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Abstract

We present a direct, step by step proof of Theorem A-1 in the paper Semiparametric Estimation

of a Simultaneous Game with Incomplete Information

Suppose (X, Z) € RY x R is a random vector with joint density fxz(x,2)and let M > L +1.
Assume an iid sample {X,,, Z,}N_,. Fixy € R” and z € R¥, consider a function 7 : RP xRExRP —
R, a kernel K : R* — R and a bandwidth h,, — 0. Let Ky, (¥) = K(¢/hy) and define

—1 N = —1 N
Ry(2,7) = (Nhy) Yo 1(Xn, 2,9 Kn (Zn — 2), [, (2) = (Nhy) ™ 32, Kny (Zn — 2) and
py(2,7) = RN(z,'y)/fZN (z). For any z € S(Z) let u(z,7) = E[n(X,2,7)| Z = z]. Consider the

following assumptions:

Assumption S1. (A) Z is absolutely continuous w.r.t Lebesgue measure. (B) fy ,(x,2) and f,(2)

are bounded, M times differentiable with respect to z with bounded derivatives.

Assumption S2. There exist compact sets Z C S(Z) with inf f,(z) > 0, and T C RP such
that: (A) w(z,7) is M times differentiable w.r.t z and ~y wiilizbounded derivatives ¥z € S(Z),
v €T. (B) There exists ] : R — Ry such that [n(X,z,7v)| < 7(X) w.p.1 for all X € S(X), z € Z,
v e€T; EMX)?* Z = z| is a continuous function of z for all z € S(Z), and E[f(X)*] < occ.
(C) There exists 7, : RY — Ry, and ¢, > 0 such that |n(X,z,v) —n(X,2,v)| < (X)||z — 2/||™*
w.p.1 for all X € S(X), 2,2/ € Z, v €T, and E[N,(X)] < 0o . (D) There exists 7, : RY — R,
and ¢, > 0 such that [n(X, z,7) — n(X, 2,7)| < M(X)||y = ¥/||”* w.p.1 for all X € S(X), z € Z,
7,7 €T, and E[,(X)] < oo .
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Assumption S3. (A) The kernel K(-) has compact support, is Lipschitz-continuous, bounded and
symmetric about zero. Denote 1 = (1,...,%r), then [K()dy = 1, va,/JHM‘K(w)Mw < 00
and f( . %L)K(w)dﬂ)l...de =0 forall0<q+--+q, <M. (B) hy — 0 satisfies:
NhE+2 — 0o; Nh2E /log(N) — oo and Nh2M — 0.

Theorem A-1 If assumptions S1-S3 are satisfied, then for any z € Z, v € T,

11
MN(Z/'Y) - N(%’Y) = fé(z)w;[n(Xn7sz> - /’L(z77)]KhN (ZTL - Z) + §N(Z,7>

where sup ‘{N(z,'y)‘ = Op(N‘S*lh;L) for any § > 0.
z2EZ
~yel'

Corollary 1 If we strengthen the condition log Nh *L = o(N) to N‘Sh;u = o(N) for some ¢ > 0.
Let £n(z,7) be as defined in Theorem A-1, then sup |{n(2,7)] = op(N 71/2).
2€Z

vyel

Proof of Theorem A-1: Let ¢ = Min {1,901,@2}. Without loss of generality, suppose Z =
[a1,b1] x -+~ x [ar,br]) and T' = [er,h1] X --- X [ep, hp] where a; < by and ey < hq.2 For £ =
1,...,Land d =1,...,D, let z(()g) = ay, fyéd) =eq, zi(e) = Min{z((f) +i/N1/‘P , bg} and 73(4) =
Min{’y(()d) + j/NY%  hy} where 4,j € N. Define the sets A1, C Z and Ay, C I' as Aj, =
{zél),...,zc(;l)} X e X {z(()L),...,z(gLL)} and Ay, = {'y(()l),...,’yg)} X e X {*y(()D),...,'y:(Fg)}. Let
z¥ = I;neaé(HzH and v* = %16211;”7\\ It follows that Q, < [2:*NV¥®| V¢, T, < [2v*NY¥]V q;
#A1, < (2(z* +1)ENEY and #As, < (2(v* + 1))PNP/¢ for all N. For any (2,7) € Z x T’ we

will denote from now on: z, = argmin ||u— z|| and v, = argmin ||v —~||. Note that sup ||z —z4| <
u€A1 vEA2 2€2

\E/Nl/“’ and sup ||y — x| < \/B/Nl/‘p by construction.
verl’

Step 1 Take any pair of random variables S, , R, such that: S, <R, and S, € [0,1] w.p.1 V¥ N.
Suppose there exist g1 € (0,1), e2 € (0,1) and N such that Pr(R, > e1) <e2 VN > N. Then,
E[Sy] <e1+e2 VY N> N.

Proof: E[Sy] <e1-Pr(Sy <e1)+1-Pr(Sy >¢e1)<e1-1+1-Pr(R, >e1)<e1+e3VN>N.

'If L > 2, Nh2F /log(N) — oo implies Nh%? — oo.
2Every pair compact sets in RY and RP with Lebesgue measure greater than zero contains a set of the form

[a1,b1] X -+ X [ar,br] and [e1, h1] X - -+ X [ep, hp] respectively, where a; < by and eq < hq.



Step 2 Define the objects

N N
Viy(2) = (NREY S 5(X0)2 Ky, (Zo — 2)° and Van(z Z Xo)|Kn,, (Zo — 2)|.
=1 n=1

3

Then Max Viy(2) = 0p(1) and Max Van(z) = Op(1).

z€A 1n 1N

Proof: By continuity of E[7(X) ’Z} and boundedness of K(-), 3 K and V1 such that max ’K ) } <

weRL
K and Mjlix EVi,(%). Define Wy, = K 7(Xn)? + hEVy and I/V2 =N~ IZ . Existence
z€A1y
of E[ (X) )] implies that W12N = Op(1). Take any M > 0. Using Hoeffding’s inequality
and the fact that #A4;, < (2(z* + 1))ENL/? S1-S3 yield Pr(Max Viy(2) — EViy(2)| >
2€A1

M) < Yeu, Pr(}le(z) — EViy(2)] > M) < 202(z* + 1))LNL/<Pexp{—%Nh]2VLM2/W712N}.
Let a1, = log(2) + L - log(2(z* + 1)) + (L/¢)log(N). Take any ¢ € (0,1). Since WifN =
Op(1), there exists N. and A. > 0 such that Pr(WifN > Aa) < ¢/2 for all N > N..
Define M, = \/QAg(alm —10g(€/2))/ﬁ6h2ﬁi. Since Nh%E/log(N) — oo, we have ai, —
%Nh?VLMf/Ag < log(e/2) YN > N.. Therefore Ve € (0,1), 3 M., N. such that

Pr(2(2(z* + 1))LNL/¥’exp{—%NhvaMf/WfN} > 5/2) < /2. Then Max Vi, (2) = O,(1)

2€A1 N
follows from Step 1 with S, = Pr (ijx Viy(z) — EViy(2)| > M5> and R, = 2(2(2* +
ZEA1L
1)ENL/e exp{—%NthVLM{?/WIQN}. The result lé/[jx Van(z) = Op(1) follows more simply by
z 1n
noting that Max Vay (2 )< KEN'SN 75(X,) =0,(1). O
ZEAL N

Step 3 If Assumptions S1-S3 are satisfied, then there exists N’ and R such that for all N > N’
sup |[BRy (2,7) = £, (Iu(z7)| < m/ R

~yeT

Proof: Take any (z,7) € Z xI". Given our assumptions, 3 C' > 0 and N’ € N such that V N > N’,
an M*-order Taylor approximation yields

sup [ER, (2.7) — £, (= )| < O ]/Zw R ()dy)|

zEZ
vyel

The result follows from the fact that fH¢HM‘K(@ZJ)‘d@ZJ < oo. O

Step 4 jgg (Nl_‘shf])l/Q‘RN(z,'y) - ERN(z,'y)) = Op(1) for any 6 > 0.
vyel



Proof: Let z, and 7, be as defined prior to Step 1. The triangle inequality yields

Ry (27) = BRy (2,7)] < |Ry (e 30) = BRy (2,30)

+ R (21 = Ry (20 0)

(A1)
+|BR(21) = BRy (20 .

By S1-S3: Sgg (N1 5hL)1/2 ‘RN(Z,’}/) — R, (zs,7)| < ck(NH‘Shﬁ“‘Q) 1/2271 1 7( n)/N +

~yel’
F/(NH%g)*l/2 [Lsol/Z SN (X)) /N A+ L2 N (Xn)/N] = 0,(1). Step 3 yields

sup (N1—§hL 1/2 < 2(N1 5hL+2M)1/2R+ (hL/N1+6)1/2 [Fer + ca] = o(1).
z€Z

yel’

‘ER (z,7) — ER\ (21, Vi)

Equation A-1 becomes

sup (le‘shL 1/2’R (2,7) — ER, (2, fy)’ < max (le‘shL UZ‘R z,v) — ER,(z, 7)‘ + o0p(1).
z2EZ z€A,
~€er ’yEAzZ

Take any M > 0, then

Pr( max (Nl_‘shL UQ‘R (z,7) — ER, (2, 7)) >M)

1y A2y
Z Z Pr< (Nl_‘shL 1/2‘R (z,7) — ER, (%, ’y)‘ >M>.

’YEAQN ZE.AlN

Let Vy(z) = Viy(2) + 2(hYR + fr)Va,(z) + hL (KMR + fﬁ)Q and Vy = max Vy(2),

2€A1 N

where Vi, (z) and Va,(z) are as in Step 2, fi = sup |u(z,'y)‘ and f, R are as defined
z2€EZ
~yel

above. Using Steps 1, 2 and Hoeffding’s inequality, Pr( (N 1*5hL 1/2

’R (z,7) — ER,(z,7v)| >

M> < exp{—%NMZ(Nl_‘shﬁ)_l/Vg’Ljff)} = exp{-IN°M? /Vi(2)} V2 € 2y €T <

exp{—%N5M2/VN} Vze A,y €. Since Ay, C T, this implies that

Pr( max (N'9nL) 1/2‘3 (2,7) — ER (zv‘ >M> >y exp{—fN‘sMQ/VN}

2€A1
€Az, zEA]L
YEA2 ), TeA2N N

1
< (2(z" + 1)H2(y* + 1))PNE+D)/@ eXP{—gNSMZ/VN},
(A-2)
where z* and 7* were defined above. From Step 2, we have Viy = O,(1). Complete the proof

by invoking the result of Step 1 and the same arguments as in Step 2, defining ay and M. in

the same fashion and letting S, = Pr{ max (Nl_‘shL 12

2€A1 N
vEA2 )y

R, = (2(z* + 1)F(2(y* +1))PNI+D)/¢ exp{—%N(SMQ/VN}. O
4

‘R (z,7) — ER(Z’Y))>M) nd



Step 5 jgg (Nl_‘shﬁ)l/Q‘RN(z,'y) - fz(z),u(z,fy)‘ = Op(1) for any § > 0.
~yel’

Proof: Follows immediately from Steps 3, 4 and the bandwidth condition N h?VM — 0. 0

Step 6 (final step) Using Step 4, sup(Nl_‘;hﬁ)l/Qb?ZN (z) — f,(2)| = Op(1) for any § > 0. Take
2€Z

any z € Z, v € I'. Consider the second-order approximation

—u(z,v) = 1 z,7) — f, (2)u(z G 2)— £, (z
e = e7) = 5 [Ruee) = £ @] = BEDF, ) - 1, (2]

0 -1
1 ~ Fr @2 | |Ry(2,7) = fL(2)p(z,7)
SR ) —Jz ) v Jz —Jz =N -~ ’
+ 2[ N (2 7) f (Z)M(Z 7) I N(Z> f (Z)] - _22)2 ?%N((ZZ,;) sz (z) — fz(z) ]

=H, (2,7)

with }“VZN (z) between fy(z) and f,(z), and Ry(z,7) between Ry(z,7) and f,(2)p(z,v). Using
Step 5 and the characteristics of Z we get sup HI:TN(z,’y)H = Op(1). Given this, the result of
2€Z

vyel
Theorem A-1 follows immediately from Step 5. [



