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Abstract

We present a direct, step by step proof of Theorem A-1 in the paper Semiparametric Estimation

of a Simultaneous Game with Incomplete Information

Suppose (X, Z) ∈ RP ×RL is a random vector with joint density fX,Z (x, z) and let M ≥ L + 1.

Assume an iid sample {Xn, Zn}N
n=1. Fix γ ∈ RD and z ∈ RL, consider a function η : RP×RL×RD →

R, a kernel K : RL → R and a bandwidth hN → 0. Let Kh
N

(ψ) = K
(
ψ/hN

)
and define

RN (z, γ) =
(
NhL

N

)−1 ∑N
n=1 η(Xn, z, γ)Kh

N
(Zn − z), f̂Z

N
(z) =

(
NhL

N

)−1 ∑N
n=1 Kh

N
(Zn − z) and

µN (z, γ) = RN (z, γ)
/
f̂Z

N
(z). For any z ∈ S(Z) let µ(z, γ) = E

[
η(X, z, γ)

∣∣ Z = z
]
. Consider the

following assumptions:

Assumption S1. (A) Z is absolutely continuous w.r.t Lebesgue measure. (B) fX,Z (x, z) and fZ (z)

are bounded, M times differentiable with respect to z with bounded derivatives.

Assumption S2. There exist compact sets Z ⊂ S(Z) with inf
z∈Z

fZ (z) > 0, and Γ ⊂ RD such

that: (A) µ(z, γ) is M times differentiable w.r.t z and γ with bounded derivatives ∀ z ∈ S(Z),

γ ∈ Γ. (B) There exists η : RP → R+ such that
∣∣η(X, z, γ)

∣∣ ≤ η(X) w.p.1 for all X ∈ S(X), z ∈ Z,

γ ∈ Γ; E
[
η(X)2

∣∣ Z = z
]

is a continuous function of z for all z ∈ S(Z), and E
[
η(X)4

]
< ∞.

(C) There exists η1 : RP → R+, and ϕ1 > 0 such that
∣∣η(X, z, γ)− η(X, z′, γ)

∣∣ ≤ η1(X)
∥∥z − z′

∥∥ϕ1

w.p.1 for all X ∈ S(X), z, z′ ∈ Z, γ ∈ Γ, and E
[
η1(X)

]
< ∞ . (D) There exists η2 : RP → R+,

and ϕ2 > 0 such that
∣∣η(X, z, γ)− η(X, z, γ′)

∣∣ ≤ η2(X)
∥∥γ − γ′

∥∥ϕ2 w.p.1 for all X ∈ S(X), z ∈ Z,

γ, γ′ ∈ Γ, and E
[
η2(X)

]
< ∞ .

∗Department of Economics, Princeton University, Princeton NJ 08544.

1



Assumption S3. (A) The kernel K(·) has compact support, is Lipschitz-continuous, bounded and

symmetric about zero. Denote ψ = (ψ1, . . . , ψL)′, then
∫

K(ψ)dψ = 1,
∫ ∥∥ψ

∥∥M ∣∣K(ψ)
∣∣dψ < ∞

and
∫ (

ψq1
1 · · ·ψqL

L

)
K(ψ)dψ1 . . . dψL = 0 for all 0 < q1 + · · · + qL < M . (B) hN → 0 satisfies:

NhL+2
N

→∞; Nh2L
N

/
log(N) →∞ and Nh2M

N
→ 0. 1

Theorem A-1 If assumptions S1-S3 are satisfied, then for any z ∈ Z, γ ∈ Γ,

µN (z, γ)− µ(z, γ) =
1

fZ (z)
1

NhL
N

N∑

n=1

[
η(Xn, z, γ)− µ(z, γ)

]
Kh

N
(Zn − z) + ξN (z, γ)

where sup
z∈Z
γ∈Γ

∣∣ξN (z, γ)
∣∣ = Op

(
N δ−1h−L

N

)
for any δ > 0.

Corollary 1 If we strengthen the condition log Nh−2L
N

= o(N) to N δh−2L
N

= o(N) for some δ > 0.

Let ξN (z, γ) be as defined in Theorem A-1, then sup
z∈Z
γ∈Γ

∣∣ξN (z, γ)
∣∣ = op(N −1/2).

Proof of Theorem A-1: Let ϕ = Min
{
1, ϕ1 , ϕ2

}
. Without loss of generality, suppose Z =

[a1, b1] × · · · × [aL, bL] and Γ = [e1, h1] × · · · × [eD, hD] where a` < b` and ed < hd.2 For ` =

1, . . . , L and d = 1, . . . , D, let z
(`)
0 = a`, γ

(d)
0 = ed , z

(`)
i = Min

{
z
(`)
0 + i

/
N1/ϕ , b`

}
and γ

(d)
j =

Min
{
γ

(d)
0 + j

/
N1/ϕ , h`

}
where i, j ∈ N. Define the sets A1N ⊂ Z and A2N ⊂ Γ as A1N =

{
z
(1)
0 , . . . , z(1)

Q1

}× · · · × {
z
(L)
0 , . . . , z(L)

QL

}
and A2N =

{
γ

(1)
0 , . . . , γ(1)

T1

}× · · · × {
γ

(D)
0 , . . . , γ(D)

TD

}
. Let

z∗ = max
z∈Z

‖z‖ and γ∗ = max
γ∈Γ

‖γ‖. It follows that Q
`
≤ ⌈

2z∗N1/ϕ
⌉ ∀ `, T

d
≤ d2γ∗N1/ϕ

⌉ ∀ d;

#A1N < (2(z∗ + 1))LNL/ϕ and #A2N < (2(γ∗ + 1))DND/ϕ for all N . For any (z, γ) ∈ Z × Γ we

will denote from now on: zκ = argmin
u∈A1N

‖u−z‖ and γκ = argmin
v∈A2N

‖v−γ‖. Note that sup
z∈Z

‖z−zκ‖ ≤
√

L
/
N1/ϕ and sup

γ∈Γ
‖γ − γκ‖ ≤

√
D

/
N1/ϕ by construction.

Step 1 Take any pair of random variables SN , RN such that: SN ≤ RN and SN ∈ [0, 1] w.p.1 ∀ N .

Suppose there exist ε1 ∈ (0, 1), ε2 ∈ (0, 1) and N such that Pr(RN > ε1) ≤ ε2 ∀ N ≥ N . Then,

E[SN ] ≤ ε1 + ε2 ∀ N ≥ N .

Proof: E[SN ] ≤ ε1 · Pr(SN ≤ ε1) + 1 · Pr(SN > ε1) ≤ ε1 · 1 + 1 · Pr(RN > ε1) ≤ ε1 + ε2 ∀ N ≥ N .

1If L ≥ 2, Nh2L
N

‹
log(N) →∞ implies NhL+2

N
→∞.

2Every pair compact sets in RL and RD with Lebesgue measure greater than zero contains a set of the form

[a1, b1]× · · · × [aL, bL] and [e1, h1]× · · · × [eD, hD] respectively, where a` < b` and ed < hd.
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Step 2 Define the objects

V1N (z) =
(
NhL

N

)−1
N∑

n=1

η(Xn)2Kh
N

(Zn − z)2 and V2N (z) = N−1
N∑

n=1

η(Xn)
∣∣Kh

N
(Zn − z)

∣∣.

Then Max
z∈A1N

V1N (z) = Op(1) and Max
z∈A1N

V2N (z) = Op(1).

Proof: By continuity of E
[
η(X)

∣∣Z]
and boundedness of K(·), ∃K and V 1 such that max

ψ∈RL

∣∣K(ψ)
∣∣ <

K and Max
z∈A1N

EV1N (z). Define W1N = K
2
η(Xn)2 + hL

N
V 1 and W 2

1N
= N−1

∑N
n=1 W 2

1N
. Existence

of E
[
η(X)4)

]
implies that W 2

1N
= Op(1). Take any M > 0. Using Hoeffding’s inequality

and the fact that #A1N < (2(z∗ + 1))LNL/ϕ, S1-S3 yield Pr
(

Max
z∈A1N

∣∣V1N (z) − EV1N (z)
∣∣ >

M

)
≤ ∑

z∈A1N
Pr

(∣∣V1N (z) − EV1N (z)
∣∣ > M

)
< 2(2(z∗ + 1))LNL/ϕ exp

{
−1

2Nh2L
N

M2
/

W 2
1N

}
.

Let a1N = log(2) + L · log(2(z∗ + 1)) + (L/ϕ) log(N). Take any ε ∈ (0, 1). Since W 2
1N

=

Op(1), there exists N ε and ∆ε > 0 such that Pr
(
W 2

1N
> ∆ε

)
< ε/2 for all N > N ε.

Define Mε =
√

2∆ε

(
a1Nε

− log(ε/2)
)/

N εh2L
Nε

. Since Nh2L
N

/ log(N) → ∞, we have a1N −
1
2Nh2L

N
M2

ε

/
∆ε < log(ε/2) ∀ N > N ε. Therefore ∀ ε ∈ (0, 1), ∃ Mε, N ε such that

Pr
(

2(2(z∗ + 1))LNL/ϕ exp
{
−1

2Nh2L
N

M2
ε

/
W 2

1N

}
> ε/2

)
< ε/2. Then Max

z∈A1N

V1N (z) = Op(1)

follows from Step 1 with SN = Pr
(

Max
z∈A1N

∣∣V1N (z) − EV1N (z)
∣∣ > Mε

)
and RN = 2(2(z∗ +

1))LNL/ϕ exp
{
−1

2Nh2L
N

M2
ε

/
W 2

1N

}
. The result Max

z∈A1N

V2N (z) = Op(1) follows more simply by

noting that Max
z∈A1N

V2N (z) ≤ KN−1
∑N

n=1 η(Xn) = Op(1). ¤

Step 3 If Assumptions S1-S3 are satisfied, then there exists N ′ and R such that for all N > N ′:

sup
z∈Z
γ∈Γ

∣∣∣ERN (z, γ)− fZ (z)µ(z, γ)
∣∣∣ ≤ hM

N
R.

Proof: Take any (z, γ) ∈ Z×Γ. Given our assumptions, ∃ C > 0 and N ′ ∈ N such that ∀ N > N ′,

an M th-order Taylor approximation yields

sup
z∈Z
γ∈Γ

∣∣∣ERN (z, γ)− fZ (z)µ(z, γ)
∣∣∣ ≤ C

hM
N

M !

∣∣∣
∫ ∑

QM

ψq1
1 · · ·ψqL

L K(ψ)dψ
∣∣∣.

The result follows from the fact that
∫ ∥∥ψ

∥∥M ∣∣K(ψ)
∣∣dψ < ∞. ¤

Step 4 sup
z∈Z
γ∈Γ

(
N1−δhL

N

)1/2
∣∣∣RN (z, γ)− ERN (z, γ)

∣∣∣ = Op(1) for any δ > 0.
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Proof: Let zκ and γκ be as defined prior to Step 1. The triangle inequality yields
∣∣∣RN (z, γ)−ERN (z, γ)

∣∣∣ ≤
∣∣∣RN (zκ, γκ)−ERN (zκ, γκ)

∣∣∣ +
∣∣∣RN (z, γ)−RN (zκ, γκ)

∣∣∣

+
∣∣∣ERN (z, γ)− ERN (zκ, γκ)

∣∣∣.
(A-1)

By S1-S3: sup
z∈Z
γ∈Γ

(
N1−δhL

N

)1/2
∣∣∣RN (z, γ) − RN (zκ, γκ)

∣∣∣ ≤ ck

(
N1+δhL+2

N

)−1/2 ∑N
n=1 η(Xn)

/
N +

K
/(

N1+δhL
N

)−1/2
[
Lϕ1/2 ·∑N

n=1 η1(Xn)
/
N + Lϕ2/2 ·∑N

n=1 η1(Xn)
/
N

]
= op(1). Step 3 yields

sup
z∈Z
γ∈Γ

(
N1−δhL

N

)1/2
∣∣∣ER

N
(z, γ)− ER

N
(zκ, γκ)

∣∣∣ ≤ 2
(
N1−δhL+2M

N
)1/2R +

(
hL

N

/
N1+δ

)1/2 · [fc1 + c2

]
= o(1).

Equation A-1 becomes

sup
z∈Z
γ∈Γ

(
N1−δhL

N

)1/2
∣∣∣RN (z, γ)− ERN (z, γ)

∣∣∣ ≤ max
z∈A1N

γ∈A2N

(
N1−δhL

N

)1/2
∣∣∣RN (z, γ)− ERN (z, γ)

∣∣∣ + op(1).

Take any M > 0, then

Pr
(

max
A1N

,A2N

(
N1−δhL

N

)1/2
∣∣∣RN (z, γ)− ERN (z, γ)

∣∣∣ > M
)

≤
∑

γ∈A2N

∑

z∈A1N

Pr
( (

N1−δhL
N

)1/2
∣∣∣RN (z, γ)− ERN (z, γ)

∣∣∣ > M

)
.

Let VN (z) = V1N (z) + 2
(
hM

N
R + fµ

)
V2N (z) + hL

N

(
hM

N
R + fµ

)2 and VN = max
z∈A1N

VN (z),

where V1N (z) and V2N (z) are as in Step 2, µ = sup
z∈Z
γ∈Γ

∣∣µ(z, γ)
∣∣ and f , R are as defined

above. Using Steps 1, 2 and Hoeffding’s inequality, Pr
( (

N1−δhL
N

)1/2
∣∣∣RN (z, γ) − ERN (z, γ)

∣∣∣ >

M

)
≤ exp

{
−1

2NM2
(
N1−δhL

N
)−1

/
VN (z)
hL

N

}
= exp

{
−1

2N δM2
/

VN (z)
}

∀ z ∈ Z, γ ∈ Γ ≤

exp
{
−1

2N δM2
/

VN

}
∀ z ∈ A1N , γ ∈ Γ. Since A2N ⊂ Γ, this implies that

Pr

(
max

z∈A1N

γ∈A2N

(
N1−δhL

N

)1/2
∣∣∣RN (z, γ)− ERN (z, γ)

∣∣∣ > M

)
≤

∑

γ∈A2N

∑

z∈A1N

exp
{
−1

2
N δM2

/
VN

}

< (2(z∗ + 1))L(2(γ∗ + 1))DN (L+D)/ϕ exp
{
−1

2
N δM2

/
VN

}
,

(A-2)

where z∗ and γ∗ were defined above. From Step 2, we have VN = Op(1). Complete the proof

by invoking the result of Step 1 and the same arguments as in Step 2, defining aN and Mε in

the same fashion and letting SN = Pr

(
max

z∈A1N

γ∈A2N

(
N1−δhL

N

)1/2
∣∣∣RN (z, γ) − ERN (z, γ)

∣∣∣ > Mε

)
and

RN = (2(z∗ + 1))L(2(γ∗ + 1))DN (L+D)/ϕ exp
{
−1

2N δM2
/

VN

}
. ¤
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Step 5 sup
z∈Z
γ∈Γ

(
N1−δhL

N

)1/2
∣∣∣RN (z, γ)− fZ (z)µ(z, γ)

∣∣∣ = Op(1) for any δ > 0.

Proof: Follows immediately from Steps 3, 4 and the bandwidth condition Nh2M
N

→ 0. ¤

Step 6 (final step) Using Step 4, sup
z∈Z

(
N1−δhL

N

)1/2∣∣f̂Z
N

(z)− fZ (z)
∣∣ = Op(1) for any δ > 0. Take

any z ∈ Z, γ ∈ Γ. Consider the second-order approximation

µ
N

(z, γ)− µ(z, γ) =
1

f
Z
(z)

[
R

N
(z, γ)− f

Z
(z)µ(z, γ)

]− µ(z, γ)
f

Z
(z)

[
f̂

Z
N

(z)− f
Z
(z)

]

+
1
2
[
R

N
(z, γ)− f

Z
(z)µ(z, γ) , f̂

Z
N

(z)− fZ (z)
]



0 −1
ef
Z

N
(z)2

−1
ef
Z

N
(z)2

2 eRN (z,γ)
ef
Z

N
(z)3




︸ ︷︷ ︸
≡ eH

N
(z,γ)


R

N
(z, γ)− f

Z
(z)µ(z, γ)

f̂
Z

N
(z)− f

Z
(z)


 ,

with f̃Z
N

(z) between fN (z) and fZ (z), and R̃N (z, γ) between RN (z, γ) and fZ (z)µ(z, γ). Using

Step 5 and the characteristics of Z we get sup
z∈Z
γ∈Γ

∥∥H̃N (z, γ)
∥∥ = Op(1). Given this, the result of

Theorem A-1 follows immediately from Step 5. ¤
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