≥ 0] . (12)

11



From Lemma 2,

R̂(θ) =
K∑
k=1

1
n

n∑
i=1

ω(xi) · T̂k (wi ;θ) · 1[Tk (wi ,θ) ≥ 0]

+ ξn(θ)

=
K∑
k=1

 1
n2 · hzn

n∑
i=1

n∑
`=1

vk (w`,wi ;θ,hn)

+ ξn(θ),

(13)

where sup
θ∈Θ
|ξn(θ)| = op(n−1/2−ε). Let

ṽk(w1,w2;θ,h) ≡ vk (w1,w2;θ,h) + vk (w2,w1;θ,h) (14)

Consider the U-process Uk,n of order-2 described as

Uk,n(θ) =
(
n
2

)−1 ∑
i<j

ṽk(wi ,wj ;θ,hn) (15)

where
∑
i<j

denotes the sum over all
(n

2
)

combinations (i, j) out of n. Then,

R̂(θ) =
(n− 1
n

)
× 1

2 · hzn
·
K∑
k=1

Uk,n(θ) +
1
n
×

1
n

n∑
i=1

vk(wi ,wi ;θ,hn)


+ ξn(θ)

Note that

sup
θ∈Θ

∣∣∣∣∣∣∣1n
n∑
i=1

vk(wi ,wi ;θ,hn)

∣∣∣∣∣∣∣ ≤ω2 ·K.

Therefore,
1

n · hzn
× sup
θ∈Θ

∣∣∣∣∣∣∣1n
n∑
i=1

vk(wi ,wi ;θ,hn)

∣∣∣∣∣∣∣ ≤ ω
2 ·K
n · hzn

= o
(
n−1/2−ε

)
,

where ε > 0 is as described in Restriction I2. Thus,

R̂(θ) =
(n− 1
n

)
× 1

2 · hzn
·
K∑
k=1

Uk,n(θ) +ϑn(θ), where sup
θ∈Θ

∣∣∣ϑn(θ)
∣∣∣ = op

(
n−1/2−ε

)
(16)

Next we study the asymptotic properties of the U-processes Uk,n(·).

12



2.4.1 Asymptotic properties of the U-processUk,n(·)Uk,n(·)Uk,n(·)

Note that vk (w2,w1;θ,h) belongs to the class of functions

Vk = {f :W ×W →R: f (w1,w2) = vk (w2,w1;θ,h) for some θ ∈Θ and h > 0.} .

As we pointed out in Section 2.1, this class of functions is Euclidean for the constant envelope

ω2 ·K . Therefore ṽk(w1,w2;θ,h) belongs in a Euclidean class of functions with envelope 2 ·ω2 ·K .

Consider the U-process Uk,n(·) defined in (15). Let

µk(θ,h) ≡ E [ṽk(W1,W2;θ,h)] ,

g̃k(w;θ,h) ≡ E [ṽk(w,W ;θ,h)]−µk(θ,h),

r̃k(w1,w2;θ,h) ≡ ṽk(w1,w2;θ,h)−µk(θ,h)− g̃k(w1;θ,h)− g̃k(w2;θ,h).

The Hoeffding decomposition (projection) of Uk,n(θ) is given by (see Serfling (1980, pages 177-

178) or Sherman (1994, equations (6)-(7))),

Uk,n(θ) = µk(θ,hn) +
2
n

n∑
i=1

g̃k(wi ;θ,hn) +
(
n
2

)−1 ∑
i<j

r̃k(wi ,wj ;θ,hn). (17)

The last term is a degenerate U-process of order 2. By the Euclidean property of the class of

functions Vk , Sherman (1994, Corollary 4) yields

sup
θ∈Θ
h>0

∣∣∣∣∣(n2
)−1 ∑

i<j

r̃k(wi ,wj ;θ,h)
∣∣∣∣∣ =Op

(1
n

)
=⇒ sup

θ∈Θ

∣∣∣∣∣(n2
)−1 ∑

i<j

r̃k(wi ,wj ;θ,hn)
∣∣∣∣∣ =Op

(1
n

)

As defined in Restriction I5, let

λ2k(y,x;θ) = E [mk(Y ,y,x;θ) · 1[Tk(Y ,X;θ) ≥ 0] |X = x] ,

gk(y,x;θ) = ω(x) · (Tk(w;θ))+ +ω(x)2 ·λ2k(y,x;θ) · fX(x).

Under Restrictions I1, I2 and I5, an Mth-order approximation and dominated convergence argu-

ments yield1

E [ṽk(w,W ;θ,hn)] = hzn ×
(
gk(y,x;θ) +Bak,n(w,θ)

)
, where sup

w∈W
θ∈Θ

∣∣∣Bak,n(w,θ)
∣∣∣ =O(hMn ). (18)

1Notice the usefulness of having the term ω(x1) · ω(x2) in vk(w2,w1;θ,h), as it means that both w1 and w2 are
constrained to belong toW ∗.
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From here, a dominated convergence argument yields,

µk(θ,hn) ≡ E [ṽk(W1,W2;θ,hn)] = hzn ·
(
E [gk(Y ,X;θ)] +Bbk,n(θ)

)
where sup

θ∈Θ

∣∣∣Bbk,n(θ)
∣∣∣ =O(hMn )

Let

Rk(θ) ≡ E
[
ω(X) · (Tk(Y ,X;θ))+

]
.

Note that R(θ) =
∑K
k=1Rk(θ). By iterated expectations, we have E [gk(Y ,X;θ)] = 2 ·Rk(θ), and the

result above yields

µk(θ,hn) ≡ E [ṽk(W1,W2;θ,hn)] = hzn ×
(
2 ·Rk(θ) +Bbk,n(θ)

)
where sup

θ∈Θ

∣∣∣Bbk,n(θ)
∣∣∣ =O(hMn ),

Let

ψkR(yi ,xi ;θ) ≡ gk(yi ,xi ;θ)−E [gk(Y ,X;θ)] .

Plugging the previous results back into the Hoeffding decomposition (17), we obtain

Uk,n(θ) = hzn ×

E [gk(Y ,X;θ)] +
2
n

n∑
i=1

ψkR(yi ,xi ;θ) +Bk,n(θ)

+ ςk,n(θ)

= hzn ×

2 ·Rk(θ) +
2
n

n∑
i=1

ψkR(yi ,xi ;θ) +Bk,n(θ)

+ ςk,n(θ), where

sup
θ∈Θ

∣∣∣Bk,n(θ)
∣∣∣ =O(hMn ), sup

θ∈Θ

∣∣∣ςk,n(θ)
∣∣∣ =Op

(1
n

)
.

(19)

2.5 Proof of Theorem 3

Define

ψR(yi ,xi ;θ) ≡
K∑
k=1

ψkR(yi ,xi ;θ) =
K∑
k=1

(
gk(yi ,xi ;θ)−E [gk(Y ,X;θ)]

)
.

Note that R(θ) =
∑K
k=1Rk(θ). From (19),

1
2 · hzn

·
K∑
k=1

Uk,n(θ) = R(θ) +
1
n

n∑
i=1

ψR(yi ,xi ;θ) + %n(θ), where

sup
θ∈Θ

∣∣∣%n(θ)
∣∣∣ =O

(
hMn

)
+Op

( 1
n · hzn

)
= op

(
n−1/2−ε

)
,
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where ε > 0 is described in Restriction I2. Plugging this back into equation (16),

R̂(θ) =
(n− 1
n

)
× 1

2 · hzn
·
K∑
k=1

Uk,n(θ) +ϑn(θ), where sup
θ∈Θ

∣∣∣ϑn(θ)
∣∣∣ = op

(
n−1/2−ε

)
=

(n− 1
n

)
×

R(θ) +
1
n

n∑
i=1

ψR(yi ,xi ;θ) + %n(θ)

+ϑn(θ)

= R(θ) +
1
n

n∑
i=1

ψR(yi ,xi ;θ) + %n(θ) +ϑn(θ)− 1
n
×

R(θ) +
1
n

n∑
i=1

ψR(yi ,xi ;θ) + %n(θ)


where sup

θ∈Θ

∣∣∣%n(θ)+ϑn(θ)
∣∣∣ = op

(
n−1/2−ε

)
, with ε > 0 is described in Restriction I2. Next, by Sherman

(1994, Lemma 5 and Corollary 4 ), the Euclidean properties of the classes of functions involved

yield the result

sup
θ∈Θ

∣∣∣∣∣∣∣1n
n∑
i=1

ψR(yi ,xi ;θ)

∣∣∣∣∣∣∣ =Op(n−1/2)

From here, since sup
θ∈Θ
|R(θ)| =O(1), we have

sup
θ∈Θ

∣∣∣∣∣∣∣1n ×
R(θ) +

1
n

n∑
i=1

ψR(yi ,xi ;θ) + %n(θ)


∣∣∣∣∣∣∣ = op

(
n−1/2−ε

)
.

Combining all our results, we have

R̂ (θ) = R (θ) +
1
n

n∑
i=1

ψR (yi ,xi ;θ) + εn (θ) , where sup
θ∈Θ

|εn (θ)| = op
(
n−1/2−ε

)
,

where ε > 0 is described in Restriction I2. This is the statement of Theorem 3. �
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3 Theorems 4 and 5

3.1 Asymptotic properties of our variance-covariance estimators

The paper outlined all the arguments leading to the statements in Theorems 4 and 5. A key result

we invoked there was the following, ∥∥∥Ĥ−1
0 −H

−1
0

∥∥∥ =Op(n−1/2),

sup
θ∈Θ

∥∥∥Σ̂MR(θ)−ΣMR(θ)
∥∥∥ =Op

(
1

n1/2 · hzn

)
,

sup
θ∈Θ

∣∣∣σ̂2
R(θ)− σ2

R(θ)
∣∣∣ =Op

(
1

n1/2 · hzn

)
.

(20)

We present a step-by-step proof of the result in (20) next. As before, we will refer to restrictions

stated in the paper. We denoted

−E
[
∂2`(θ∗1,W )
∂θ∗1∂θ

′
1

]
≡H0,

and

Ĥ0 = −1
n

n∑
i=1

∂2`(θ̂1,wi)
∂θ1∂θ

′
1
.

We will show first that, under the conditions of Theorem 3 and Restriction I6, we have∥∥∥Ĥ−1
0 −H

−1
0

∥∥∥ =Op(n−1/2).

As we did in the paper, define

φ1(t1, t2;λ) ≡ ∂F(t1,t2;λ)
∂t1

·H(t1, t2;λ)−1, φ2(t1, t2;λ) ≡ ∂F(t1,t2;λ)
∂t2

·H(t1, t2;λ)−1,

φ3(t1, t2;λ) ≡ ∂F(t1,t2;λ)
∂λ ·H(t1, t2;λ)−1.

As in Restriction I6, for (`,m) ∈ {1,2} × {1,2}, define the following real-valued functions,

δ`,m(y, t1, t2;λ) ≡
∂φ`(t1, t2;λ)

∂tm
·
(
1[y = (0,0)]−F(t1, t2;λ)

)
−φ`(t1, t2;λ)

∂F(t1, t2;λ)
∂tm

,

η`(y, t1, t2;λ) ≡
∂φ`(t1, t2;λ)

∂λ
·
(
1[y = (0,0)]−F(t1, t2;λ)

)
−φ`(t1, t2;λ)

∂F(t1, t2;λ)
∂λ

,

Υ (y, t1, t2;λ) ≡
∂φ3(t1, t2;λ)

∂λ
·
(
1[y = (0,0)]−F(t1, t2;λ)

)
−φ3(t1, t2;λ)

∂F(t1, t2;λ)
∂λ

.

We have

E

[
∂2`(θ1,W )
∂θ1∂θ

′
1

]
=

A11(θ1) A12(θ1)

A12(θ1)′ A22(θ1)

 ,
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where

A11(θ1) = E

 2∑
`=1

2∑
m=1

Z`Z
′
mδ`,m(Y ,Z1β̃,Z2β̃;λ)

 ,
A12(θ1) = E

 2∑
`=1

Z`η`(Y ,Z1β̃,Z2β̃;λ)

 ,
A22(θ1) = E

[
Υ (Y ,Z1β̃,Z2β̃;λ)

]
.

And,
1
n

n∑
i=1

∂2`(θ1,wi)
∂θ1∂θ

′
1

=

 Â11(θ1) Â12(θ1)

Â12(θ1)′ Â22(θ1)

 ,
where

Â11(θ1) =
1
n

n∑
i=1

 2∑
`=1

2∑
m=1

z`iz
′
miδ`,m(yi , z1i β̃, z2i β̃;λ)

 ,
Â12(θ1) =

1
n

n∑
i=1

 2∑
`=1

z`iη`(yi , z1i β̃, z2i β̃;λ)

 ,
Â22(θ1) =

1
n

n∑
i=1

Υ (yi , z1i β̃, z2i β̃;λ).

Take observation i ∈ {1, . . . ,n}. A first-order approximation yields

δ`,m(yi , z1i
̂̃β,z2i

̂̃β; λ̂) = δ`,m(yi , z1i β̃
∗, z2i β̃

∗;λ∗) +
2∑
j=1

∂δ`,m(yi , z1i β̃i , z2i β̃i ;λi)
∂tj

· z′ji
(̂
β̃ − β̃∗

)

+
∂δ`,m(yi , z1i β̃i , z2i β̃i ;λi)

∂λ
·
(
λ̂−λ∗

)
,

where θ1i ≡
(
β̃
′
i ,λi

)′
belongs in the line segment connecting θ̂1 and θ∗1. From Theorem 2, we have

that, wp→ 1, our ML estimator θ̂1 belongs in the neighborhood N which contains θ∗1 and whose

properties are described in Restriction I6. Therefore θ1i also belongs in N for all i. Therefore,

from Theorem 2 and Restriction I6, wp→ 1, we have

∣∣∣∣δ`,m(yi , z1i
̂̃β,z2i

̂̃β; λ̂)− δ`,m(yi , z1i β̃
∗, z2i β̃

∗;λ∗)
∣∣∣∣ ≤D(wi) ·

 2∑
j=1

∥∥∥zji∥∥∥ · ∥∥∥̂̃β − β̃∗∥∥∥+
∣∣∣λ̂−λ∗∣∣∣ , (21)
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for (`,m) ∈ {1,2} × {1,2}. And from here we obtain,

∥∥∥Â11(θ̂1)− Â11(θ∗1)
∥∥∥ ≤ 1

n

n∑
i=1

 2∑
`=1

2∑
m=1

‖z`i‖ · ‖zmi‖ ·

 2∑
j=1

∥∥∥zji∥∥∥ ·D(wi) ·
∥∥∥̂̃β − β̃∗∥∥∥+D(wi) ·

∣∣∣λ̂−λ∗∣∣∣


=
(

1
n

n∑
i=1

( 2∑
`=1

2∑
m=1

2∑
j=1

‖z`i‖ · ‖zmi‖ ·
∥∥∥zji∥∥∥ ·D(wi)

))
︸                                                      ︷︷                                                      ︸

Op(1) by the conditions in Restriction I6

·
∥∥∥̂̃β − β̃∗∥∥∥︸   ︷︷   ︸
Op(n−1/2)

+
(

1
n

n∑
i=1

( 2∑
`=1

2∑
m=1

‖z`i‖ · ‖zmi‖ ·D(wi)
))

︸                                        ︷︷                                        ︸
Op(1) by the conditions in Restriction I6

·
∣∣∣λ̂−λ∗∣∣∣︸  ︷︷  ︸
Op(n−1/2)

=Op(n−1/2).

Theorem 2 and Restriction I6 also imply that the same inequality in (21) holds for η`, and wp→ 1,

we have

∣∣∣∣η`(yi , z1i
̂̃β,z2i

̂̃β; λ̂)− η`(yi , z1i β̃
∗, z2i β̃

∗;λ∗)
∣∣∣∣ ≤D(wi) ·

 2∑
j=1

∥∥∥zji∥∥∥ · ∥∥∥̂̃β − β̃∗∥∥∥+
∣∣∣λ̂−λ∗∣∣∣ , (21’)

for ` ∈ {1,2}. Therefore, wp→ 1,

∥∥∥Â12(θ̂1)− Â12(θ∗1)
∥∥∥ ≤ 1

n

n∑
i=1

2∑
`=1

2∑
j=1

‖z`i‖ ·
∥∥∥zji∥∥∥ ·D(wi)

︸                                     ︷︷                                     ︸
Op(1) by Restriction I6

·
∥∥∥̂̃β − β̃∗∥∥∥︸   ︷︷   ︸
Op(n−1/2)

+

1
n

n∑
i=1

2∑
`=1

‖z`i‖ ·D(wi)

︸                        ︷︷                        ︸
Op(1) by Restriction I6

·
∣∣∣λ̂−λ∗∣∣∣︸  ︷︷  ︸
Op(n−1/2)

=Op(n−1/2).

Finally, the inequality in (21) also holds for Υ by Theorem 2 and Restriction I6, and wp→ 1,

∣∣∣∣Υ (yi , z1i
̂̃β,z2i

̂̃β; λ̂)−Υ (yi , z1i β̃
∗, z2i β̃

∗;λ∗)
∣∣∣∣ ≤D(wi) ·

 2∑
j=1

∥∥∥zji∥∥∥ · ∥∥∥̂̃β − β̃∗∥∥∥+
∣∣∣λ̂−λ∗∣∣∣ , (21”)
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and from here, wp→ 1 we have

∣∣∣Â22(θ̂1)− Â22(θ∗1)
∣∣∣ ≤ 1

n

n∑
i=1

2∑
j=1

D(wi) ·
∥∥∥zji∥∥∥

︸                        ︷︷                        ︸
Op(1) by Restriction I6

·
∥∥∥̂̃β − β̃∗∥∥∥︸   ︷︷   ︸
Op(n−1/2)

+

1
n

n∑
i=1

D(wi)

︸           ︷︷           ︸
Op(1) by Restriction I6

·
∣∣∣λ̂−λ∗∣∣∣︸  ︷︷  ︸
Op(n−1/2)

=Op(n−1/2)

Next, the finite-variance conditions described in Restriction I6, and a Central Limit Theorem yield∥∥∥Â11(θ∗1)−A11(θ∗1)
∥∥∥ =Op(n−1/2),∥∥∥Â12(θ∗1)−A12(θ∗1)
∥∥∥ =Op(n−1/2),∣∣∣Â22(θ∗1)−A22(θ∗1)
∣∣∣ =Op(n−1/2).

From here, the invertibility condition in Restriction I6(i) finally yields∥∥∥Ĥ−1
0 −H

−1
0

∥∥∥ =Op(n−1/2) (22)

Let us continue analyzing the asymptotic properties of the remaining elements of our regular-

ized variance matrix Σ̂ (θ). In our construction we denoted σ2
R(θ) ≡ E

[
ψR(W ;θ)2

]
and ΣMR(θ) ≡

E [ψM(W )ψR(W ;θ)]. As a reminder (from Theorem 3), the influence function ψR is given by

ψR (yi ,xi ;θ) ≡
K∑
k=1

(
gk(wi ;θ)−E [gk(W ;θ)]

)
,

where

gk(wi ;θ) ≡ω(xi) · (Tk(wi ;θ))+ +ω(xi)
2 ·λ2k(wi ;θ) · fX(xi).

In our construction, we proposed to use as estimators,

σ̂2
R(θ) ≡ 1

n

n∑
i=1

ψ̂R(wi ;θ)2, and Σ̂MR (θ) ≡ 1
n

n∑
i=1

ψ̂M (wi) ψ̂R (wi ;θ) .

Where

ψ̂M(wi) ≡ Ĥ−1
0 ·

∂`(θ̂1,wi)
∂θ1

, and ψ̂R(wi ;θ) ≡
K∑
k=1

(
ĝk(wi ;θ)− Ê[gk(W ;θ)]

)
,

with

ĝk(y1,x1;θ) =
1
n

n∑
j=1

ṽk(w1,wj ;θ,hn)

hzn
, and Ê[gk(W ;θ)] =

(
n
2

)−1 ∑
i<j

ṽk(wi ,wj ;θ,hn)

hzn
,
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where ṽk(w1,w2;θ,h) is as described in equation (14) (above). Notice that Ê[gk(W ;θ)] = 1
hzn
·Uk,n(θ),

where Uk,n is the U-process described in equation (15) whose asymptotic properties were studied

in Section 2.4.1. Under the conditions of Theorem 3, the empirical process arguments used in

Section 2.2 yield

sup
w∈W
θ∈Θ

∣∣∣∣∣∣∣∣1n
n∑
j=1

(
ṽk(w,wj ;θ,hn)−E [ṽk(w,W ;θ,hn)]

)∣∣∣∣∣∣∣∣ =Op(n−1/2).

From here we obtain,

ĝk(y,x;θ) = E
[ 1
hzn
ṽk(w,W ;θ,hn)

]
+ ξgn(w,θ), where sup

w∈W
θ∈Θ

∣∣∣ξgn(w,θ)
∣∣∣ =Op

(
1

n1/2 · hzn

)
.

Under Restrictions I1, I2 and I5, we have (see equation (18)),

E
[ 1
hzn
ṽk(w,W ;θ,hn)

]
= gk(y,x;θ) +Bn(w;θ), where sup

w∈W
θ∈Θ

|Bn(w1;θ)| =O(hMn ).

Since n1/2 · hMn −→ 0 by Restriction I2, these results combined yield,

ĝk(y,x;θ) = gk(y,x;θ) + ζgn(w,θ), where sup
w∈W
θ∈Θ

∣∣∣ζgn(w,θ)
∣∣∣ =Op

(
1

n1/2 · hzn

)
.

Next, equation (19) states that,

Ê [gk(Y ,X;θ)] = E [gk(Y ,X;θ)] + %gn(θ), where sup
θ∈Θ

∣∣∣%gn(θ)
∣∣∣ =Op(n−1/2).

Finally, the last two results combined for k = 1, . . . ,K yield the following asymptotic property for

our estimated influence function ψ̂R,

sup
w∈W
θ∈Θ

∣∣∣ψ̂R(y,x;θ)−ψR(y,x;θ)
∣∣∣ =Op

(
1

n1/2 · hzn

)
. (23)

Next, note by inspection that

sup
w∈W
θ∈Θ

∣∣∣ψR(y,x;θ)
∣∣∣ ≤ 4Kω2f ≡ ψR. (24)
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where f and K are described in Restrictions I1 and I2 respectively and ω is the upper bound for

the trimming function ω(·). We have

σ̂2
R(θ)− σ2

R(θ) =
1
n

n∑
i=1

(
ψR(yi ,xi ;θ)2 − σ2

R(θ)
)

+
2
n

n∑
i=1

ψR(yi ,xi ;θ) ·
(
ψ̂R(wi ;θ)−ψR(yi ,xi ;θ)

)
+

1
n

n∑
i=1

(
ψ̂R(wi ;θ)−ψR(yi ,xi ;θ)

)2

Under the conditions of Theorem 3, the empirical process arguments used in Section 2.2 can be

used to show that

sup
θ∈Θ

∣∣∣∣∣∣∣1n
n∑
i=1

(
ψR(yi ,xi ;θ)2 − σ2

R(θ)
)∣∣∣∣∣∣∣ =Op(n−1/2).

From equations (23) and (24), we obtain

sup
θ∈Θ

∣∣∣∣∣∣∣2n
n∑
i=1

ψR(yi ,xi ;θ) ·
(
ψ̂R(wi ;θ)−ψR(yi ,xi ;θ)

)∣∣∣∣∣∣∣ =Op

(
1

n1/2 · hzn

)
,

sup
θ∈Θ

∣∣∣∣∣∣∣1n
n∑
i=1

(
ψ̂R(wi ;θ)−ψR(yi ,xi ;θ)

)2
∣∣∣∣∣∣∣ =Op

(
1

n · h2z
n

)
.

Together, these results yield,

sup
θ∈Θ

∣∣∣σ̂2
R(θ)− σ2

R(θ)
∣∣∣ =Op

(
1

n1/2 · hzn

)
. (25)

Next, we have

Σ̂MR (θ)−ΣMR (θ) =

1
n

n∑
i=1

(
ψM(wi)ψR(yi ,xi ;θ)−ΣMR(θ)

)
+

1
n

n∑
i=1

ψM(wi)
(
ψ̂R(wi ;θ)−ψR(yi ,xi ;θ)

)
+

1
n

n∑
i=1

(
ψ̂M(wi)−ψM(wi)

)
ψR(yi ,xi ;θ) +

1
n

n∑
i=1

(
ψ̂M(wi)−ψM(wi)

)(
ψ̂R(wi ;θ)−ψR(yi ,xi ;θ)

)
.

(26)

Under the conditions of Theorem 3, the empirical process arguments used in Section 2.2 can be

used to show that

sup
θ∈Θ

∥∥∥∥∥∥∥1
n

n∑
i=1

(
ψM(wi)ψR(yi ,xi ;θ)−ΣMR(θ)

)∥∥∥∥∥∥∥ =Op(n−1/2).
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Next, from (23) and the conditions of Theorem 3,

sup
θ∈Θ

∥∥∥∥∥∥∥1
n

n∑
i=1

ψM(wi)
(
ψ̂R(wi ;θ)−ψR(yi ,xi ;θ)

)∥∥∥∥∥∥∥ ≤ sup
w∈W
θ∈Θ

∣∣∣∣ψ̂R(y,x;θ)−ψR(y,x;θ)
∣∣∣∣×

∥∥∥∥∥∥∥1
n

n∑
i=1

ψM(wi)

∥∥∥∥∥∥∥
=Op

(
1

n1/2 · hzn

)
×Op(1) =Op

(
1

n1/2 · hzn

)
For the next term, note from (24) that

sup
θ∈Θ

∥∥∥∥∥∥∥1
n

n∑
i=1

(
ψ̂M(wi)−ψM(wi)

)
ψR(yi ,xi ;θ)

∥∥∥∥∥∥∥ ≤ ψR × 1
n

n∑
i=1

∥∥∥ψ̂M(wi)−ψM(wi)
∥∥∥.

We analyze the term 1
n

∑n
i=1

∥∥∥ψ̂M(wi)−ψM(wi)
∥∥∥ next. Note that

ψ̂M(wi)−ψM(wi) =
(
Ĥ−1

0 +H−1
0

)
·
∂`(θ∗1,wi)
∂θ1

+ Ĥ−1
0 ·

(
∂`(θ̂1,wi)
∂θ1

−
∂`(θ∗1,wi)
∂θ1

)
.

Therefore,
1
n

n∑
i=1

∥∥∥ψ̂M(wi)−ψM(wi)
∥∥∥ ≤∥∥∥Ĥ−1

0 −H
−1
0

∥∥∥× 1
n

n∑
i=1

∥∥∥∥∥∥∂`(θ∗1,wi)∂θ1

∥∥∥∥∥∥
+
∥∥∥Ĥ−1

0

∥∥∥× 1
n

n∑
i=1

∥∥∥∥∥∥∂`(θ̂1,wi)
∂θ1

−
∂`(θ∗1,wi)
∂θ1

∥∥∥∥∥∥
From equation (22), Theorem 3 and the conditions in Restriction I6,

∥∥∥Ĥ−1
0 −H

−1
0

∥∥∥× 1
n

n∑
i=1

∥∥∥∥∥∥∂`(θ∗1,wi)∂θ1

∥∥∥∥∥∥ =Op(n−1/2)×Op(1) =Op(n−1/2).

Next we analyze the term 1
n

∑n
i=1

∥∥∥∥∥∂`(θ̂1,wi )
∂θ1

− ∂`(θ
∗
1,wi )

∂θ1

∥∥∥∥∥. Note that

∂`(θ1,wi)
∂θ1

=


(
z1i ·φ1(z1i β̃, z2i β̃;λ) + z2i ·φ2(z1i β̃, z2i β̃;λ)

)
·
(
1[yi = (0,0)]−F(z1i β̃, z2i β̃;λ)

)
φ3(z1i β̃, z2i β̃;λ) ·

(
1[yi = (0,0)]−F(z1i β̃, z2i β̃;λ)

) 
A first-order approximation yields,(

∂`(θ̂1,wi)
∂θ1

−
∂`(θ∗1,wi)
∂θ1

)
=

(∑2
`=1

∑2
m=1 z`iz

′
miδ`,m(yi , z1i β̃i , z2i β̃i ;λi)

) (̂
β̃ − β̃∗

)
+
(∑2

`=1 z`iη`(yi , z1i β̃i , z2i β̃i ;λi)
)(
λ̂−λ∗

)(∑2
`=1η`(yi , z1i β̃i , z2i β̃i ;λi)z

′
`i

) (̂
β̃ − β̃∗

)
+Υ (yi , z1i β̃i , z2i β̃i ;λi)

(
λ̂−λ∗

)
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where θ1i ≡
(
β̃
′
i ,λi

)′
belongs in the line segment connecting θ̂1 and θ∗1. From Theorem 2, wp→

1, θ̂1 belongs in the neighborhood N which contains θ∗1 and whose properties are described in

Restriction I6. Therefore θ1i also belongs in N for all i. Therefore, the conditions in Restriction

I6 hold wp→ 1 and we have,1
n

n∑
i=1

2∑
`=1

2∑
m=1

‖z`i‖ · ‖zmi‖ ·
∣∣∣δ`,m(yi , z1i β̃i , z2i β̃i ;λi)

∣∣∣ · ∥∥∥∥̂̃β − β̃∗∥∥∥∥
≤

1
n

n∑
i=1

2∑
`=1

2∑
m=1

‖z`i‖ · ‖zmi‖ ·D(wi)

︸                                      ︷︷                                      ︸
Op(1) by Restriction I6

·
∥∥∥∥̂̃β − β̃∗∥∥∥∥︸   ︷︷   ︸
Op(n−1/2)

=Op(n−1/2),

1
n

n∑
i=1

2∑
`=1

‖z`i‖ ·
∣∣∣η`(yi , z1i β̃i , z2i β̃i ;λi)

∣∣∣ · ∣∣∣λ̂−λ∗∣∣∣ ≤
1
n

n∑
i=1

2∑
`=1

‖z`i‖ ·D(wi)

︸                        ︷︷                        ︸
Op(1) by Restriction I6

·
∣∣∣λ̂−λ∗∣∣∣︸  ︷︷  ︸
Op(n−1/2)

=Op(n−1/2),

1
n

n∑
i=1

2∑
`=1

‖z`i‖ ·
∣∣∣η`(yi , z1i β̃i , z2i β̃i ;λi)

∣∣∣ · ∥∥∥∥̂̃β − β̃∗∥∥∥∥ ≤
1
n

n∑
i=1

2∑
`=1

‖z`i‖ ·D(wi)

︸                        ︷︷                        ︸
Op(1) by Restriction I6

·
∥∥∥∥̂̃β − β̃∗∥∥∥∥︸   ︷︷   ︸
Op(n−1/2)

=Op(n−1/2),

1
n

n∑
i=1

2∑
`=1

∣∣∣Υ (yi , z1i β̃i , z2i β̃i ;λi)
∣∣∣ · ∣∣∣λ̂−λ∗∣∣∣ ≤

1
n

n∑
i=1

2∑
`=1

D(wi)

︸                ︷︷                ︸
Op(1) by Restriction I6

·
∣∣∣λ̂−λ∗∣∣∣︸  ︷︷  ︸
Op(n−1/2)

=Op(n−1/2).

Combined with the fact that
∥∥∥Ĥ−1

0

∥∥∥ =O(1), these results yield,

∥∥∥Ĥ−1
0

∥∥∥× 1
n

n∑
i=1

∥∥∥∥∥∥∂`(θ̂1,wi)
∂θ1

−
∂`(θ∗1,wi)
∂θ1

∥∥∥∥∥∥ =Op(n−1/2).

And therefore,

1
n

n∑
i=1

∥∥∥ψ̂M(wi)−ψM(wi)
∥∥∥ ≤

∥∥∥Ĥ−1
0 −H

−1
0

∥∥∥× 1
n

n∑
i=1

∥∥∥∥∥∥∂`(θ∗1,wi)∂θ1

∥∥∥∥∥∥︸                                      ︷︷                                      ︸
=Op(n−1/2)

+
∥∥∥Ĥ−1

0

∥∥∥× 1
n

n∑
i=1

∥∥∥∥∥∥∂`(θ̂1,wi)
∂θ1

−
∂`(θ∗1,wi)
∂θ1

∥∥∥∥∥∥︸                                              ︷︷                                              ︸
=Op(n−1/2)

=Op(n−1/2).
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And,

sup
θ∈Θ

∥∥∥∥∥∥∥1
n

n∑
i=1

(
ψ̂M(wi)−ψM(wi)

)
ψR(yi ,xi ;θ)

∥∥∥∥∥∥∥ ≤ ψR × 1
n

n∑
i=1

∥∥∥ψ̂M(wi)−ψM(wi)
∥∥∥ =Op(n−1/2)

Finally, combining our previous results, we have

sup
θ∈Θ

∥∥∥∥∥∥∥1
n

n∑
i=1

(
ψ̂M(wi)−ψM(wi)

)(
ψ̂R(wi ;θ)−ψR(yi ,xi ;θ)

)∥∥∥∥∥∥∥
≤ sup
w∈W
θ∈Θ

∣∣∣ψ̂R(y,x;θ)−ψR(y,x;θ)
∣∣∣× 1
n

n∑
i=1

∥∥∥ψ̂M(wi)−ψM(wi)
∥∥∥ =Op

(
1

n−1/2 · hzn

)
×Op

( 1
n1/2

)
=Op

( 1
n · hzn

)
.

Plugging these results back into (26), we obtain

sup
θ∈Θ

∥∥∥Σ̂MR(θ)−ΣMR(θ)
∥∥∥ ≤Op ( 1

n1/2

)
+Op

(
1

n1/2 · hzn

)
+Op

( 1
n1/2

)
+Op

( 1
n · hzn

)
=Op

(
1

n1/2 · hzn

) (27)

Together, equations (22), (25) and (27) prove the result in (20). �

3.2 Some intermediate steps leading to Theorems 4 and 5

Next we include for clarity some intermediate steps that lead to the asymptotic representation of

our statistic Q̂(θ) described in the paper.

3.2.1 A useful decomposition of the variance-covariance matrixΣ(θ)Σ(θ)Σ(θ) overΘ \ΘI
0Θ \ΘI
0Θ \ΘI
0

As stated in the paper, let M be an invertible matrix satisfying H−1
0 = MM ′ (and therefore H0 =

(M ′)−1M−1). Let σMR(θ) be as defined in Restriction I7 and for all θ ∈Θ \ΘI
0 define

C(θ) ≡
 M 0

ΣMR(θ)′(M ′)−1 σMR(θ)

 =⇒ C(θ)−1 =

 M−1 0

−ΣMR(θ)′H0
σMR(θ)

1
σMR(θ)

 ,
and note that Σ(θ) = C(θ)C(θ)′ and Σ(θ)−1 =

(
C(θ)−1

)′
C(θ)−1.

(28)
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As defined in the paper, let

ψ(W ;θ) ≡ C(θ)−1 ·
 ψ(W )

ψR(W ;θ)

 =

 M−1ψM(W )
−ΣMR(θ)′H0ψM (W )+ψR(W ;θ)
σ2
R(θ)−ΣMR(θ)′H0ΣMR(θ)

 ≡
 ψM(W )
ψMR(W ;θ)
σMR(θ)

 ≡
 ψM(W )

ψMR(W ;θ)


Tn(θ) ≡ 1

√
n

n∑
i=1

ψ(wi ;θ)

(29)

Note that
E
[
ψ(W ;θ)

]
= 0, E

[
ψ(W ;θ)ψ(W ;θ)′

]
= Ir+1, V ar (Tn(θ)) = Ir+1,

Tn(θ)′Tn(θ) =

 1√
n

∑n
i=1ψM (wi)

1√
n

∑n
i=1ψR (wi ;θ)


′

Σ−1(θ)

 1√
n

∑n
i=1ψM (wi)

1√
n

∑n
i=1ψR (wi ;θ)

 .
As stated in the paper, under the results in Theorems 2 and 3, and Restriction I7, we then have,

Q̂(θ) = nµ(θ)′
(
Σ(θ)−1 +ϑn(θ)

)
µ(θ) + Tn(θ)′Tn(θ) + ξQn (θ) ∀ θ ∈Θ \ΘI

0,

=⇒ Q̂(θ) = Tn(θ)′Tn(θ) + ξQn (θ) ∀ θ ∈Θ∗,

where sup
θ∈Θ\ΘI

0

∣∣∣∣ξQn (θ)
∣∣∣∣ = op(1) and sup

θ∈Θ\ΘI
0

|ϑn(θ)| = op(1) (recall that Θ
∗ ⊆ Θ \ΘI

0 with µ(θ) = 0 for

all θ ∈Θ∗).

3.2.2 Using the decomposition of the variance-covariance matrixΣ(θ)Σ(θ)Σ(θ) under Restriction I7’

As in the paper, define

σ2
MR,κ(θ) ≡max{σ2

R(θ), κ} −ΣMR(θ)′H0ΣMR(θ) = σ2
MR(θ) +

(
max{σ2

R(θ), κ} − σ2
R(θ)

)
,

and

Σκ(θ) ≡
 H−1

0 ΣMR(θ)

ΣMR(θ)′ max{σ2
R(θ) , κ}

 =⇒ Σκ(θ)−1 =

H0 + H0ΣMR(θ)ΣMR(θ)′H0

σ2
MR,κ(θ)

−H0ΣMR(θ)
σ2
MR,κ(θ)

−ΣMR(θ)′H0

σ2
MR,κ(θ)

1
σ2
MR,κ(θ)


Note from Restriction I7’ that σ2

MR(θ) ≥ σ2
R(θ) · (1 − d) ∀ θ ∈ Θ \ ΘI

0. Take any θ ∈ Θ \ ΘI
0. If

σ2
R(θ) ≥ κ, we have σ2

MR,κ(θ) = σ2
MR(θ) ≥ σ2

R(θ) · (1 − d) ≥ κ · (1 − d). And if σ2
R(θ) < κ, we have

σ2
MR,κ(θ) = σ2

MR(θ) +κ−σ2
R(θ) ≥ σ2

R(θ) · (1−d) +κ−σ2
R(θ) = κ−d ·σ2

R(θ) > κ−d ·κ = κ · (1−d). Thus,

Restriction I7’ implies

σ2
MR,κ(θ) ≥ κ · (1− d) ∀ θ ∈Θ \ΘI

0, (30)
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Next note from the result in (20) that

sup
θ∈Θ

∣∣∣∣max
{
σ̂2
R(θ), κ

}
−max

{
σ2
R(θ), κ

}∣∣∣∣ ≤ sup
θ∈Θ

∣∣∣σ̂2
R(θ)− σ2

R(θ)
∣∣∣ = op(1).

And from here, (20) once again yields

sup
θ∈Θ

∣∣∣∣(max
{
σ̂2
R(θ), κ

}
− Σ̂MR(θ)′Ĥ0Σ̂MR(θ)

)
− σ2

MR,κ(θ)
∣∣∣∣ = op(1).

From here, the bound in (30) yields

sup
θ∈Θ

∣∣∣∣∣∣∣
max

{
σ̂2
R(θ), κ

}
− Σ̂MR(θ)′Ĥ0Σ̂MR(θ)

σ2
MR,κ(θ)

− 1

∣∣∣∣∣∣∣ = op(1),

and therefore, sup
θ∈Θ\ΘI

0

∥∥∥Σ̂(θ)−1 −Σκ(θ)−1
∥∥∥ = op(1). Next let C(θ) be the matrix described in the

factorization of Σ(θ) given in (28) and, as we defined in (29), let ψ(W ;θ) ≡
 ψM(W )

ψMR(W ;θ)

. We have

 1√
n

∑n
i=1ψM (wi)

1√
n

∑n
i=1ψR (wi ;θ)


′

Σ−1
κ (θ)

 1√
n

∑n
i=1ψM (wi)

1√
n

∑n
i=1ψR (wi ;θ)


=

 1√
n

∑n
i=1ψM (wi)

1√
n

∑n
i=1ψR (wi ;θ)


′ (
C(θ)−1

)′
C(θ)′Σ−1

κ (θ)C(θ)C(θ)−1

 1√
n

∑n
i=1ψM (wi)

1√
n

∑n
i=1ψR (wi ;θ)


=

 1
√
n

n∑
i=1

ψ(wi ;θ)

′
I 0

0
(
σ2
MR(θ)

σ2
MR,κ(θ)

)
 1
√
n

n∑
i=1

ψ(wi ;θ)


As stated in the paper, under the results in Theorems 2 and 3, and Restriction I7’, we then have,

Q̂(θ) = nµ(θ)′
(
Σκ(θ)−1 +ϑκn (θ)

)
µ(θ) +

 1
√
n

n∑
i=1

ψ(wi ;θ)

′
I 0

0
(
σ2
MR(θ)

σ2
MR,κ(θ)

)
 1
√
n

n∑
i=1

ψ(wi ;θ)

+ ξQκn (θ)

∀ θ ∈Θ \ΘI
0, and

Q̂(θ) =

 1
√
n

n∑
i=1

ψ(wi ;θ)

′
I 0

0
(
σ2
MR(θ)

σ2
MR,κ(θ)

)
 1
√
n

n∑
i=1

ψ(wi ;θ)

+ ξQκn (θ)
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∀ θ ∈ Θ \Θ∗, where sup
θ∈Θ\ΘI

0

∣∣∣∣ξQκn (θ)
∣∣∣∣ = op(1) and sup

θ∈Θ\ΘI
0

|ϑκn (θ)| = op(1). Alternatively, we can per-

form a decomposition directly on Σκ(θ)−1. Let

Dκ(θ) ≡

 M−1 0

−ΣMR(θ)′H0
σMR,κ(θ)

1
σMR,κ(θ)


and note that Σκ(θ)−1 =Dκ(θ)′Dκ(θ) (note that this decomposition immediately shows that Σκ(θ)−1

is positive-definite). We have 1√
n

∑n
i=1ψM (wi)

1√
n

∑n
i=1ψR (wi ;θ)


′

Σ−1
κ (θ)

 1√
n

∑n
i=1ψM (wi)

1√
n

∑n
i=1ψR (wi ;θ)


=

 1√
n

∑n
i=1ψM (wi)

1√
n

∑n
i=1ψR (wi ;θ)


′

Dκ(θ)′Dκ(θ)

 1√
n

∑n
i=1ψM (wi)

1√
n

∑n
i=1ψR (wi ;θ)


=


1√
n

∑n
i=1M

−1ψM(wi)

1√
n

∑n
i=1

(
−ΣMR(θ)′H0ψM (wi )+ψR(wi ;θ)

σMR,κ(θ)

)
′ 

1√
n

∑n
i=1M

−1ψM(wi)

1√
n

∑n
i=1

(
−ΣMR(θ)′H0ψM (wi )+ψR(wi ;θ)

σMR,κ(θ)

)
=

 1
√
n

n∑
i=1

ψ(wi ;θ)

′
I 0

0
(
σ2
MR(θ)

σ2
MR,κ(θ)

)
 1
√
n

n∑
i=1

ψ(wi ;θ)


this is the same result we showed above. �
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