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This paper studies the problem of estimating the normal-form payoff parameters of a simultaneous,
discrete game where the realization of such payoffs is not common knowledge. The paper contributes
to the existing literature in two ways. First, by making a comparison with the complete information case
it formally describes a set of conditions under which allowing for private information in payoffs facilitates
the identification of various features of the game. Second, focusing on the incomplete information case
it presents an estimation procedure based on the equilibrium properties of the game that relies on
weak semiparametric assumptions and relatively flexible information structures which allow players
to condition their beliefs on signals whose exact distribution function is unknown to the researcher.
The proposed estimators recover unobserved beliefs by solving a semiparametric sample analog of the
population Bayesian-Nash equilibrium conditions. The asymptotic features of such estimators are studied
for the case in which the distribution of unobserved shocks is known and the case in which it is unknown.
In both instances equilibrium uniqueness is assumed to hold only in a neighborhood of the true parameter
value and for a subset Z of realizations of the signals. Multiple equilibria are allowed elsewhere in the
parameter space and no equilibrium selection theory is involved. Extensions to games where beliefs are
conditioned on unobservables as well as general games with many players and actions are also discussed.
An empirical application of a simple capital investment game is included.
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1. Introduction

Recently, much attention has been devoted to the problem of
econometric estimation of game-theoretic models with multiple
equilibria. It has been argued Morris and Shin (2003) that multiple
equilibria are often the result of assuming that agents have
complete knowledge about the primitives of the model. The effect
of these assumptions is to generate the type of coordinating
behavior that results in multiple equilibria. The general issues that
motivate this paper are addressed by revisiting a 2 x 2 game studied
by Bresnahan and Reiss (1990), Bresnahan and Reiss (1991) and
Tamer (2003). Such game-theoretic models were first considered
in an econometric context in the pioneering work by Bjorn and
Vuong (1984). If players have complete information and play
pure strategies, their Nash equilibrium choices are described by a
simultaneous discrete response model (see the thorough analysis
by Heckman (1978)). We depart from a complete information
structure and assume an incomplete information environment
in which players observe a noisy signal of the game’s normal-
form payoffs before making their choices simultaneously. Some
examples of estimation methods for static incomplete-information
game-theoretic models include Brock and Durlauf (2001), Seim
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(2006), Sweeting (2010), Pesendorfer and Schmidt-Dengler (2008),
and Bajari et al. (forthcoming).!

This paper contributes to the existing literature on estimation of
simultaneous incomplete-information games in three ways. First,
we assume a flexible information structure. Instead of confining
the source of private information exclusively to the realization of
unobservable shocks that are independent of all other variables
in the model, we allow players to condition their beliefs on a
vector of “signals” which are statistically related to the players’
private information. We allow for some payoff covariates to be
privately observed by the players when the game is played,
but observable to the econometrician afterwards. Throughout,
we allow interdependence between players’ private information.
Second, we propose estimation procedures that are based entirely
on the Bayesian-Nash equilibrium (BNE) properties of the game.
Finally, by comparing it to the complete information case, the
paper illustrates the sense in which the presence of private
information allows us to point-identify more features of the model,
such as the conditional probabilities for each of the individual
outcomes of the game.

T We focus exclusively on static games of incomplete information whose
Bayesian-Nash equilibrium properties are directly comparable to those in this
paper. We will not revisit, for example, the increasingly vast literature on the
estimation dynamic games and auctions.
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Players here are not required to have exact knowledge about
all parameters and distributional properties of the variables in
the model. Instead, they are only assumed to be capable of
predicting - in the spirit of Aumann (1987) - the distribution of
equilibrium outcomes conditional on the realization of the vector
of signals. Players’ posterior beliefs are based on this conditional
distribution. Players’ beliefs are assumed to be unobserved by
the econometrician, who also ignores the true distribution of
the players’ private information and the signals used. As a
result, equilibrium beliefs have an unknown functional form and
the estimation problem becomes semiparametric. The proposal
will be to estimate equilibrium beliefs and payoff parameters
simultaneously by solving a well-defined sample analog to the
population equilibrium conditions and plugging the solution into a
trimmed-likelihood function. We will characterize the asymptotic
properties of such a procedure in two cases: (a) when the
distribution of players’ unobservable shocks is known up to
a finite parameter value, and (b) when such a distribution is
unknown. In both cases, we will enumerate conditions for +/N-
consistency and we will show that the efficiency of the proposed
estimator is tied to the ability of the signals to explain the
variation in the players’ private information. To the best of our
knowledge, this paper constitutes the first effort to simultaneously
estimate beliefs and payoff parameters under explicitly weak
semiparametric assumptions. It is also the first paper to illustrate
explicitly the sense in which strategic interaction models with
incomplete information are easier to identify than those with
complete information.

The paper is organized as follows. Section 2 describes and
analyzes the equilibrium properties of the game in question.
Section 3 deals with estimation when the distribution of players’
unobserved shocks is assumed to be known. The case in which
such distribution is unknown is presented in Section 4. Section 5
discusses extensions to more general games. A simple empirical
example of capital investment is included in Section 6. Concluding
remarks are provided in Section 7. All proofs are included in the
Appendix.

2. Properties of the game

Take (X1, &1) € R x Rand (X3, &3) € R® x R, and denote
X = (X1, X2),e = (&1, &2) and k = k;+k,. Consider a simultaneous
game with the following normal-form

Player 2
Y, =1 Y, =0
PLAYER1 Y;=1 XiB1 —e1+ oy, X{B1 —¢€1,0
X3P — &2+
Y] =0 O,leﬂz—é‘z 0,0

Upper case letters will be used to denote random variables, and
lower case to denote particular realizations. S(U) will denote
the support of a random variable U. Subscript p € {1, 2} will
denote a particular player, and —p will denote his opponent. We
refer to (a7, ;) € R? as the strategic interaction parameters,
which summarize the interaction effect between players’ actions.
Linearity of the index X B, is not essential to our results.
Identification with an alternative functional form would require
Assumption A4(i) (full rank) below to be modified accordingly. The
exclusion restriction between X; and X, in Assumption B1 would
still need to be satisfied. The strategic interaction effect could also
depend on (observable) covariates, and we explore this in the
empirical example of Section 6. The Bayesian-Nash equilibrium
analysis in Sections 2.2-2.4 hinges on the additive separability
between X, and ¢,. We leave the non-additively separable case for
future research.

2.1. Players’ information and optimal actions
We begin with the following assumption.

Assumption A1 (Information Structure and Beliefs).

(i) Player p observes the realization of (X;, &p). The realization
of &, is only privately observed by player p. We allow the
possibility that the realization of some of the elements in X are
only privately observed when the game is played, and we allow
for the existence of a publicly observed vector of “signals” Z
which is informative about X. If X is publicly observed then
Z = X. Otherwise, Z # X.

(ii) Once Z is revealed, each player constructs a subjective
assessment of Pr(Yy, Y,|Z), the joint distribution of optimal
choices conditional on Z. As in Savage (1972), both players
are assumed to be Bayesian expected utility maximizers given
their beliefs, and this is assumed to be common knowledge.?

Our framework allows statistical interdependence between play-
ers’ private information, and in particular between &1 and &,. How-
ever, players are not required or assumed to have exact knowledge
about the distributions involved. Instead, as (A1(ii)) states, play-
ers are only assumed to be capable of predicting the distribution
of equilibrium outcomes conditional on Z. As in Aumann (1987),
players do not condition their beliefs on their choices per-se, but on
all the substantive information that leads them to make those choices.
The statistical interdependence between their private information
is enclosed therein. In equilibrium, each player will choose a def-
inite pure strategy by following a simple threshold-crossing deci-
sion rule. The apparent random nature of players’ actions is a result
of payoffs not being common knowledge.

Assumption A2 (Distributional Properties of £, and &5).

(i) (&1, &) are jointly continuously distributed random variables
with unbounded support conditional on each other. They are
allowed to be correlated, but are assumed to be independent
of all other variables in the model. The conditional support
S(eple—p), is assumed to be unbounded for p = 1, 2, for any
possible realization of _.

(ii) The scale of &, is normalized to 1. From now on, the parameter
vector (B, op) will be interpreted as relative to the scale of g,
We will denote the marginal distribution of &, by G, (¢,), with
density g, (€p). The joint distribution of (g1, &;) is given by

G1,2 (€1, €25 p) = C(Gi(€1), Ga(€2); p),

with corresponding joint density denoted by g1 (€1, €25 p). By
Sklar’s Theorem (Sklar (1959) and Nelsen (2006) Chapter 2.3),
C isinterpreted as a copula function which depends on a finite-
dimensional parameter p which summarizes the dependence
between ¢ and ¢,. We will focus on the case in which p is one-
dimensional and denote 0 = (81, a1, B2, a2, p) € RK3,

We normalize the scale of ¢, for identification purposes, since
player’s optimal actions will be given by threshold-crossing rules.
Our results can potentially be extended to the case where p
is vector-valued. Depending on the specific copula family a
normalization of the vector p may be required.

2.2. Equilibrium beliefs and actions

Given the normal-form of the game and A1-A2, players’ optimal
actions are given by

2 An event is considered common knowledge here if it is known to both players,
it is known to both players that it is known to both players and so on ad infinitum.
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Y = 1{X; 81 + a1 Pri(Ya = 1|Y; = 1,Z) —g; > 0}

Player 1’s beliefs.

1
Y, = 1{X;B; + aa Pra(Yy = 1Y, = 1,2) —s; > 0. )

Player 2’s beliefs.

Each player uses a pure-strategy based on (1).> We will carefully
examine conditions under which there exist a pair of self-consistent
equilibrium beliefs that satisfy (1). Take any pair of scalars 71, 7, €
R? and define

@1(71, 725 0, 2)
E [Gl,z(xim + o172, X3 B2 + apy; /0)|Z]
E[Go(X5 B + ) |Z]
@2(m1, 7256, Z) (2)
E [Gl,Z(X{,B1 + a7y, X5 B0 + aamy; P)|Z]
E [G1 Xip1+ 0517T2)|Z]
(1, 723 0, Z) = (91(m1, 7125 0, Z), 92(701, 7125 0, 2)) .

=71 —

)

=7T2—

Proposition 1. Fix a realization z € S(Z) and a value of 6. For
these fixed values we can view ¢(mq, 75; 6,2) as a function of
(1, mo). If Assumptions A1 and A2 are satisfied, players’ beliefs
are deterministic given z and any pair of self-consistent beliefs that
satisfy (1) must solve for (w1, 7,) the system

@(m1, 2560, 2) = 0. (3)

From now on, we will say that “there exists an equilibrium” for a
given z and 0 if there exists a pair (771, 72) that solves (3). If there
is more than one solution, we will say that there exist multiple
equilibria. Conditions for existence and uniqueness of a solution to
(3) will be crucial to our analysis. The following section addresses
these issues in detail.

2.3. Existence of equilibria

Fix a realization z € S(Z) and a value of 8. We will let [0, 1]
denote the unit-square in R?. For (771, 773) € [0, 1]?, consider the
mapping* ¥ : [0, 1]> — [0, 1]? given by
Y (1, 723 0, 2)

_(E [Gr2(X{B1 + 172, X3 B2 + a1y p)|Z = 2]
E[Go(X}By + aam)IZ = 2]

s

(4)

!
E[G12(X{B1 + o172, X} o + 0a711: p)|Z = 2]
E[Gi(X{p1 +am)IZ = 7] ’

Given A2, ¥ satisfies the requirements of Brouwer’s Fixed Point
Theorem® and there exists (7}, 7;) = n* € (0, 1)? such that
" = W (x*; 0, z). By construction, 7 * solves (3).

2.4. Cardinality of equilibria

2.4.1. Uniqueness via Jacobian restrictions
Denote the Jacobian matrix

3 Incomplete information makes it impossible for players to randomize in a way
that makes their opponent exactly indifferent betweenY = 1and Y = 0.

4 we ignore values of 7, m, ¢ [0, 1]? since all solutions to (3) belong inside
[0, 112

5 The unit square [0, 1]° satisfies the remaining requirements for Brouwer’s Fixed
Point Theorem.

J(1, 725 0,2) = Vyp(my, m2; 0, 2)
2x2

_ <V7-[1§01(7T],7T2;9,Z) (5)

Vi, 02(1, 7125 0, 2)

Vi, 011, 7125 0, 2)
Vi, @2(m1, m2;0,2) ) °

Definition 1. Fix z € S(Z) and 6 and suppose (77, 7r3) solves (3).
We will say that this solution is locally unique if there exists a
neighborhood & around (71, 75) such that no other (771, m3) € &
solves (3). We will say it is unique if no other pair (771, 773) € [0, 1]?
solves (3). We will say that itis regular if ] (7r{, 7r3; 6, z) is invertible
and critical otherwise.

Using Theorem 7 in Gale and Nikaido (1965) we obtain the
following uniqueness result:

Proposition 2. Fixz € S(Z) and a value of 6. If none of the principal
minors of ] (11, 72 6, z) vanishes in the set (1, m3) € [0, 1%, the
solution to (3) is unique.

If Proposition 2 holds, ¢(q, 2; 0, z) is a one-to-one mapping
everywhere® in (11, 3) € [0, 1]2. Since S(¢) = R?, the conditions
of Proposition 2 are satisfied only if

Vo, 01(m1, 7250, 2) > 0,
for all (771, m2) € [0, 1]°. (6)

In Appendix A.4 of the Appendix we show that if (6) holds, we can
represent the loci ¢ (7r1, m2; 6, z) = 0and ¢, (;rq, 72; 6,2) = 0as
continuous, monotonic curves in [0, 1]°. The signs of their slopes
are equal to the signs of o7 and «,, respectively.

Fig. 1 presents four graphical examples. All points of intersec-
tion between the two curves are solutions to (3) and therefore can-
didate equilibrium beliefs. As (A) shows, uniqueness will follow
whenever aja; < 0. (B) shows that uniqueness is also possible
ifjay > 0. Critical equilibria occur at points of tangency between
these curves. Let n(*;) denote the equilibrium that has the smallest
value for the 1 component. If 71(";) is regular, then ](zr(*S ;60,2) is
positive-definite, otherwise there must be a second equilibrium. It
follows that if the Jacobian is positive definite at all equilibria, there
can only be one equilibrium.

and Vi, (7, m2;0,2) >0

Proposition 3. Fixz € S(Z) and 6. If (6) holds and if | (71, 73; 6, 2)
is positive definite evaluated at all solutions to (3), then the solution
to (3) is unique.

If the support of Xl; Bp is concentrated around large absolute values
for certain realizations of Z, the conditions in Proposition 3 will be
satisfied there. We explore this issue next.

2.4.2. Uniqueness of equilibrium when signals are informative

As we can see in Fig. 1, multiple solutions to (3) arise only
if the curves ¢((mq,m2;60,z) = 0 and ¢,(mwq,m2;60,2) = 0
have enough variability in the interval (71, 7;) € [0, 1]% In
a number of cases, the conditional support of X,|Z may be rich
enough that it includes regions of S(Z) where the variability
needed to produce multiple equilibria is suppressed. Identification
strategies involving some form of extreme support conditions have
been widely used in microeconometrics. A few examples include
Manski (1988), Heckman (1990), Heckman and Honoré (1990),
Heckman and Honoré (1989), Matzkin (1992), Matzkin (1993),
Lewbel (2000), Taber (2000), Carneiro et al. (2003) and, more

6 This result can be generalized to discrete games with more players or actions.
Uniqueness would require all the principal minors of the Jacobian to be positive.
Gale and Nikaido (1965) refer to such matrices as P-matrices.
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Fig. 1. Examples of the loci ¢q (771, 712; 6, z) = 0 and ¢, (71, 712; 0, z) = 0 assuming (6) holds. Each case corresponds to a fixed value of z and 6. Points of intersection are

solutions to (3).

recently, Heckman and Navarro (2007). A thorough study of the
implications of support conditions on identification and rates of
convergence can be found in Khan and Tamer (2009). In the context
of discrete choice models, extreme support assumptions imply the
existence of realizations of observables where the agents’ set of
choices is essentially reduced. The general idea has been studied
in psychological contexts, for example, in Thurstone (1959) and
Falmagne (1985). In our case canceling out choices is not necessary
to counteract the effect of multiple equilibria on identification.
It would suffice if for each p there exists a region Z C S(Z)
such that the support of Xl’),Bp (but not of leﬁp) is concentrated
around large absolute values whenever Z € Z. In such regions, the
Jacobian described in (5) would be approximately diagonal and the
Gale-Nikaido conditions for a unique BNE would be satisfied.

3. Estimation when the distribution of (&, &,) is known

This section assumes that Gy » (-, -; p) is known up to the scalar
parameter p.

3.1. Identification conditions

Henceforth, if there exists a unique solution to the equilibrium
system (3) for a given z and 6, we will denote it by 7%(0,z) =
(10, 2), 75(0, 2)).

Assumption A3. The parameter space ® C R¥3 is compact, Z is
absolutely continuous with respect to Lebesgue measure and there

exists a compact set Z € S(Z) such thatinfz € Zf;(z) > f > 0.
The set Z and the parameter space ® are such that: B

(i) (Regularity of equilibria) For every & € © and for almost
every z € Z, all solutions to (3) are regular. In particular,
let 71(*;) ©0,2) = (n{’;l)(Q, 2), 71(";2)(9, z)) be the solution to (3)
that has the smallest value for the 77y component. There exists
M < oo such that sup(zgg ||](7r(’§)(9,z); 0,2)"1| < M, where
J(; 6, 2) is the Jacobian described in (5).

(ii) (Uniqueness of equilibrium) Let 6, € ©® denote the true value
of the parameter 6. There exists a neighborhood Ay < ®
that contains 6 such that each (6, z) € My X Z has a unique
solution to the equilibrium conditions (3).

Take the Jacobian Dg(7; 0, 2z) = <Vnga(n; 0,2), Vop(r; 0, z)>.
2x (k+5) 2x2 2x (k+3)
Using the Transversality Theorem,’ a sufficient condition for the
almost-sure regularity condition in (i) to hold is if for every (6, z) €
©® x Z, the rank of D (rr; 6, z) is equal to 2 when 7 is evaluated
at any solution to (3).2 Going back to Fig. 1, 71(*5) (0, z) defined
in the second part of (i) is simply the first equilibrium along
the horizontal axis. We assume all those equilibria to be regular,
uniformly in ® x Z. Part (ii), asserts that we will only assume

7 See Mas-Collel et al. (1995), Theorem M.E.2.
8 See Assumption A4.
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uniqueness of equilibrium at the true parameter value 6y, and in a
neighborhood Ny containing it. It would be sufficient to assume
that Proposition 3 holds everywhere in (6,z) € M x Z. By
construction, 7 )(9 z) = n*(0,z) everywhere in Ny x Z. Our
proposal will be to construct an estimator for players’ beliefs that
converges to 7 ;, (9, z) uniformly in @ x Z.

A candidate set Z could be found by relying on the relationship
between Z and (X} B1,, X; B2,) predicted by economic theory. From
our previous discussion, each z € Z should be such that the
support of either X, or X;8,, (but not both) is concentrated
around relatively large absolute values conditional on Z = z. This
is feasible, for instance, when each X,, includes a publicly observed
covariate whose coefficient has a known sign ex-ante, has rich
support conditional on all other covariates and is excluded in X_p.
We can evaluate the validity of any candidate set Z by looking at
nonparametric estimates of the Jacobian of

(ELEYipa, B 12). E1Ya12). Ya = 11121,

E[E [YalXe, ELY11Z), EY212), Y1 = 11121 )

with respect to E[Y;]|Z] and E[Y>|Z]. The principal minors of
this Jacobian should not vanish in any set Z that satisfies
Assumption A3.
Computing the equilibrium n(’;) @, 2)

For a given (0, z), finding the equilibrium 7 )(9 z) described
in Assumption A3 is computationally simple. Let 1, @2 and @ be
as defined in Eq. (2) and consider the following iterative procedure

Step 0.—Fix a value ng e [0, 1].
Step 1.—Take 7)) from Step 0,

and let 7z, be the solution to ¢, (71, 75; 0, z) = 0.
Step 2.—Take 7, from Step 1,

and let 777 be the solution to ¢, (7], 75; 6, z) = 0.
Step k.—Continue iteratively.

For a given starting value, the solution in each one of the
steps 2, ... is unique because both ¢;(my,m2;0,z) = 0 and
@, (1, 23 0, z) = 0 are monotonic curves. This monotonicity is
shown in Appendix A.4.If the BNE equilibrium isunique forz and 6,
this procedure will converge to 5, (6, z) (the unique equ111brium)
regardless of the starting values. Oti1erw1se depending on the signs
of o1 and «a», the appropriate starting values are: (i) 715’ = 1if
a; < 0and oy < 0. (ii) nf = 0if oy > O0and oy > 0. (iii)
Any 70 € [0, 1] if iy, < 0.

Given the previous conditions, the following assumption will be
sufficient for identification.

Assumption A4. (i) (Full rank) X, has full column rank with
positive probability conditional on Z € Z.

(ii) (Invertibility) The joint distribution G;,(-; p) is an invertible
function of p with positive probability in a region R < R? of
realizations of (g1, &), and this region is such that

Pr [(X{ﬂ] —i—O{]]Tz,Xéﬂz —i—Otz]T]) € R|Z e Z] >0
VB1, Ba a1, 0 € O, Yy, my € [0, 1]

Combining Assumptions A2 and A3 and A4(i), we have that for all
0 # 6o,

Pr(X{B1 4+ a17(, (0, 2) # XiB1, + 1,75 (60, 2)|Z € Z) > 0
Pr (X382 + om0, 2) # X3Py + a2y 77 (60, 2)|Z € Z) > 0,
where n(’;)(-) is as defined in Assumption A3. We point out that
(8) is not an artifact of the nonlinear nature® of n(’g) (0, -). Suppose

9 This nonlinearity is a consequence of the unbounded support assumption of &,,.

X =Zand g, ~ U[—1, 1]. Then (3) becomes a linear system in X.
In this case (8) is satlsﬁed if there exist X;, € Xj and X,, € X, with
nonzero coefficients and Pr(X;, # X,,) > 0.

3.2. Estimation of equilibrium beliefs

As we mentioned before, we assume that players use self-
consistent equilibrium beliefs according to (1). We will introduce
the following assumption.

Assumption A5 (Researcher). The econometrician has access to an
i.i.d. sample of N games described by Assumptions A1-A4, and
observes (W, ) _1 = (Yn, X, Zn) ;- The econometrician knows
the functional form of Gp(-) and Gi,z(', -; p) up to the value of p.
Henceforth, L will denote the number of elements in Z that are not
in X.

For illustrative purposes, we will focus on the case in which all
elements in X are privately observed, and Z N X = . The case
in which beliefs are conditioned on unobservables is addressed in
Section 5.1. We will then explain how to adapt the methodology
in the more general case. We will employ a kernel function K :
Rl — R and a bandwidth sequence h — 0. For any ¢ € Rl, we
denote K, () = K(i /h). For a given 8 € R¥t3 takez € R and

letf(z) = (NW)™' 3N Ki(Z, — 2). Now take (1, 75) = 7 € R?
and define
S1a2(30,2) = (NWf(2)” Zcu(xmﬁl

n=1

+0l1ﬂzixénl32 + a5 P)Kn(Zn — 2)

8y(m;0,2) = (Nh'f(2))” Zc X, By + apt_p)Kn(Zn — 2)
forp=1,2, 9)

5 0,

im0,y =m — 200D
82(; 6,2)

- B ;0,2

Pal:0,2) = my — 220D
81(; 6,2)

9(m:0,2), = (@1(71:0,2), §2(7; 0, 2))

Q(:60.2) = —¢(: 0, 2)P(: 0, 2).

IfX;, were publicly observed and therefore included in Z, we would
replace X;,, with xy,,, its realization in z. If the entire vector X were
publicly observed, we would have 81,(7;0,2) = Gi2(x)1 +
172, X5 B2 + a1y p) and B p(756,2) = Gp(x Bp + apm_p), and
the estimation problem would be entirely paramemc Next, consider
the following problem,

Max_Q(7:6.2), (10)
7el0,1]2
and let 7 (6, z) = Solution to (10) with the smallest value for
the ;r; component. (11)

We will use 7 (0, z) as the estimator of players’ beliefs. In the
Appendix we carefully characterize the uniform (in [0, 1]*> x
Z x ©) convergence properties of these objects defined in (9)
to their population counterparts. Given this, the computational
implementation of finding (11) would be undertaken using the
iterative procedure described in Eq. (7), with the starting points
mentioned there.

Assumption A6. There existsan M > L + 1 such that:

(i) (Smoothness) G,(-) and Gy,(-) are M-times differentiable with
bounded derivatives. The conditional density fxjz(x|z) is M-
times differentiable with bounded derivatives with respect to
all the elements in Z not included in X. In addition, E[||XX'||?|Z]
is a bounded, continuous function of Z, and E[ || XX'||*] < oo.
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(ii) (Kernel and bandwidth) The kernel K (-) is symmetric, Lipschitz-
continuous, bounded and M-times differentiable with bounded
derivatives. Denote ¥ = (Y4, ..., ¥). The kernel K(-) is bias-
reducingoforderM: [ K(¥)d¥ =1, [¢]' - Y'K(¥)d¥ =
0 forall (q¢)t_, € Nsuchthat1 <gq;+---+¢, <M — 1,and
S IMKW)|d¥ < co.AsN — oo, the bandwidth h satis-
fies: h — 0, Ni'*? — oo, Nh*M — 0, and there exists § > 0
such that N'=°h?t — oo.

The existence-of-moments condition in part (i) could be replaced

with the more restrictive assumption that S(X) is compact. It

is shown in the Appendix that if Assumptions A3, A5 and A6
are satisfied, then supeeo I7@©,2) — n(s)(e 2)|| L o0 1f

Assumptions Al, A2 and A4 are also satisfied, then 7 (6, 2)
converges to the players’ equilibrium beliefs uniformly in Z. Next,
we show how we use 77 (0, -) to estimate 6.

3.3. Estimation of 6

Take any given value of the parameter vector 6. For two
constants (1, m3) = 7 € R? define t; = X{B1 + aym; and
t) = Xéﬁz + a7, Letm

tq ty

Py (X,0,m) =/ / 81,2(€1, £2; p)derdey,
—0oQ0 —0oQ0
tq (o]

P o(X,0,7) = / / g1,2(e1, &2; p)deadey,

00 Jiy

o] ty

Po1(X,0,7) = / / g1,2(e1, &2; p)deydey,
—00

o0 o0
Poo(X, 6, m) Z/ / 81,2(€1, £2; p)derde;.
t1 ty

Denote ¢41(X,0,7) = logP;1(X,0,m) and so on for the
remaining probabilities. As before, let W = (Y, X, Z) and define

LW, 0,7) = YiYaly1 (X, 0,7) + (1 — Y)Yaloq (X, 0, 7)
+Yi(1 = Yo)lio (X, 0,7)
+(1=Y)( = Y)loo(X,0,7), and
02(W,0,7) = LW, 0, 7)1{Z € Z}. (13)

If Z € Z, then £4(W, 6y, 7*(6p,Z)) is the conditional log-
likelihood of Y given (X,Z). We will let Vylz (W, 6, ) and
V. ez (W, 8, ) denote the vector of partial derivatives of £ (W, 6,
) with respect to 0 and 7, respectively. For all 0 € ,, we have

Itz (W, 0,770, 2))
30
= Volz (W,0,7%(0,2))

+ Vo *(0,2) Valz (W,0,7%(6,2)). (14)
¥ (0o, Z)) is given by Sy, (W, ).

= 50, (W, 0)

The score function of £4 (W, 0,

Assumption A7 (Technical). 6y is an interior point of @. Let
Py, ,,(X,Z,0,m) be as defined in (12). There exists a random

variable U such that E[U?] < oo and with probability one,
Supﬂelo 1]2 [Py1 yz(x Z 0 7T) ] = U for 0’1,}’2) € {(15 ])7 (17 0)9

(0, 1) (0 0)}. Let S, (W, 6) be as defined in (14) and let Iz =
E [So, (W, 60)Ss,, (W, 6p)'], then Iz is invertible.

The second part of A7 would be redundant if S(X) were
compact. Coupled with our previous assumptions, it yields

10 We take 71, 5 as constant here because we will eventually replace them with
players’ beliefs, which are deterministic conditional on Z, and Z is assumed to be
independent of (¢1, &;).

uniform convergence of objects like % ZL] Vgly (W, 6, ) and

% Z'nV:] Volz(Wy, 0, ) in © x [0, 1]%. In the Appendix, we show
that an information-identity result holds and
[BZZZ(W,Q,T[*(G,Z))} ~
E = —35z.
6=69

20600’

Finally, we define the terms in Eq. (15
will require in the following.

We estimate 6 by solving Maxgeo 5 SN L (Wa, 0,76, Zy).
Theorem 1 presents the asymptotic properties of our estimator.

), shown in Box [, which we

Theorem 1. Let Sy, (Wy, 6p) denote the partial derivative of
(k+3)x2

So, (W, 6p) with respect to mw* (6, Z,) - see (14) —. Let D(Z, 6y) =

J(t*(69, Z); 69) "'V (Z), where ] (-) and V (-) are as defined in (5) and

(15), respectively. Define Rz(Zy, 60) = E[Sory (Wh, 60)|Zy1D(Zy, 60)

and

Az (Xn. Zn. 00) = Rz (Zy. 00)[15 [B(Y,) | Xns Zn] — E [B(Yn)|zn1],

with B(+) as in (15). Let 7w (0, z) be as defined in (11) and let O be the
solution to

Max — Zez W,,0,76,2)),

fe®

where £4(-) is defined in (13). If Assumptions A1-A7 are satisfied,
then

N

—~ ~1 1
6—60 =37 x ;[sez (Wa 60) + Az (X, 20, 60) |
+0,(N"1?) (16)

and therefore ~/N(6 — 6,) LN N0, 35" + 3519223, 1), where
27 = E[Rz(Z, 60)Var [E[B(Y)|X, Z]|Z] Rz (Z, 60)'] .

The structure of the asymptotic variance of © resembles that of Ahn
and Manski (1993), who estimate a discrete-choice model with
nonparametric conditional expectations among the regressors but
no strategic interaction. The matrix “Zl is the semiparametric
efficiency bound when G,(-) and G; () are known and players’
beliefs are observed.!! The term $2; reflects the loss in efficiency
vis-a-vis the case in which f;,(-) is known and equilibrium beliefs
can be exactly computed. The specific structure of £2 results from
the asymptotically linear representation of 77 (-) — see Eq. (A.9) in
the Appendix. Define t(6p) = (X]B1, + 1,75 (0o, Z), X3 B2, +
o271 (60, Z))'. Then E[B(Y)IX,Z] = E[B(Y)|t(f)] and the
magnitude of the efficiency loss would depend on the behavior of
E[B(Y)|t(69)]—E[B(Y)|Z].1fZ is a perfect predictor for X, we would
have £2; = 0.In such a case, the only effective source of incomplete
information is &,.> We also have 27 = 0ife,, = Oforp = 1,2,
since Sy, (Wy, 6p) = 0 in this case.

3.4. Incomplete information and coherency of the econometric model.
A comparison with the complete-information case

There has been considerable effort devoted to the study of
endogeneity in discrete and limited dependent variable models

11 Thatis, the efficiency bound that corresponds to the trimmed MLE that uses Z
as the trimming set.

12 See the paragraph following Eq. (9).
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1 0 Pr(Y; = 1|, = 1,2)
vy = E I v =1 Pr(¥2 = 112) B(Y) = (V1Y2, Yy, Vo) (15)
2x3 _ 2 1 ’ 0 3x1
Pr(Y; = 12) Pr(Y, = 12)
Box I.

in settings not necessarily motivated by game theory or strategic
interaction. A partial list of examples includes Heckman (1978),
Sickles and Schmidt (1978), Gourieroux et al. (1980), Blundell
and Smith (1986), Blundell and Smith (1989), Sickles (1989),
Blundell and Smith (1994), Dagenais (1999), Blundell and Powell
(2004), Vytlacil and Yildiz (2007), Lewbel (2007), Chesher (2007),
Abrevaya et al. (2007) and Klein and Vella (2009). Following
the notation in Lewbel (2007), structural models of this type
can be generically expressed as Y = H(Y,W), where Y is a
vector of endogenous variables and W includes observable and
unobservable covariates and parameters. A model of this type is
coherent (see Gourieroux et al. (1980)) if there exists a mapping
G(-) such that we can write Y = G(W) for each W. Pure-strategy
Nash equilibrium behavior with complete information in the 2 x 2
game dictates optimal decision rules of the type

Yy =X, By +ap Y, —g, >0} forp=1,2.

Optimal choices depend on the actual ex-post action of the
opponent. This is the source of endogeneity and it results from
the definition of a complete-information pure strategy Nash
equilibrium. If the support of the unobservable shock ¢, is assumed
to be unbounded, the resulting model will be coherent and
complete if and only if @y - & < 0 and mixed-strategies are
allowed. If @ - @, > 0 and only pure-strategies are considered,
the model produces a unique prediction for Y; + Y, for any given
realization of observables and a given value of payoff parameters
(see, e.g., Bresnahan and Reiss (1991), Bresnahan and Reiss (1990),
Berry (1992) and Tamer (2003)). In an incomplete information
setting, for realizations of Z that produce a unique Bayesian-Nash
equilibrium or, more generally, if the underlying equilibrium
selection mechanism is degenerate, optimal decision rules are of
the form

Y, =1{X)B, +a,-Pr(Y_, =1|Z,Y, = 1) — ¢, = 0} .
Thus, if Z is observable and independent of &, incomplete
information can naturally produce a coherent model.

4. Estimation when the distribution of ¢ is unknown

We now drop the assumption that G; (-, -; p) is known to the
researcher.

4.1. Identification conditions

Under Assumptions A1-A2, the relationship between Y and
(X,Z) is described by a double-index model. Thus, we can
design an estimation procedure that relies only on this exclusion
restriction. A few related examples include Han (1987), Powell
et al. (1989), Ichimura and Lee (1991) and Stoker (1991)." In
each instance, identification and estimation relies on some form
of index exclusion restriction combined with either invertibility or
smoothness assumptions concerning some functional (in our case,
conditional choice probabilities). We will use a semiparametric
likelihood-based procedure along the lines of Klein and Spady
(1993) (KS). As before, we will rely on semiparametric analog BNE
conditions.

13 In the context of incomplete-information games, Aradillas-Lopez (2007)
proposes a pairwise-difference estimation procedure based on a double-index
model.

Assumption B1 (Exclusion Restriction and Parameter Normaliza-
tion). Normalize any intercept in §, to zero for p = 1, 2. There
exist two random variables X € X; and X? € X, with nonzero
coefficients such that both X? and XZ0 are privately observed by
each player, Pr(X? # X?) > 0, and (X?, X?,Z) is a continuously
distributed random vector conditional on all other variables. We
will partition X, = (X, X*). Let ) be the coefficient of X and let
¥o = Bp/Bymp = (1, 1) and 0, = a,/B). We will normalize
Xlgﬂp = XI? + X;‘ vy = X,;’?p- Let ¥, = (p, 0p) and y = (y1, 12)'.
The parameter of interest will now be y € R* with parameter
space I C R¥, assumed to be compact. Note that the strategic in-
teraction parameters are now denoted by o1, 0.

Exclusion restrictions similar to B1 are common in multiple-index
and related models. We require X? and XS to be privately observed
in order to make B1 compatible with Assumption B2 below. The
parameter o is no longer identified, and the dimension of the
identifiable parameter is now k instead of k + 3. When G,(-)
and G ,(-) were known, we were able to use this knowledge to
estimate 77*(0, z), the unique solution to (3) when 8,z € Ny X
Z. This is no longer possible. However, the self-consistent nature
of players’ equilibrium beliefs will allow us to work around this
difficulty.' Define

t1(y1) = Xim + o1 Pr(Yo = 1Y = 1, 2),

, (17)
t(y2) =Xonp + 0 Pr(Yr = 1|Y, = 1,2),

andlett(y) = (t;(y1), t2(32))’. We add the following assumption:

Assumption B2 (Distributional Properties of t(y)). Let M > L + 1
be the constant described in B4, below. Then:

(i) S(X, Z) is compact. 3 f > 0 such that fx z(x,z) > f for all
(x,z) € SIX, 2).

(ii) The random vector (t(y), Z) is jointly continuously distributed
for all y € I'. We will let f;(t; y) and f; ,(t,z; y) denote
the marginal and joint densities of t(y) and Z evaluated at
t(y) = tand Z = z. Both are M times differentiable with
respect to t and z with bounded derivatives forall y € I". The
conditional densities of t(y) given Z, and Z given t(y) will be
denoted by f;|,(t|z; y) and f;; (t|z; y), respectively. Define

H’Y]Yz(t’Z; J/) = E[Y1Y2|f()’) = th = Z]a
wy, (t,z;y) =E[Ylt(y) =t,Z =z].

Then py,y, (t, z; y) and uy, (t, z; y) are M times differentiable
with respect to t and z, with bounded derivatives forally € I'.
Let P#(t; y) = Pr(Z € Z|t(y) = t). Then Pz(-) > 0 and is
M times differentiable with bounded derivatives uniformly in
I x S(X, 2).

(18)

Estimation will now take place through nested semi-parametric
procedures. Assumption B2 implies that the density f;(t; y) is
bounded away from zero uniformly over y € I' and t € S(t(y)).

14 Self-consistency of beliefs implies that Pr,(Y_, = 1|Y, = 1,Z) = Pr(Y_, =
1Y, =1,Z)forp=1,2.
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This avoids the need to do trimming in order to stay away from
realizations of observables where the said density is arbitrarily
close to zero. Trimming will now be done exclusively out of
equilibrium considerations' to remain in the set Z. Fix t € R?
and define

Py (1, 1|75 y) = E[Y1Yalt(y) = 7],
Py, (175 y) = E[Yplt(y) = 7], forp=1,2.

Take two scalars 71, 7, € R and let

(19)

11c (1, 23 Y, Z)

E [Pv|r(1: 11X1n1 + o172, X2 + 027173 )/)|Z]
E [Py, (11X01 + 01712, Xom2 + 027015 ) |Z]
@21e (1, w23 ¥, Z)

E [PYlt(la 11X{n1 + o172, X5n2 + 09715 V)|Z]
E [PY1|t(1|X1,771 + o172, Xiny + 0271 J/)|Z] '

and ¢ (1, w257, 2) = (pue(my, w25 ¥, 2), o (1, w25 v, Z))'.
Forz € S(Z) and y € I, consider a solution for ¢, 7 to

=71 —

:]‘[2—

@ (my, 25 7,2) = 0. (20)

For y # o, a solution to (20) does not solve the equilibrium
system (3). However, both solutions coincide when y = y; for any
z € Z. We will exploit this property, and estimate players’ beliefs
using a sequence of solutions to (20). We explain the details in the
following section.

4.2. Estimation of equilibrium beliefs

From now on, if (20) has a unique solution for the pair (y, z),
we will denote it by 7 (y, z). Note that ;" (y0,2) = 7*(y, 2)
(players’ equilibrium beliefs) for all z € Z.

Assumption B3 (Regularity of Solutions to (20)). The uniform
regularity conditions described in A3(i) hold for system (20), for
the set Z, the new parameter space I" and a neighborhood &, C
I' that contains yg, the true parameter value. n;fs) (v, z) will be

analogous to n(*s) (0, z). Assumption A3(ii) is also maintained.

Let H : RY — R be a kernel, and b — 0 a bandwidth
sequence. Let Hy(¥) = H(y¥/b). Take z € R' and let f,(z) =

(NpH~1 Zzzl Hp(Zn — z). Take the nonparametric estimators
P(Y1 =1,Y, = 11Z = 2) = (ND'T7@) ™" Yy YimYamHy (Zn —2)
and P(Y, = 11Z = z) = (Nbf,(2)) " 3N _, Y, Hp(Zn — 2), and

define
_ P(Y,=1,Y,=1|Z=2)
7'[1(2) = —
P(Y, =11Z=2) 1)
_ P(Yi=1Y,=1Z=2)
JTz(Z) = .

P(Y;=1|1Z=2)
We will use the following sample analogs of (17) for the mth
observation
E1m(V1) = X1,m7]1 +o1m2(Zn) and
ton(y2) = Xopmn2 + 02701 (Zn),

with t,,(y) = (E1m(y1), tam(y2))’. We will use a second set of
kernel and bandwidth, given by K : R? — Rand h — 0,

15 Unknown densities were allowed to be arbitrarily close to zero in Section 3.
Trimming in that case was done both to bound the density of Z uniformly away
from zero, and to remain in the region Z where BNE equilibria was assumed to
possess the features studied in Sections 2.3 and 2.4.

with Ky(/) = K(¥/h). Fix a value T € R?, let f,(t;y) =
(ND2)"' SN Ky(En(y) — 7) and define

Pyie(1, 1les y) = (NW*f (25 ) Zvlmnmm (tn(y) — 1)
m=1
_ N (22)
Py (175 7) = (NWF (3 7)) 1ZYme<h (En(¥) — 7)
forp=1,2.

We are finally ready to describe the semiparametric sample analog
to(20).Takez € Rl and let f; (z) = Nibl Zg:1 Hy(Z, — z). Now take
7 = (11, m3) € R? and define

N
S120(ms v.2) = (N () Z e (1, 10,1
+ 0172, X512 + 02701; V)Hb(zn - 2),
Spe(miy.2) = (NW'H(2) Zpypn(uxmm
+ 0172, Xout2 + 027113 )/)Hb(Zn —2), (23)
_ 81.21(; ¥, 2)
Oye(msy,2) =m — A
Sae(5 v, 2)
_ S10(m; y,2)
Oy y,2) =m0 — ,12“7,
Sue(w; vy, 2)
G5 v, 2) = (@ (75 ¥, 2), §oy (5 ¥, 2))
Q3 y,2) = =9, (15 v, 2B (v, 2).
Consider the following problem
Max Q(m;y,2), (24)
7€[0,1]2
and define 7,(y, z) = Solution to (24) with the smallest
value for the 71 component. (25)

In the Appendix we carefully characterize the uniform (in [0, 1]* x
Z x ©) convergence properties of the objects in (23) to
their population counterparts. Given this, and Assumption B3,
the computational implementation of finding (25) would be
undertaken using the iterative procedure described in Eq. (7),
with the starting points mentioned there. We will use 7,(y, z)
to estimate players’ beliefs. In Section 3.2, knowledge of G,(-)
and Gj,(-) allowed us to estimate beliefs in one step. Now,
the analogous procedure took us three steps and two sets of
kernels and bandwidths, which must now satisfy Assumption B4,
described below.

4.3. Estimation of y

Let n(*;)(-) and n;’;g) (-) be as defined in Assumptions A3 and B3.
Define two new indices

) =Xim + oy (v.2), )
26
W) =X+ oy (v.2), () = (W), 50)).
. . . anly (v.2)
We will exploit the fact that if z € Z, then % =
Y=v

, where *(yp, z) is pair of equilibrium beliefs that
Y=n
uniquely solve (3). For y €

¥ (y,2)
ay

{(0,0), (0, 1), (1, 0), (0,0)} and
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T = (11, T2) € R? define P(y|7) in the following way: P(1, 1|t) =
Pr(e; < 71,82 < 1), P(0,1jt) = Pr(e;r > 71,6 =< m),
P(1,0|]t) = Pr(e; < 11,8 > 13),and P(0,0|t) = Pr(e; >
71,8 > To). Given our assumptions, if Z € Z, then Pr(Y =
yIX,Z) = P(y|t*(yp)). Define

Py (vlts ) =Pr(Y =ylt*(y) =7, Z € 2),
IP(yIt* (o)) at*(y)
e Tl AU
4 Yo dy=p
Let F[%(~|r, y) be the distribution of (X, Z) given {t*(y) =

7,Z € Z}.Llet A(y) = t*(y) — t*(y). Adding and subtracting
t*(y) and noting that A(yp) = 0, we get

Py WIE*(¥): ¥)
dy

Y=Yo

[/ PYIA(y) + t*(y))dFe (x, z|t* (). J/)]

ay

0
a”P(yu*(y)) [ drs ozl o, y)}
14

=1

Y=Y

+ [/P(J/IA(V) + t*(v0))dFez (x, z|t* (y0), Vo)”

Y=Yo

_ PYIt* (o) £ IP(yIt* (o))
- 9y Iy
This parallels the change-of-variable technique in Eqs. (40)-(42) in
KS. As before, let W = (Y, X, Z) and define

(), Z € z] . (27)

Wy, 7 (7.2) = 1Yz 1og Py (1, T1E°(r): v)
+ (1= Y1)Yz log Py (1, 016" (y); v)
+Y1(1 = Y2) log Pyex (1, Ot (v); ¥)

+ (1= Y1)(1 = ¥2) log Py, (0, OI€*(1); ) |{Z € 2},

LW, y, 1} (. 2))
Iy —

Syz (W, o) can be derived directly from (27), which also yields
E[S,,(W, yo)] = 0.Take y € I" and let be 77, (-) as in (25). Define

tim(n) = Ximm + 0172, (Y, Zm),
tom(12) = Xymiz + 02701, (¥ Zin),

(28)

Syz (W» VO) =

() = (Em(n), m(12)) -
Take K(-), hasin (22). Fix t € R?, ﬁz(r y) = (NB) 1N K,
(tm(y) — 0)1{Z, € Z}, and let
N
P (L 1T y) = (Ne5oy(zs p)) lZY YomKi
m=1
X (?m(y) - T) HZn € Z
N
Py (0. 1]7:y) = (NIfoy(z:v))” 12(1 Yim) YamKi
m=1
x ([tn(y) —1)1Zn€ Z
N
Py (10171 y) = (NW%, (13 9)) 1Zymm Yam)
< Ky (Bn() — 7) 1 € 7)
> N
Priy (0,073 ) = (NWFoy(r: 1)) (1= Yim)(1 = Yam)

m=1

x Ky (tm(y) — 7) 1{Zn € Z}.

If the logarithms exist for the nth observation, let

Bz W, v, Ty, Z) = | YinYan log Py (1, 1 (1): )
+ (1 = Y1) Yan log Pyjes 0, 1[Ea(y); )
+ Yin(1 = Yan) log Pyjes (1, O[ta(¥): 7)

+ (1= Yin) (1 = Yan) Iog Py, 0. 0 (1): 1) |12 € 21, (29)
and let ﬁz(wn, y, (v, Z,)) be zero otherwise.

Assumption B4 (Kernels and Bandwidths). N12-3ptps s oo,

N1/2 (b/h4)M — 0,N2pM /bt — 0.K(-) is M-times differentiable
with bounded derivatives. Both K(-) and H(-) are symmetric,
Lipschitz-continuous, bias-reducing kernels of order M.

Assumption B4 describes the relative difference in the rates of
convergence to zero for the bandwidths b and h that will be
required to achieve +/N-consistency of the estimator ¥.Going back
to B2, M plays the same role as M in Assumption A6. They both
indicate the degree of smoothness required from the distributions
involved. It is clear from B4 that M > M.

Assumption B5 (Technical). y, is an interior point of I". The dom-
inance condition in Assumption A7 is maintained. Let S,,, (W, yo)
be as defined in Eq. (28). Let 4z = E[S,, (W, ¥0)S,, (W, ¥0)']. Then
Jz is invertible.

We estimate y by solving Maxyep% Z’,Ll ZtZ(Wn, v, T (Y, Zn))-
Consistency will follow because sup,, . |% Z':zl Lg(Wy, vy, T (y,

Z))—E[' W, y, 7} (v, Z)]| —> 0,and E[E'(W, y, 7} (v, 2))]
is uniquely maximized at y = yp, when it is equal to
E[L(W, yo, * (Y0, Z))], the expected value of the trimmed condi-
tional log-likelihood of Y given X, Z. Asypptotic normality follows
from a linear representation of% Zznv=l Lty (W, vy, 7 (Y, Zy)) that
holds uniformly up to a 0,(N~'/2) term in ,, and the usual Taylor
approximation around .

Theorem 2. Define W (Y, Z) as given in Box IL.

Let S, ., (W, yo) denote the partial derivative of S, (W, yo) with
kx2
respect to w*(yo, Zy). Let D(Z, yp) be as in Theorem 1, with 6,
replaced by yq. Let B(-) and t*(y,) be as defined in (15) and (26),
respectively. Let V. E[B(Y)|t*(yo)] denote the partial derivative of
x2

3
E[B(Y)|t*(yo)] with respect to w*(yy, Z). Let 1 be as defined in
Assumption B5. Denote:

E2(W, v0) = E [Syz; (W, »0)It*(10)] — E [Syrz (W, 10)I1Z]

ZZ(XmZn» vo) = E[Ez(W, v)IZ = Z;]1 D(Z,, vo)
x [E [B(Yn)|Xn, Zy] — E[B(Yn)|Zn]],

Bz(Wa. v0) = E[E[5z(W. »)IZ]D(Z. v0)|t*(v0) = t; (10)]
x [E [B(Yn)|Xn, Za] — B(Ya)],

= E[E[El&2W, %)IZ1IDEZ )t ()] Vi
X E [BOIE“ (0] 12 = Z0 ) (V. 22 0.

Cz(Wn, 10)

Let @Z(Wn, v, (y, Zy)) be as defined in (29) and let ' be the
solution to

I}/Aea}(—Zth Wa, v. T (v, Zn)) -
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Pr(Y; =1|Y, =1,2) [Y, — Pr(Y, = 1|Z)] — [Y1Y2 — Pr(Y, = 1, Y, = 1|Z)]
3 Pr(Y, = 1|2)
Define (Y. 2) = pr(y, = 11y, = 1.2)[¥; — Pr(Yy = 12)] — [V1Ys — Pr(Yy = 1Yz = 12)]
Pr(Y; = 112)
Box II.

If Assumptions A1-A2 hold, and Assumptions A3-A7 are modified or
replaced according to B1-B5, then

N
Py =45 %~ Z[s (W, %0) + Az (Xa, Zn, o)
z N Yz

n=1

+ Bz (W, 10) + CzWo, 70) | + 0p(N"72),

As in Theorem 1, ignoring the exact functional form of equilibrium
beliefs impacts the asymptotic variance of our estimator. If
these beliefs were of known functional form, lgl would be
the semiparametric efficiency bound (see Chamberlain (1986),
Cosslett (1987) and Newey (1990), Eq. (28) or KS, Eq. (50)). See
Aradillas-Lopez (2007) for efficiency bounds and efficient influence
functions in models with strategic interaction and incomplete
information. The term Az (X;, Z,, yo) in the influence function of
¥ is analogous to Az (Xy, Zy, 0p) in Eq. (16). The term By (W,, yo)
appears due to the lack of knowledge about G,(-) and Gy ()
in the estimation of players’ equilibrium beliefs. The use of the
nonparametric estimators defined in (21) as plug-ins in (22) is the
reason why the term Cz (W, yo) appears. Analogously to the case
of 6, the relative magnitude of these terms depends on the ability
of signals Z to predict private information.

5. Extensions
5.1. Beliefs conditioned on unobservables

Suppose Player p conditions his beliefs on Z and ¢,, which
is unobserved by the econometrician. In a recent paper, Grieco
(2010) has described inferential methods for games where beliefs
are conditioned on unobservables. However, the results there
specialize to the case where X = Z. We will outline how to extend
our methodology to the case where beliefs are conditioned on
unobservables while allowing for X # Z. Let g12(&1]&2; p) denote
the conditional pdf of £, given &, and denote its counterpart by
g211(e21€1; p). Players’ optimal choices are now given by

Y1 = 1{X{B1 + o175 (Z, £1;0) — &1 = 0} and
Yo = 1{X; 8 + aam{ (Z, €25 0) — &2 > 0}.

We maintain the assumption that X, Z are independent of ¢,. This
yields

i (Z, e 0) = /[/H{X{ﬁlﬂwmf(& &1;60) — &1 = 0}

x gi2(e1lez; ,O)dé‘l]f(xﬂz)dxl,
(30)

5 (Z, 81;0) = /[/1{X£,32+0l2ﬁ1*(278229)—82 ZO}

x ga1(e2le1; P)dSZ]f(XﬂZ)dXz-

The equilibrium analysis in Sections 2.3 and 2.4 can be extended
to this case. Furthermore, a solution can be found through an
iterative procedure along the lines of Eq. (7). For a pair of real-
valued, measurable functions ¢4 : S(Z) x S(¢;) — [0, 1] and

¢p : S(Z) x S(e3) — [0, 1], define
& (X1, 9a(Z, ), 625 0) = /]1 {XiB1+ a1¢a(Z. 1) — &1 = 0}
x gi2(e1le2; p)deq,
/]1 X382 + capp(Z, £3) — &3 > 0}
x Zy1(&2le1; p)dey.

Choose a starting function ng :S(Z) x S(g7) — [0, 1], and let

5 (Xa, P8(Z, -), €15 0)

T (Z, £2:0) = E [t1 (X1, 7)(Z. ). £2: 0) |Z, &3]

75(Z, €1;0) =E [ (Xo. 7] (Z,:0),£1:0) |Z, 1]

m1(Z,€2:0) =E [¢1 (X1, 15 (Z, 5 0), €21 0) |Z, &3] 31)
73 (Z, 613 0) = E [53 (X2, 77 (Z, 1 0), €15 0) 1Z, 1]

This procedure converges to a solution to (30) for a given (z, €1, €3).
If we choose 79 = 0, then the sequence {7¥(z, €;), 7X(z, 1)} is
monotonic for all possible values'® of oy and ;. It is also bounded
in [0, 1]*> w.p.1 and consequently it has a limit. Any such limit is
a solution to (30). This is also immediate to see for example if we
choose 713 = 1. Other starting values would also converge, but
ng € {0, 1} simplify computations, and make the monotonicity
argument transparent. Let (H(-), b) and (K(-), h) denote a pair of
kernels and bandwidths, with H,(¢) = H(y/b) and Ky(¢¥) =
K(yr/h). A sample analog to the iterative procedure in (31) can be
done as follows

1. Draw an i.i.d. sample (&5, 825)f21 from the joint distribution
2120, 5 ).

2. For any realization z and a given value (€1, €,), define

g] (Xl’ ¢A(Z7 ')’ €2; 9)

_ XS: 1{X{B1 + a1 (z, £15) — €15 > 0} Hy(£25 — €2)
s=1

s
> Hp(e2s — €2)
s=1

’

2\2 (X27 ¢B(Z5 ')7 €1, 9)
3 i 1{X,Bs + s (2, £25) — £25 = O} Hy(e15 — €1)
s=1

s
> Hp(e1s — €1)
s=1

3. For any realization €1,,&;, in our simulated sample, a
semiparametric sample analog to the iterative procedure in (31)
would be

2”: & (Xin, 702, ), €215 0) Kn(@n — 2)

71z, 623 0) = .
n=1 Z Kh(zn _Z)
n=1

N 7 (X iz, - 0), 81 0) Kn(Z, — z
322(2,81r:9)22§2(2n 1( )s E1r )h(n )

N
n=1 > Kn(Zy — 2)
n=1

16 As before, if ¢y = 0, a solution to (30) is trivially unique.
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ia (Xin, 722, -3 0), €213 0) Kn(Zy — 2)
N
n=1 > Kn(Zn — 2)
n=1

~3 .
e (27 Ear; 0) =

Starting values could be determined as we described above.
Let 7T (Zy, €153 0), 05 (Zy, €153 0) denote the limit of this iterative
procedure. Estimation of 6 could rely on the simulated conditional
probabilities

f;r(yl = 1|x1n7 Zn, 9)

_1y .
< Z {X1uB1 + 0175 (Zy, £15: 0) — €15 = 0}

95}

Pl' (Y2 = 1|Xon, Zy; 0)

Il
| —
-

1 {Xén/sl + 0527?1*(Zn, €255 9) — &5 = O} .

s=1

The properties of an estimation procedure such as this one are
currently under investigation.

5.2. Games with more players and actions

Consider a game played by a discrete set of players =
{1,..., #}, where player p = 1, P can choose among a set

of Sp + 1 possible actions, labeled (ap, I ap ). Let A, denote
the action chosen by p and define

Y, =1{A, =a,}.

5.2.1. Action profiles
p” denote the collection of player p’s opponents. Denote

{q
ap = {aq }q# )
where af,q denotes the action played by Player q # p.

The total number of action profiles by p’s opponents is ]_[q 4p (Sq +
1) = M_,. Denote the space of choice profiles by p’s opponents by
A, = {alp, ...
selected by them For eachj =1,

"} and let A_p € A_, be the action profile
., M_, define

Yo=1{a,=d,] andiet y,=(y, .45

5.2.2. Behavior

Let V(af,) denote the payoff to Player p of choosing the £th
action. A generalization of the normal form payoffs in the 2 x 2
game is given by

Vp(ag) =0, Vp(aﬁ) = X;/;lﬂpz + 0‘;/;[ Y—p — &p,

i
_ _ 1 M—p
fort =1,...,S,, anda, = (am,...,am ) .

Suppose the game has the same information structure as its
2 x 2 counterpart examined above. Player p’s expected utility of
choosing action aﬁ is then
a /
EP [Vp(ap)] = Xl/’éﬁpl + aP//EP ['&LMZ] — Epys
€=1,....5. E[V@)]=0
= XI/)(IBP( + a}’)[g_P(Z) - Spl

where 7 _,(Z) denotes Player p’s subjective expectation of Y_,
given Z. Players maximize their subjective expected utility which
yields the decision rule

vl =1 {Ep [Vo(ap)] > T:g({Ep [Vp(aﬁ)]}}’
£=0,...,S,.

5.2.3. Equilibrium beliefs
Denote &, = (&p,;, ...

/ / / /
(,8p1... ﬂ Lo Olpys oo Opg
arbitrary vector of constants 7 _, = (7
and let

75p5p),sxp
)Y and 6 =

/ / I J—
gy Xp ) 0y =
01, ...,0%). Fix an
_p,...,nﬁ;p)/ € RM-»

Pf; (Xp»z3 TT—p, 917)

4 /
Pr (ng Boe 0, T—p — &p,

Xy, z)

! /
_ ] > max {0’ max (X;, B, + e, 7T p = epk)}
- k=>1

ife=1,....5,
Pr (Z_r?ax ( A I sm> <0 X,,,Z)
ift =

Pﬁ (Z; T—p» ep) =E [Pf) (Xp’ Z; 7 _p, '99) |Z] ‘

Suppose the distribution of ¢, is assumed known up to a finite-
dimensional parameter X,. Extensions of Assumption A4(ii) to this
multidimensional case would determine the identification features
of X,. Reexpress the probabilities in the previous equation as

Pﬁ (va Z; 7 —p, bp, Ep) and P;l; (Z: 7. 6p, Ep)

to reflect their dependence on X,. Suppose we maintain the
assumptlon that ¢, is independent of (Xq, Zg) for all g and p. Let

M Zp 1 M_p and fix a realization z € S(Z). For such a
reallzatlon, equilibrium beliefs would be any collection {r _, }p:l €

R™ that solves the following M x M system

i _ YA

Tp = || Py (2 7 g, 04, Zq) »
a#p
“LZIEE)—IJ

p=1,...,Pj=1,..., M_.

Existence and uniqueness of BNE can be studied in an analogous
way to Sections 2.3 and 2.4. A sample analog to the BNE system
described above would be of the form

o= Tl ip (Xp» 2; n,q,eq,zq)Kh(Zn—@ ,

o 2 Kn(Zo — 2)

p=l,...,,7’;j=1,...,M_p.

The case in which the distribution of ¢, is unknown could be
addressed as in Section 4 by using pseudo equilibrium conditions
which would rely on the multiple-index nature of the game.
The extension to beliefs conditioned on unobservables could be
approached in a way analogous to the one outlined in Section 5.1.
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6. A simple empirical example

Consider two firms, p = 1, 2 competing against each other in
a given industry. At the end of year t, each firm commits to either
an “aggressive” or a “passive” capital investment strategy for year
t + 1. Let K, and I, denote firm p’s net capital stock at the end of
year t, and net capital investment during year t, respectively; and
letR,, = I, /Kp,_, denote firm p’s rate of capital investment in year
t. We say that firm p commits to an aggressive investment strategy
for year t + 1if Ry, > Ry. We will letY,, = 1{R,,,, > Rp}.
In order to adhere to the structure of the game analyzed above,
two features must be present. First, it must be a game played by
two firms. Second, players must commit simultaneously to their
choices in an incomplete-information environment.

All firm-level information was collected from Standard and
Poor’s Industrial Compustat-North America data set. Let S;, denote
the total real net sales of the largest firm in the industry in year
t and let S, and S3, be the corresponding figures for the second
and - if it exists — the third largest firms. For any given year t, we
considered an industry at the NAICS level as a candidate for having
two dominant players in year t if S;, > 0.05 xS, (otherwise it was
considered to have only one dominant player), and if S3, < 0.05 *
S, (otherwise it was considered to have at least three dominant
players). From the resulting pool of candidate industries we kept
only those that satisfied these criteria for years t,t — 1and t — 2.
Thus, the population of industries that we considered as having
two dominant players in t = 1990 were those that satisfied the
above criteria not only in 1990, but also in 1988 and 1989. We
did this in order to eliminate those whose structure had shifted
towards having two dominant firms only in the recent past.

For each industry, we labeled the firm with the largest market
share as “Player 1”, with the remaining firm labeled as “Player 2".
Let Q,, denote player p’s Tobin’s Q at the end of year t. Denote
A%Sp, = (Sp, — sptfl)/sptf‘l and AQy = Qy — Q- Let Xp, =
(1, AQy,, A%Sp, , Rp,). Tobin’s Q compares the capitalized value
of a marginal investment in real capital to its replacement cost.
According to the net present value (NPV) theory of investment,
Player p should adjust its investment decisions according to
changes in Q,,. We include A%S,, to account for the influence of
short-term firm performance. Finally, a firm’s propensity to act
aggressively may depend on the investment rate itself. This is the
reason why we also included R,, in X,,. Q, was computed as
in Jovanovic and Rousseau (2003), who also used the Compustat
database. Sy, was computed using firm p’s net sales. To compute Iy,
we used capital expenditures in property, plant and equipment. K,
was measured as the net value of property, plant and equipment.
Price deflators for the value of shipments and capital expenditures
were taken from the NBER-CES Manufacturing Database.

Public knowledge of X, is directly tied to the timing in the
release of Player p’s financial statements. Regulations in place
during the period analyzed here (1986-1994) allowed firms to
strategically delay such disclosure (see Chamley and Gale (1994)
for a related model). This delay is the source of incomplete
information in our example. At the end of year t, player p knows the
exact realization of X, but knows that of X_,, with a lag of at least
one quarter. We will assume here that Z; = (Xy,_,, X,_,)."” Note
that, after the fact, the researcher is able to observe X, and
Yy, along with Z; for p = 1, 2. Players’ unobserved shocks e,
are assumed to have a logistic marginal distribution, and a joint
distribution given by an FGM copula function

Gi2(e1, €35 p)
= G1(e1)G(e) [T+ p(1 = G1(1))(1 = Ga(e2))],

17 Some of the variables used to compute X, were not consistently reported for
all firms in Compustat’s quarterly database. However, all figures were consistently
reported annually.

E[Y1] = 0.5743,

E[Y1Y»] = 0.2567,
E[Y1Y> = 1] = 0.5428,
E[Y»|Y; = 1] = 0.4470,

Table 1
Estimation results. (Standard errors in parentheses.)
Player 1 Player 2
Intercept —1.6285 —0.2799
(0.7298) (0.5804)
AQ, 1.1452° 0.2826
(0.4020) (0.3199)
A%S, —2.8965" —2.7802°
(0.9805) (0.6169)
Ry 7.4691° 5.5557"
(1.6078) (1.2537)
o —0.1906 —1.4531"
(0.7683) (0.7027)
0 0.8093"

(0.3407)

" Statistically significant at a 5% level.

with —1 < p < 1. This yields Corr(eq, €3) = p. In addition, both
shocks are independent if and only if p = 0. These distributions
are assumed to be time-invariant, which could be easily relaxed.

The years included in the sample were t = {1986, 1988, 1990,
1992, 1994}. All observations were pooled'® together, resulting
in a sample size of N = 245. We have Z, e R* all of which
are assumed continuously distributed. The following statistics
summarize the data,

o~

E[Y,] = 0.4729,

Corr(Yy, Y,) = —0.0602,
E[Y4]Y> = 0] = 0.6025,
E[Y»|Y; = 0] = 0.5079.

The choices observed in the data were relatively well spread across
the four possible outcomes. The choice profile more frequently
observed was (1, 0) and the least frequently observed was (0, 0).
All these features remained relatively stable across the years in the
sample.

The bias-reducing kernel used is the product of a polynomial
and a standard normal density function. We chose a trimming set Z
that avoids large, positive values of E[Qp, |Z;] for p = 1, 2.1f mutual
fighting hurts both players and the predictions of NPV investment
theory hold, this trimming criterion would reduce the likelihood
of multiple equilibria. Specifically, we dropped observations for
which E[Qp, |Z;] was above the 98th percentile for p = 1, 2. This
eliminated 8 observations. We estimated the model following the
steps described in Section 3. Table 1 presents the results.'® The
sign for the coefficient of AQ, is positive, as predicted by the
NPV theory of investment. However, it is statistically significant
only for Player 1 (the dominant firm). The coefficient of A%S, was
statistically the same for both players, and this was also true for
that of R,. The composite hypothesis Hy : Bags, = Baxs,, Br, =
Br, could not be rejected.?® Looking at the strategic interaction
estimates, it appears that mutual aggression affects both players
negatively. This effect is statistically significant only for the small
player (Player 2). Finally, our estimation results provide evidence

18 Implicit in our modeling choice of taking observations at least two years apart
is the assumption that &; = (ey, €3¢) and &5 = (&1, &35) are jointly i.i.d. for all
[t —s| > 2.

19 The bandwidth h and the kernel-parameter o (in fact, the product o x h) were
chosen doing a simple grid search over a set of candidate values and choosing the
ones that minimized the difference (using the Frobenius matrix-norm) between the
estimated asymptotic variance-covariance matrix described in Theorem 1 and a
block-resampled counterpart. The latter was computed by eliminating blocks of ten
observations at a time. These blocks were determined by ranking all observations
according to || Z|| (after eliminating the observations in the trimming set Z described
above). The values chosen were h x ¢ = 2/10.

20 Al tests mentioned here were conducted at a 5% significance level.
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of a positive and statistically significant correlation coefficient p
between the unobserved shocks, €1 and &,.

We estimated a modified version of the game where the degree
of strategic interaction depends on players’ relative “distance”,
measured simply by the sales ratio S,/S; € (0, 1). Omitting the
time subscript, players’ optimal behavior is

Yy = 1]X8, + [8 + % S2/50)]

X Pry(Y_p = 1|V, = 1,2) —g, > o}, forp=1,2, (32)

Player p’s beliefs.

where the strategic interaction parameter «,, is now generalized to
8p + ¥p(52/S1). We re-estimated the model using the same signals,
kernels, etc. as before. There was little change in the estimate
results for B,. Fig. 2 shows estimates and 95% confidence bands
for the strategic interaction component. Qur results suggest that
mutually aggressive behavior becomes increasingly costly as firms
become closer to each other (i.e.,as S, /S; — 1). While the strategic
interaction effect was statistically significant for player 2 at every
value of S,/S;, we were still unable to reject the hypothesis that
there is no strategic interaction effect for player 1 (the dominant
firm).

7. Concluding remarks

The amount of information that agents are assumed to
possess and their degree of rationality determine the equilibrium
properties of any game-theoretic model. Such properties have an
immediate impact on the identification features of the model.
Under certain circumstances, private information in payoffs
reduces the prevalence of multiple equilibria and this has
significant identification implications. In such settings, conditional
choice probabilities for each outcome of the game can be point-
identified, and it is possible to design an estimation procedure
that does not require prior knowledge of the sign of strategic
among the players. This stands in contrast with the complete
information version of the game. To illustrate these issues we
studied a 2 x 2 game that has been previously analyzed in the
context of complete information. We compared the equilibrium
features of the game with and without complete information.
Concentrating on the incomplete information environment, we
proposed likelihood-based estimation methods that replicated
the population equilibrium conditions using well-defined sample
analogs. The estimation procedures were intrinsically tied to the
equilibrium properties of the underlying game under weaker
semiparametric assumptions than those in the existing literature.
Separate procedures were described for the case in which the
distribution of unobservables is assumed known, and the case in
which it is unknown. In both cases, W—consistency relied on
equilibrium uniqueness in a neighborhood of the true parameter
value and regularity of (possibly multiple) equilibria elsewhere
in the parameter space. The efficiency features of the resulting
estimators depended on the extent to which the signals explain
the variation in players’ private information. As we outlined, the
principles and methods used here can be extended to games with
more players and actions, or games with beliefs conditioned on
unobservables. Ongoing research focuses on these extensions.
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Appendix. Mathematical appendix

A.1. A uniform linear representation result

Linear representation theorems like the one we will present
here have been known and used in the literature under assump-
tions very similar to ours. Closely related examples include Lemma
3 in Collomb and Hardle (1986) (henceforth CH) which was in-
voked for example by Stoker (1991) and by Ahn and Manski (1993).
See also Theorem 1’ in Lewbel (1997) and the references cited
there. A slight difference with respect to existing results is that our
semiparametric estimators must have uniform convergence prop-
erties both over the parameter space @ and over the trimming set
Z. The existing results cited consider uniform convergence over
compact subsets of the support (e.g, over Z in our case). The spe-
cific conditions we enumerate in the result below are tailor-made
to accommodate the technical assumptions made throughout the
paper. The proof could rely on the type of combinatorial meth-
ods and maximal inequalities in Andrews (1994) and particularly,
the results in Sherman (1994a,b). A direct, step-by-step proof us-
ing a chaining argument similar to Huber (1967) can be found in
the author’s website, at http://www.ssc.wisc.edu/~aaradill/spinfo-
appendix-suppl.pdf and they are also readily available from the au-
thor. We omit the details here for space. Suppose (X, Z) € R” x Rt
is a random vector with joint density fx 7 (x,z) and letM > L + 1.
Assume an i.id. sample {X,, Z,}_,. Fix y € RP and z € R, con-
sider a function  : R” x R x RP — R, akernel K : RF — R
and a bandwidth hy — 0. Let Ky, (¢y) = K(/hy) and de-

fine Ry(z, y) = (NB)™" SO0, 0%, 2, ¥ )Kiy @ — 2), oy (2) =

(NRE) ™' SN Ky (Zn — 2) and un(z, ¥) = Ru(z, ¥)/fzy (2). For
anyz € S(Z) let u(z, y) = E[nX,z, y)|Z = z].

Assumption S1. (A) Z is absolutely continuous w.r.t. Lebesgue
measure. (B) fx z(x,z) and f7(z) are bounded, M times differen-
tiable with respect to z with bounded derivatives.

Assumption S2. There exist compact sets Z C S(Z) with
inf,ez fz(z) > 0,and I C RP such that: (A) u(z, y) is M times
differentiable w.r.t. z and y with bounded derivatives Vz € S(Z),
y € I'.(B)Thereexists; : R” — R, suchthat|n(X, z, )| < 7(X)
w.p.1forallX € S(X),z € Z,y € T'E[5(X)?|Z = z]is a continuous
function of z for all z € S(Z), and E[7(X)*] < 0. (C) There exists
7, : RP — Ry, and ¢; > Osuchthat [n(X,z,y) — n(X,z, y)| <
71Xz = Z|”* wp.dforall X € S(X),z,z € Z,y € I',and
E[7,(X)] < oc. (D) There exists 77, : R” — R,, and ¢; > 0 such
that [n(X,z,y) — n(X,z,¥)| < nX)|ly — ¥'[I*> w.p.1 for all
XeSX),ze Z,y,y € I'and E[17,(X)] < o0.

Assumption S3. (A) The kernel K(-) has compact support, is
Lipschitz-continuous, bounded and symmetric about zero. Denote

Y = 1,..., %) then [K)dy =1, [ [y M KW)|dy < oo
and [y - YK )y - - - dyp = 0forall0 < g1+ - -+q; <
M. (B) hy — O satisfies: Nhj?> — ocoNh2t/log(N) — oo and
Nh2M — 021

Theorem A.1. If Assumptions S1-S3 are satisfied, then for any z €
zZ,yel,

1

1 N
un(z, y) — @z, y) = BN ; (N, 2, ) — 1z, ¥)]
X Kiy (Zn — 2) +én(2, )

where sup zez En(z, )| = OP(N‘S”h,;L)for any é > 0.
yE

21 4fp > 9, Nh2t/1og(N) — oo implies Nh5™ — oo.
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Fig. 2. 95% confidence intervals for 8, + ¥,(S2/51) (conditional on S, /Sy ) as defined in Eq. (32). Solid line depictsgp + 7,,(52/51 ). Horizontal axis represents S, /S; in both

panels.

Corollary 1. If we strengthen the condition log Nhy®® = o(N) to
N‘Sh,\’,u = o(N) for some § > 0. Let &y(z,y) be as defined
in Theorem A.1, then sup zez lEn(z, )| = 0,(N~V2).

yeE

A.2. Theorem 1

A.2.1. Asymptotic properties of T (6, z)

Fix (0, z) € ® x Z and re-express the objects in Eq. (2) as
E[G12(X{B1 + o172, X} B2 + ca711: p)|Z = 2]
E[Ga(X5B: + apm1)|Z = 2]

812(; 6,2)
= = 0i(m,m;0,2) =1 —
5,07 0.2) @1(q, T2 ) 1
E [Gl,z(x{lgl + a2, X5 B2 + camry; p)|Z = Z]
E[Gi(X|B1 + a1m2)|Z = 2]
_ 812(7; 0,2) 812(; 0, 2)
~ 81(m:6,2) 81(;6,2)
Fix A > 0 and define the following two correspondences
81,2(; 0,2)
8(m; 0, 2)
) 10,z
—asm 20D Ll
82(m; 0,2)
81,2(m; 6,2)
31(r; 0, 2)
) 10,
A<y < 2D
01(; 0, 2)
1,(A; 6, z) contains the locus ¢,(7;0,z) = 0,forp = 1,2.
Let 7t )(9, z) be the solution to (3) that is closest to n(’g) 0, 2),

(s

with the latter as defined in Assumption S3(i). Uniform regularity

of 71(*;)(9,2) as described in S3(i) yields infeco IIn(’;)(G,z) —
z€eZ

812(m;0,2)
8r(m;0,2)

= @o(my,m2;0,2) =y

11(4;6,2) = {m,nz €0, 1]*:

Ty(4;6,2) = {m,nz ef0,11*:

n(*s,)(é,z)ll > € > 0.Fixany €: 0 < € < ¢, and define
B(e;0,2z) = {w € [0,1)® : ||m — n;;)(e,z)n < €}. Then, for
any such €, 3A(e) > 0 such that V(0,z) € ® x Z the following
holds: If we take any pair of continuous selections ¥, (€; 0,2) €
Y,(A(e); 0, 2), for p = 1, 2,2 and we denote the set

My(e;0,2) = {m € [0, 1P : 7 € {Y1(€;0,2) Na(e; 0,2)}}

22 That is, any pair of continuous functions ¥4 (¢; 6, z) and ¥, (¢; 0, z) such that
¥1(€; 0, z) belongs to the correspondence 17 (A(¢€); 6, z) and Y, (€; 6, z) belongs
to the correspondence 15 (A(e); 0, z).

and we let Ty (€; 0, z) be the element of Ty (€; 6, z) with the
smallest value for the 7r; component, then

sup ||711/,(S) (€;0,2) — 7, (0,2) ” <e and
6eO
z€eZ

inf |7y, (€:0.2) — 7, 0. 2) | > € — €. (A2)

zeZ

Fig. A.1illustrates these objects for a case in which (3) has multiple
(three) solutions.

Let 8y ,(7r; 6, 2)and 8,(r; 6, z),p = 1, 2 be as defined in Eq. (9).
Given our assumptions, these semiparametric estimators satisfy
the conditions of Theorem A.1 and in particular,

sup [812(7;6,2) — 812(7; 0, 2)| > 0,
7e[0,1]2

fe@
z€Z

sup |/8:,(71;9,z) — 8p(; 9,z)| BN 0, p=1,2.
nel0,112

fe®
zeZ

Invoking the unbounded support property of ¢,, these results yield

:3\1,2(7'[;9,2) S0, »p

su = — 0,
reo2 || 8p(i; 6, 2) Sp(m; 0,2)
0e®@
zZeZ
and therefore,  sup [@(m;60,2) — o(m; 0,2)|| — 0. (A.3)
ot
zeZ

Take any A > 0 and define the event
8(4A;0,2) = ]1{{71 €[0, 1 : @p(m;0,2) =0} isa
continuous selection of 7,(A; 0, z) forp = 1, 2}.

Egs. (A.1) and (A.3) yield supseco |48(A;6,2) — 1| 2, 0. Now take
zeZ
7 (0, z) as defined in Eq. (11) and define the event

7(©,2z) = 1{7 (8, z) is the solution to ¢(rr; 8, z) = 0 with
the smallest value for the ;r; component} .
Since all solutions to (3) are assumed to be regular w.p.1 uniformly

in ® x Z, we have supeeg |7(6,z) — 1] L, 0. Now take any
0 < € < € and let A(¢) be as defined above, then these results and
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Am™

0a(m1,m2;0,2)=0

' (5(0.2)

2M(e) m'(5(0.2)

;‘" \ @1(m1,m2;0,2)=0
2M() !

T

B

423

%

v 1(€50,2)

Ag;0,2) =

1 T

Fig. A.1. Example: The correspondence 7,,(A(¢); 0, z) is given by the set of points between (and including) the dotted lines surrounding the locus ¢, (1, 25 6, z) = 0, for
p = 1, 2. Panel (B) depicts two continuous selections v, (€; 6, 2) € 17(A(€); 6, z), for p = 1, 2. The first point of crossing along the y-axis of any such pair of continuous

selections must be inside the set A(e; 6, z), which is contained in B(e; 0, z).
Eq. (A.2) yield®

sup |7(0,2) — 75, (0, 2) | 2, 0 and consequently,
2=

zeZ

sup |7 (©0,2) — %0, 2)| 2> o. (A4)
0eNy

z€eZ
Next, we will look for a linear representation for 7 (6, z) —7*(0, z)
in My X Z.Asin (5), let J(w;0,z) = V,p(x;0,z). Uniqueness
2x2
implies regularity, and Assumption S3(ii) yields
sup

OeNy
z€Z

(A5)

J (7*(6.2); 0, 2)7] H <M forsomeM < oo.

With probability approaching one (w.p.a.1) uniformly in Ny X Z,
7 (6, z) satisfies (7 (0, z); 6, z) = 0. A first-order approximation
around 7 *(6, z) yields

0=0(1"0,2);0,2) +] (7 (0,2); 6,2)

x [70,2) — 7*6,2)], (A6)

where/]\(n; 0,z) = V,9(r;0,z) and 7 (9, z) is between 7 (0, z)
and 7*(0, z). Let V(Z) and B(Y) be as in Eq. (15), and let V(Z, 6)
denote the value of V (Z) for an arbitrary 6 € . Our assumptions
and the result in Theorem A.1 yield

9 (7%0,2):0,2)

_ V@e 1
" f(z) Nt

N
D E[B(Ym) X, Zn = 2: 6]
m=1

— E[BOYm)|Zn = 2; 011 Kn (Zm — 2) + &,(2, 0) (A7)

where supscw, [I€,(z, 6)|| = 0,(N*~"h™") forany 8 > 0.Egs.(A.4),
zeZ o~
(A.5) and Theorem A.1 yield supsew, |[J(7(6,2);6,2)" || = Op(1).

Combining this with Eqgs. (A.6), (AE.%) and the proof of Theorem A.1,
we get

sup |7(0,2) — %0, 2)| =0, (VN5—1h—L) forany § > 0.
feNy

Z€Z

(A8)

23 Jf all solutions to Eq. (10) are regular, then each one satisfies the first order
conditions V,Q (rr; ,z) = 0. Since the Jacobian V,¢(x; 6, z) is invertible, this
can be satisfied if and only if ¢(r; 6, z) = 0.

Combining this result with Theorem A.1 and Eq. (A5), a
first order approximation yields supoes, |[J(7(0,2);60,2)"! —
zeZ

J(m*(0,2); 0,2)" 1| = 0,(¥/N°~1h~L) forany § > 0.LetD(z, ) =
J(*(8,2);0,2)"'V(z, 6). Egs. (A.6) and (A.7) yield**
~ D(iz,0) 1 &

0,2) —*0,2) = — E[B(Y,) | Xim, Zm = z; 0
RO 2) = 70.2) = T g D BB X, Zn = 2:6)

—E[B(Yn)|Zn = 2; 011 Kn (Zn — 2) + (2, 0), (A9)

0,(N*~'h7t) for any § > 0. Now

consider Vg7 (6, z). w.p.a.1 uniformly in #; x Z, the Implicit
Function Theorem (IFT) yields

ViR (0.2) = ] (R(0.2):6.2)"' V49 (R(0,2): 6, 2),

where Vy¢(rr; 0, z) denotes the vector of partial derivatives of
@(mw; 0,z) with respect to 0, with 7 fixed. The IFT also yields
Vo (0,z) = —J(m*(8,2);0,2) " 'Vyp(* (0, 2); 0, z). A detailed
inspection into the components of Vy@(r; 8, z), along with our
assumptions and the results from Theorem A.1 yield

where sup e, I&:(z, )|l
Z€Z

Sup | Ve (6. 2) = Vo (136, 2)|| = 0, (VNP ThT)
2"

z€Z

forany § > 0. (A.10)

Using (A.9) and (A.10), component-wise Taylor approximations
yield

Vo7 (0,2) — Vo (0,2) = iir(x 2; O)Kn(Zm — 2)
0 s 2 i = NhL P ms 45 h\£fm

15, 6), (A11)
where
E[I(Xm,2;0)1Zn =2] =0,

£ [F(Xm, z; )Kn(Zm — 2)

sup o
and supeew, [|0(z, 0)||

OeNy
Z€Z

oo

0,(N°~'h7t) for any § > 0. M is as

zZ€Z
defined in Assumption A6. The exact expression for I" (X, z; 6) is
not relevant (see Egs. (A.20) and (A.21)).

24 Uniqueness of equilibrium along with our remaining assumptions imply

that each one of the elements in J(7*(0,z);0,z)~" is uniformly bounded

away from zero everywhere in #p x Z. A first-order Taylor approximation

of J(F(H,2);0,2)"" — J(@*(0,2);0,2z)"" component-wise along with our

previous results and Theorem A.1 yield the result sup He./g) E@®O,2):0,2)7" —
ZE.

J(*(6,2):0,2)7|| = 0,(v/N3=Th=T),
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A.2.2. Proof of Theorem 1
Using our previous results and Assumption A7, we have

1 . 1
Sup | — ZEZ Wy, 0,70, Zy)) — N ZEZ (Wns 9777(1)(9’ Zn))‘
n=1

0O =1

<sup |T(0.,2) — 70, 2) |
0e®

zeZ

op(1)

N
sup [[Vzlz (Wp, 0, 1)l = 0p(1).

6eO
el0,112

(A.12)

n=1

0p(1)

Using Assumption A7 and Lemma 2.4 in Newey and McFadden
(1994), we obtain

2

1 N
2 NZEZ (Wa, 0,750, Zy))
s

n=1

— E[tz (W,Q,n{;)(@,z))]’ 0.

Eq. (A.12) yields

D

0e®

1< _
NZZZ Wy, 0,76, Zy))

n=1

— E[tz (W.6.7,0,2))]| = o. (A13)

Let Ly(W,0) = exp{£z(W, 6, n(’;)(e, 7))}, and note that Ly (W,
6y) = Pr(Y|X,Z)"?€%} Take any 6 € © such that & # 6. By
Assumption A4, it is not the case that the ratio Lz (W, 8) /Ly (W, 6)
is constant w.p.1. We have
Lz(W,0)
Ly (W, 6p)

exp {¢ (W.6,75,6.2)]

= ifZ € Z and 1 otherwise
Pr(Y|X, Z)

This ratio is always positive for any 6. Therefore by Jensen’s
Inequality we have

Lz(W, 0) Lz(W,0)
—logiE| ———= |t <E|—log] ——=1¢|.
Lz (W, 6h) Lz(W, 6h)
By construction, for any (x, z) € S(X, Z) we have Zy exp{l(y, x,

2,9,71(*5)(9,2))} = 1 when we sum over the four possible
outcomes y € {(1, 1), (1, 0), (0, 1), (0, 0)}.% Therefore

L(W,0)7]
|:LZ(VV’90):| - /(x,z):zifz 1+ fx.z(x, 2)dxdz

+/ Z 5 exp lE (y,x,z,@,n(*s)(@,z))}
w2zez | 5

Pr(Y =yl X =x,Z=2)
X Pr(Y=yX=x,Z=2)

(A.14)

fx.z(x, z)dxdz

25 gee Eq. (12).

=(1-PrZ € 2))

+/ {Zexp (e (y,x,z,e,ng;)(e,z))}}
(x,2):ze€Z y

X fx.z(x, z)dxdz
=(1-Pr(Ze2)+Pr(Ze2) =1

Combining this with (A.14) we have

LW, ) |1 _

—E[logly(W,0y)] foranyf € ® : 0 # 6,.

Since Ly (W, 0) = exp{€z(W, 0, n(’;) (0, Z2))}, this implies that
E[{z(W,0, n(ﬁ)(e, Z))] is uniquely minimized at 6. Combining
this with Eq. (A.13) and Theorem 2.1 in Newey and McFadden, we
get

0 -2 0. (A.15)

Let Sy, (W, 6y) be as defined in Eq. (14). Since 6, belongs in the

interior of @, it satisfies E[Sy, (W, 6p)] = 0. Denote

Mz (W,0,7(0,2))
a0

+ Vo (0,2)'Vilz (W,0,7(0,2)).

Sy (W, 60) = = Vplz (W,0,7(0,2))

w.p.a.1, @ satisfies x Z’::I’S};Z (W,, 8) = 0. We have

1S~ 1 &L 85y, (Wy, 8)
OZN;SQZ(Wn,QO)‘I‘[NZZBQ/ 6 —60),

n=1
(A.16)

with @ between 8 and 6p.Eqs. (A.8),(A.10) and Assumption A7 yield

1T,
=D (VR 0, Z) = Vo G0, 20)) Vit
n=1

X (th 903 7-[*(907 Zn)) (ﬁ(GOa ZT!) - N*(907 Zn))
— Op (Né—lh—L)
for any § > 0. Therefore,

N

1 S 1
D S0z Wa, o) = = > {Sa, Wa, 60)
n=1

n=1

+ [Vorr* (6o, Z) Varlz (Wa, 0o, w* (0, Z1))
+ Vo lz (Wa, 60, 7 (60, Z)) | (7 (6o, Zn) — 7* (6o, Zn))
+ (Vo7 (B0, Zn) — Vo™ (6o, Zn))'
X Vily (W, 60, 7* (60, Z0)) } + 0p (N*'h7F)
forany § > 0. (A17)
Using (A.9), forany § > 0,
[Vor* (B0, Zn) Vian' Lz (Wh. 60, 7 (6o, Z1))

+ Vorrbz (W, 60, (60, Zn)) | (7 (60, Zn) — 7 (6o, Z1))

1 N N
=2 > D [Ver 00, Z0) Varts

N2ht
m=1 n=1
X (Wnﬁo,ﬂ*(@oyzn)) + Vor bz (WH’OO!T’:*(H()’ZH))]
D(Zy, 6o)
——— |E[B(Ym)| X, Zm = Z,
X ) [E [B(Yi) | Xm» Zm )

—E[B(Ym)|Zm = Zall Kn (Zm — Z) + 0, (N*"'h7H) . (A18)
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Let Sgr, (Wn, 6p) be as in Theorem 1. Note that E[VﬂpZZ(Wn, 6o,
(60, Zn))|Xn, Zn] = 0 for p = 1, 2. Therefore,
E [SGJTZ (Wns 90)|Zn] =E [V@JT*(Q(), Zn)/vm'r’ZZ

X (an 6o, T* (6o, Zn)) +Vorly (an 6o, * (6o, Zn)) |Zn] .
The first term on the right-hand side of Eq. (A.18) is a U-statistic
with projection

1 N
~ O E[Sos (Wa, 00)12:] D(Zn, 6) [E [B(Ya) X0, Zn]

—E [B(Yn)|zn]] + éNy

where &y = 0,(N~1/2) + 0(hM). Take the third term on the right-
hand side of Eq. (A.17). Using (A.10) and (A.11),

(A.19)

1T,
3 (VR O, Z) = Vo 60, 20)) Yl (W, b, 7" 60, 20)
=1

N
NzhL Z Z (I" K> Zu; O)Kn(Zn — Zn))' Vi bz

x (Wy, 60, 7% (60, Zy)) + Op(N°"Th™H), (A20)

for any § > 0. The first term on the right-hand side can be ex-
pressed as a symmetric, second-order U-statistic whose projection
is given by a term of order O(h™). Therefore

N N
DN (K Zni 00)Kn(Z — Zn)) Vil

m=1 n=1

NzhL

x (Wi, 0o, (60, Z1)) = 0p(N~'/?) + O(h™). (A21)

Assumption A6(ii) yields 0, (N*~"h™) = 0,(N~'/2) for some § > 0
and N'2h™ — 0. Combining this with the results in (A.19) and
(A.21), Eq. (A.17) becomes

N

1 e 1
N > " Soy (Wa, ) = N > [So; (Wa, 60)
n=1

n=1

+ Az (Xn, Zn, 00)] + 0,(N~/?) (A22)

where AZ (Xn, Zns 90) = E[Sénz (Wns 90)|Zn]D(Zn» 90)[E[B(Yn)|xn,
Zn]_E[B(YnNZn]]‘ NOW, since E[vnEZ(Wna 907 77*(907 Zn))|Xn7 Zn] =
0, we have

3Sp, (W, 0
E [9;90)} = E[Voortz (W, b0, (60, 2))

+ Vorrbz (W, 60, 7% (60, 2)) Vor* (6o, Z)
+ Vorr* (60, 2) Vorrlz (W, 60, 7% (6o, 2))’
+ Vor* (60, 2) Var bz (W, 0o, 7% (00, 2)) Vorr* (60, 2)] -

(A.23)
Take a, b € {0, 7}. It is easy to show that
E[Vaytz (W, 6, 7* (60, 2)) X, Z]
= —E[Valz (W, 6o, %60, 2)) Vil
x (W, 6, w60, 2)) X, Z]. (A24)

Egs. (A.23) and (A.24) yield

L [asez (W, 60)

o } =E [So, (W, 60) So, (W, 6p)'] =3z, (A25)

an information-identity result for our trimmed log-likelihood
function. We have

1N 08y, Wi, 0) 1 & -
— —_— = — Voorlg Wy, 0,70, Z
N; 5 N;[ oLz (W, 0,7 (6, Zy)

+ Vonlz Wy, 0,70, Zy)) Vo (0, Zy)

+ V&&’ﬁ:(e’ Zn)/ [Vrrez (Wna 9, 3(97 Zn)) ® I(k+3)]

+ Vo7 (0, Z) {Vegly Wy, 0,76, Zy))

+ Vanlz (Wh, 0,78, 2y)) Vo (0, Zy)}] .
Using (A.5) and Theorem A.1, component-wise Taylor approxima-
tions yield supeocw, || Voo T(0,2) — Vog*(0, 2)|| -2, 0Since

Z€eZ

E[ V1, z(W, 6o, 7*(60,2))1Z] = Oforp = 1,2and § —> 6§ €
Ny. Therefore, 13N Voy 70, Z)) [Valz(Wa, 0,70, Z) ®
Lik+3)] LAY} Going back to (A.16),

1N 88, (Wi 0) »
NZZaT_)_“Z'

n=1

Combining this with (A.16) and (A.22) yields

-~

o1
6 —6 = 33" x NZ[sez (Wa, 60) + Az(Xn, Zn, 60) ]

+0,(N"12),
Using Eq. (A.25) and letting Rz(Z, 6p) = E[Sox, (W, 60)|Z1D(Z, 6p),
VN (0 —60) -5 & (0,55 +357'2255")
where 24 = E[Rz(Z, 6)Var[E[B(Y)|X, Z]|Z]1Rz(Z, 8y)'], the result
inTheorem 1. O

A.3. Theorem 2

A.3.1. Asymptotic properties of ¢ (y, z)
Steps as those in Appendix A.2.1 yield the equivalent of Eq. (A.4)
in this case,

sup
yel
ZEZ

— P
T (y,2) = n[’;)(y,Z)H — 0,

» (A.26)
sup |7e(y,2) — 7 (v, )| — 0,
yENy

zeZ

with sup,cy |7¢(y0.2) — 7*(y0.2)| —> 0 since 7*(yp,2) =
7} (o, ). Next, we look for a linear representation of 7 (y, z) —
7w (y,z)in N, x Z.We start with a result analogous to (A.6),

0 =70 (7 (y.2):v.2) + Va@, (Ti(y.2); . 2)

x [Ty, 2) —nf(y,2)], (A27)

with 7, (y, z) between 77, (y, z) and 7 (y, z). Now, let t}, (y1) =
Xt + 01705 (Vs Zm), Gy (V2) = Xypii2 + 02705 (v, Zim), £3,,(01, 2)
= Ximm + o173, (v, 2) and &5, (v2,2) = Xp,m2 + 027y (v, 2),
with t7(y) = (7,1, 65, (r2)) and t3.(y, 2) = (£5,(r1,2), &5,
(y1,2))". Note that t; (y1, Zm) = t;,(y) and t;,(yo) = tm(y0). Take
Py|[(1 1|t; y) asin Eq. (22) and re-express 1tasPy‘t(1 1t (y, 2);
y) = Ru(1, llt v, 2); V)/feti(y,2); v), where Ry;e(1, 1]t
¥.2:¥) = 37 Xomet YinYanKn(Em(y) — £:(y.2)) and f, (¢}
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(y.2);y) = (N0)™T30

tions yield

Ky(Em(y) — t¥(y,2)). Our assump-

D * 1 N *
Rc(L 116 (v, 23 7) = &g X_j YimYamKn (6 (y) — t1(v, 2))

Z YimYam Ve, Kn (tn(y) — t3(v, 2))

m=1

X [T2(Zn) — 75 (V0. Zm) ]

N

N
O:
+ NTZ3 2 YimYam Ve, K (tn(y) — t5(y, 2))
m=

x [T1@Zn) = 77 (Y0, Zu) ] + E1y, 2. 7) (A28)

where supzese) |§?1N(z, )| = 0,(N*"'b~th~*) for any § > 0.
yel
Invoking either Lemma 3 in CH or Theorem A.1, we have

1 Z YimYom — Pr(Yy = 1,Y, = 1]2)
NbE £ Pr(Ys = 112),2)

T1(2) — 7f (Yo, 2) =

7T1 (J/O,Z) 1 Z YZm — PF(Y2 = ]|Z)
Pr(Y, = 1]z) Nbt f2(2)

X Hyp(Zn —2) + c§1N(Z)

X Hy(Zp —2) —

Z YimYom — Pr(Ys =1, Y, = 1|2)
Nb* Pr(Y; = 1|2)fz(2)

To(2) — 75 > (Y0, 2)

X Hp(Zym — 2) —

T (Yo, 2) > (Y0, 2) 1 Z Yim — Pr(Y, = 1|2)
Pr(Y; = 1|z) Nb- fz(2)

X Hy(Zn — 2) + &5, (2)
SUP,cs(z) 16, (@) = O0p(N°~'b7") for any § > 0. This represen-

tation result holds uniformly over S(Z), due to the conditions in
Assumption B2(i). Using the previous result we obtain

1 N
NB® Z YimYam Ve, Kn (tm(y) - t,f(J/, Z))
m=1

x [f2<zm) - n;(yo, Zw)]

1
= Z: ;‘ YimYam Ve, Kn (tn(y) — £ 2)
m=
(YMYH — Pl‘(Y] =1Y, = ]|Zm) B 7T2*()/O,Zm)
Pr(Yy = 11Zy)fz(Zin) Pr(Y; = 1|Zy)

[Yie — Pr(Yy = 11Zy)]
fZ(Zm)

—B
where sup:es [£5;, (2, ¥)|
yerlr

>Hb(Z€ —Zn) +§?1N (z,y)

= 0,(N°*~1b7Lh=3) for any § > 0.

We can express the right-hand side as a symmetric, second-order
U-statistic which satisfies all the assumptions of Lemma A.3 in Ahn
and Powell (1993) uniformly in I" x S(Z). Let ty,y, (-) and f;;(-) be
as defined in Eq. (18). The projection of this U-statistic conditional
on W, is

1 N
i 2 imVanVerKi (tn () = (7, 2))
m=1

X [ﬁz(Zm) — 775 (Yo, Zm)]

_ lXN: Vo (v, (6 (.2, 2o y) - fuz (6 (v, D120 v)]

N & Pr(Y; = 1)Z,)

x (105 (Y0, Zo) [Y1e — Pr(Y1 = 1|Z,)]

—=C
— [YieYoe = Pr(Y1 = 1,Y, = 1Z0)]) + 14, (2, ¥)
where supzese) |§S1N(z, VI = 0,(N°'b~th=3) 4+ 0(bM/h?) +
yell

0p(N~12) for any § > 0. M is as described in Assumption B4. A
parallel result holds for the third term on the right-hand side of
Eq. (A.28). Combining both results (A.28) becomes

Ryie(1, 1165 (v, 2); y) = th vayz,nxh (tn(¥) — t(v,2))

4oy Vo lern (500,25 y) Jie (G0, D125 7)]
N = Pr(Y: = 1|Zy)

x (713 (vo. Zo) [Y1e — Pr(Yy = 1|Z,)]

— [Y1eYae — Pr(Yy = 1, Y, = 1|Z,)])

o2y~ Vo lern (500,25 7) Jie (50,2125 7)]
N & Pr(Y; = 1Z,)

X (703 (v0, Ze) [Yae — Pr(Ya = 11Z)] .
=D
— [YieYar = Pr(Yy = 1, Y, = 112)]) + &, (2. ¥)

where ?131,\, (z, y) has the same properties as Ele (z, y), described

(A.29)

above. This is the linear representation for ﬁy”(l, 1t (y,2); v)
conditional on W,,. Take t € R? and let

fizsy) = thZKham(y) 7),

m=1

(A.30)

1
" th Z YimYamkn (tn(y) — 7).

D)

Py|:(1, 1|t; y) is the nonparametric estimator for Py (1, 1|t; y) if
we knew 1 *(yg, -). Define the term in Box III, where all the objects
involved are as defined in Egs. (18) and (19). After combining
(A.29) with the corresponding representation of f,(t}(y, z); y)
conditional on W,,, we obtain

Pyie(1, 1]E5(y, 2); ¥) = Pyie(1, 1[E5 (v, 2); ¥)

1 XN: Ru(t (v, 2), Ze; v)' ¥ (Ye, Zo)
= [t (v, 2);7)

where supzese) [£5,(z, ¥)| = Op(N°~'b~th™*) + oM /n3) +
yer

Pyu(l 1t v) =

+E]]N(Za V), (A31)

0p(N"V2) for any § > 0. This is the linear representation

for ﬁy‘t(l, 1]ty (y,z); y) conditional on W,. The equivalent
representations for the remaining estimators described in Eq. (22)
are (forp =1, 2):

Py, (11t (v, 2): ¥) = Py, (1165 (v, 2): )
1% Ry(tr (v 2), Ze; ¥)'¥ (Ye, Zo)
N = fe@i (v 2); )

where Py, (1]7: ) = (fi(t: y)NR)~ S0 Yy Ki(tm(y) — 1),
and Ry(t;(y,z),Zs; y) is given by (A.32) in Box IV where the
objects involved are defined in Eqs. (18) and (19). Using (23) and
(A.31), we have

81,00 (77:(7/ 2):y.2)
1
" L@ Nbt

+ Loy (@, 1),

—2) +A]
z(2)

mel 163 (v, 2); ¥)Hp (Za

1 XN:XN: Rll (t:(yaz)ﬂzl’ V) W(Y[,Z[)
feti (v, 2);7)

(A33)
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Ri(ty(y,2),Ze;y) = (

2V, [vy, (65 (V. 2). Zes v) - foz (6 (v, D) Zes v) | = 02Pyc (1, 1165(v . 2): ¥) Vi firz (6 (v, 2)|Zes y)
o1V, (v, (6. 2). Zes v) - fuz (6 (v, DZes v) | — 01Pyic (1L 15 (v, 25 V) Ve fuz (6 (v, DZes v)

Box III.

02 Vi, [Myp

Ry(t;(v,2), Zes ) =
P 01Vy [Myp

(ti(v.2).Zs y) - foz (6 (v DI Zes v) ]
(5 (v, 2, Ze: v) - fuz (65 (v DIZes v) ] — 01 Py (13 (v, 2): ¥) Ve foz (65 (v, 21203 v)

— 0aPy (1t (. 2): V) VoS (6 (v, 2120 v) ) (A32)

Box IV.

where sungsgg) Igle(y,z)| = Op(NS—lb—Lh—4) + O(bﬁ/hg) +
YE

0p(N~V/2) for any § > 0. Ignore for a moment the term 1/ ).
The second term on the right hand side of (A.33) can be expressed
as a symmetric, second-order U-statistic, with projection

ilel t(y,2), 2 y) W (Ye, Z0)

Hy(Z, —
N2bt (=1 n=1 fitx (v, 2);v) bl 2
1 ’
=N > <f Ri1 (¢, Zn: y) e (2]t )/)dt> W (Yy, Zy)
n=1
+§1N(yvz)

1< ~
=5 201 @z y) W Z) + 8, (v, 2),
n=1

with gu1 G,z 7) = [ R €2 Y)faelts )t (A34)
where supzese) |/$\131N(y,z)| = O(bﬁ). The conditional density
el’

fz1¢(+) is as defined in Assumption B2(ii). Assumption B2 ensures
that ¢11(Z,, z; y) is well-defined for all n.2® Let Fy‘r(], 1|t; ¥) be
as defined in (A.30). Given our assumptions, either Lemma 3 in CH
or Theorem A.1 yield

Fy.t(1,1|r-y>—1)m(1 15 y)
ZYImYZm_PYlt(l 1z;v)
~ Nw2 fi(t;y)

X Kn(tm(y) = T) + C11y (T3 1),

where SUP rese(y) |Z11 (T3 ¥)| = O,(N*"h~2) forany § > 0.
ye
1w
N—Z Pyie(1, 1165 (v, 2); ¥)Hp(Zn — 2)

1
= me(l, 1165 (y,2); Y)Hy(@n — 2)
n=1

i N [YimYam — Py (1, 15 (v, 2); )]
N2h2bL / fi(txv.2):y)

X Ky (tm(y) - f:(% Z)) Hy(Z, — 2) + S]]N (v, 2),

n=1m=

(A.35)

where sup.ci) [€5, (v, 2)] = Op(N°"'b~th™*) + 0(b" /%) +
yel

0,(N~V2) for any § > 0. The second term on the right-hand
side of Eq. (A.35) can be expressed as a second-order symmetric

26 The condition f;(t; y) > f > O forall t € S(t(y)) uniformly over I in

Assumption B2 ensures that this mtegral is well-defined.

U-statistic, whose projection is given by

[YimYam — Pye(1, 1167 (v, 2); ¥)]
Nzhzb" ZZ (t*()/ Z) )/)

n=1m=

x Ky (tm(V) — (v, 2)) Hy(Zy — 2)
1 N
= 2 [Yin¥an = Pre(1, 1lta(); 1) fore 2t ()
n=1

+ SlDlN (% Z)a

where SuPZﬁi@ |/§1D1N(y,z)| = O(hﬁ/bL) + O((b/hZ)M) +

0p(N~1/2). Throughout, we have used the fact that t/(y,z) =
ty(y) + (o1l (v, 2) — 75, (v, Zo)], oalmei (v, 2) — 7 (v, Za)])
to compute the relevant expectations. Combining Eqs. (A.34) and
(A.35), Eq. (A.33) becomes

S1 (7 (v, 25y, 2) = Zm(l 1t:(y,2); 7)

1
fo(2) Nb- &

1 [YlnYZn — Py (1, 1]ta(y); )/)]
Hy(Z, — —
Bl =2+ g Z; f@)

¢11(Zﬂvz V) lI/(thz)
X @) + le 30

fae

+%\{51N (ys Z)»
(A.36)
where sup:esw) |/§\1E1N (y,2)| = (@C]N (y,2)| + |§1D1N (y,z)|> X
yer
<1 + 0, (W» + 0, («/IW) for any § > 0. For all
(y,z) € N, X Z, we have
E [Py, 1185 (v, 2); Y)|Zn = 2] = E [Pyie(1, 1155 (1); ¥)|Z0 = 2]

= 8121 (7 (. 2); 7. 2).
Applying Theorem A.1, the first term on the right-hand side of
Eq. (A.35) satisfies

1
F2(z) Nb-
= 8121t (”r (¥.2):7.2)

1 [Pyie(1, 1185 (v, 2)5 ¥) — S1.2¢ (1
N @

x Hy(Zn — 2) + &}y (v, 2),
where sup ez |/$\1F1N(y,z)| = 0,(N*~'b71) for any § > 0. From
YENy

Z Pyie(1, 1165 (v, 2); ) Hp(Zn — 2)

v.2);7.2)]

above, (A.36) becomes

812 (T (v 2)s v, 2) = 121 (7 (v, 2)5 v, 2)

1 [Pyn(], ey (v, 2); v) — d121e (JT[*(%Z); V»Z)]
P 7@
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X Hb(Zn — Z)
1 [YinYan — Pye(1, 11ta(y); )]
> 6 L @ltn(r))
1N G11(Zn, 25 7)) (Yo, Zy)
+ N ; fZ (Z) + Vl,ZN (yv 2)7 (A37)

with vy, (v, 2) = €5 (y.2) +&, (v.2) forall (y.2) € N, x Z.

Parallel steps yield equivalent expressions for Sp“(nt*(y, 2);v,2),
forp=1,2:

Spie (T (v, D)3 v, 2) = 8y (v, 2)5 7, 2)
1 N [Pyic (U (v, 2)5 7)) = Spie (7 (v, 2)5 7. 2) ]
_l’_ p—

f2(2)
X Hb(Zn — Z)
1 [V — Py (1ta(y): 1)
+5 ; e fae @ta(r)
1 @ (Zn. 22 Y)W (Yo, Zn)
+5 ; =D + vy (7, 2), (A.38)

where ¢,(Zy, z; ) = [Ry(t, Zn; y)fze(2|t; y)dt, and Ry (t, Zy; v)
as in Eq. (A.32). We are now ready to present the linear
representation for 7, (y, z) that holds uniformly in &, x Z.

Lemma A.1. Take any (y,z) € N, x Z. Let ¢11(-) and ¢,(-) be
as defined in Egs. (A.34) and (A.38) respectively and define the terms
shown in Box V.

As in Theorem 1, let B(Y,) = (Y1,Yan, Yin, Yon)'. If our assumptions

3x1
are satisfied, then
7(y,2) —n'(y,z) =D(z,y)

1 {[E[B(Yn)nn(y)] — E[E[BO) | ta(1)] 120 =z1}
x =D
N n=1

blfz (z)

X Hy(Zy — 2) + [’3(“0 —E lB(Yn>|rn<y)1]
z(2)
Zna ; lI/ YTI’Zn
Xﬁlt(zlfn(y);y)+¢( zy) ¥ ( )
fz2(2)
+Ey(v.2),
where sup ez [Ex(y,2)| = [0,(N*"'b~th™%) + O(b/h®) +

yENy

O(h™/bY) + O((b/h)™) + 0,(N~2)] x [1 + O,(v/N=Th-D)] +
0,(v/N3=2b=Ly + 0,(N*~'b7t) forany § > 0.

Proof. Note that E[B(Y,)[ta(y)] = (Py;c(1, 1|tn(¥); ¥), Py, e (1]
ta(¥); ¥)s Pry e (Uta(y); ¥))', and E[E[BY)|t.(V)]Zy = 2z] =
(G120 (7 (¥, 2)5 v, 2), S (v, 2); v, 2), S ( (v, 2)5 v, 2))
The result follows from Eqgs. (A.26), (A.27), a result equivalent to
that of (A.5) — which follows from B3 -, and all the results that led
to Eqs. (A.37)and (A.38). O

A.3.2. Proof of Theorem 2

Consistency of ¥ follows from arguments parallel to those of
Eqgs. (A.12)-(A.15). Given the assumptions of Theorem 2, we can
show a result equivalent to Eq. (A.13):

sup
yel

1T Sh~ _
5 2 Uz Way. Ty, Z0)
1

n=

—E [Etz (W, V,ﬂ;;)(y,Z))]‘ 25 0.

Ly (W,y)
15 (W, yp)

Let IL(W,y) =

exp{ty Wy, mi (7.2)) o
B i if Z € Z and 1 otherwise; note that
>, exp{y(v,x, 2, v, nf:s) (v,Z))} = 1. Assumption B1 implies
thaty € I' 1 y # yoand Ly (W, y) /Ly (W, y) is constant w.p.1.
Using the same arguments as in Eqs. (A.14) and (A.15), we arrive

Wz W,y Tt (y,2))
ay

exp{ly (W, y, 7 (v.Z))}. Then

aty — . Now let §Vz W,y) = .wpaly

satisfies 1 Y N_| ST, (Wp, 7) = 0. We have

1L~ 1 L 85, (W, 7)
0= — St (W, + | = =2V G =),
N n§:1: vz Wa, v0) |:N n§:1 3y & =)

with ¥ between 7 and yy. (A.39)

We begin by analyzing % Zfl’:] §fyz (Wh, y0). Let ¢(Zy, z; yo) be
as in Lemma A.1. Then ¢(Z,, z; o) = [ R(t, Zy; yo)fzie (zIt; yo)dt.
Using Theorem A.1, Lemma A.1 and computing the projections
of all the U-statistics involved, we obtain the following linear
representation for Py‘tz (1,1 |/t\n(y0)) _PYltE (1, 1]t (o)) conditional
on Wy:

Pyies (1, 1[ta(10)) — Py (1, 1185 (1))
1 &N [waze — Py (1, 1|fn()/o))]

TN & P o) (6 ()

x Ky (te(v0) — tr (vo)) 1{Z, € Z}

VaPyiez (1,116 (%)) D(Zn. v0)
fZ(Zn)

1 N
X ;[E [B(Y0)lte (0. Z0)]

—E[B(Y)|Z = znl]Hb(ze —Z)

| VaPyig (1L11500) "1 ZN:H{Z c 2
f (600)) Ptz (yo)) N =

X DZe, y0) [ EIBYD) It (1))
— EIBOY) 12 [fe (6 0)12)

VaPyiez (1,116 (%)) D(Zn. v0)
fZ(Zn)

1 N
x 5 D [B(Y:) — EIBYD)lte(vo) ]
=1

VaPyes (1, 1163 (v0))
e (65 (v0)) Pz (£ ()
N

x %ZEZ[]l{Z € Z)

(=1

X fz1t (Znlte (Vo)) —

X D, 10)fi (& () IDIE(r0) = e (1o)
x [B(Ye) — E[B(Yy)[Xe, Z,]]
VaPyiez (1, 1187 (v0)) D(Za, v0)
@)

VaPyig (1, 1186 (10))
e (65 (v0)) Pz (£ (o))

1N
X g > 6. Zns yo)W (Yo, Z0) —
=1
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¢ (Zg, z V)= (b1 Zn.2;¥) 1 (Zn. 25 Y) s 2 (Zn, 23 7))
1 0 _51,2|r(77f*()’»2)§ v,2)
_ | Sy, 2); v, 2) Sy (v, 2); v, 2)?
V(zzx’gy) =1 S (i (v, 2)i v, 2) o 0
81\t(nt*(yvz); Y, Z) 51|t(7Tr*(}’»Z), Y, Z)z
D(zz,By) = Voo (77 (v, 25 v,2) V(zZ,y)
Box V.
1d ,
x5 Z{/Ez [1{Z € ZIDZ, vo)f (t; (0)1Z) It (y0)] X Pyiez (1, 1]t*(v0)) It*(yo)}D(Z, YolZ = Zni|
=1

X R(t (o), zwdr(yo)}wm, Z0) + Cry (Wa),

where
sup [Ziy (Wa)| = 0,(N""%) + 0, (N*"'b~"h %)

Wh:ZneZ

40, (N"Th™?) V8 > 0.

Equivalent expressions exist forf’\y‘té 1, 0|’t\n (yo)),ﬁy‘té 0,1 |’t\n (»0))
simply by replacing Pyex (1, 1|-) with Pyex (1,0[-) and Pyex 0, 1]
respectively. Let
aLz (1, 1]t*(v0))
dy
_ 1 Py (1, 1|7 (y); v)
Py (1, 1]t*(y); v) dy

0Py jex (111 edi
—%,—isas described in Eq. (27). Let

0Lz (1, 1|ty (vo))
ay

:| 1{Z € Z}
y=v0

where

_ 1 OPyiex (1, 1t (¥)5 ¥)
Py (1, 1[5 (v)s v) dy

Using our previous results, the fact that if Z € Z then:
E[B(Y)IX, Z] = E[B(Y)|t(y0)] = E[B(Y)[t(yo)] and t(yo) = t*(y0),
and computing the relevant U-statistic projections, algebraic
manipulation yields

:| 1{z, € z}.
Y=Yo

1N Blogﬁy‘[é(l,lﬁ(yo))
- Z Inf2n
ay

XN:{ Lz (1, 11t (w))
1n 2n—
- dy

t*(yo) = f:(l/o):|:|

1 if[ |:3Lz(1 1E00)
n=1

Iy

1{Z, € Z}

3Lz (1, W*(Vo))

x Py (1, 1]t*(v0))’ |Zi|D(Z, yo)lZ = Zn}

X [E[B(Yn)|Xn, Zn] — E[B(Yn)|Zy]]

_72 [ |:3Lz(1 1 (o)

ay

x [E[B(Y)|Xn, Zy] — E[B(Yn)|Zy]]

1 ZE[ [aLz (L1 0) |,

oy

x Py (1. 11¢%(v0))' |Z}D<z, ot (vo) = fff(l/o)i|

% [B(Yn) — E[B(Yn)|Xn, Zn]]

_72 [ [aLzu 1t (0)

oy

X Pyez (1, 11t* (v0))’ |f*(V0):|D(Z» yolt* (o) = f;,k(yo):|

x [B(Yn) — E[B(Yn)Xn, Zn]

1 aLz (1, 1t*(y0))
+5 ;E[E[E[Vﬂ

ay

X Pyex (1, 1|f*()/0))/ |Z:|

xD(z, J/o)|f*()/o):| VZE [BO)IE" (10)] 1Z = Zn:|

N *
X lIl(YnaZn) — % ZE|:E|:E|:EHZ(1’1“()/O))V”
n=1

dy

X Pyez (1, 1|f*()/0))/ |f*(V0)j|D(Z, Vo)|f*()/o)j| Va

E[B(Y)It*(v0)] 1Z = Z,,} W (Yo, Zn) + 0,(N~V/2). (A.40)

. dlog Py, ,x (1,0t (v0))
Analogous results exist for % Z’,f:] Yin(1 = Yo) —— 2 ———

Y
1{Z, € Z}, etc. by replacing Py|t§(], 11t (yo)) and Lz (1, 1|t(y0))
with their counterparts in each case. Taking the sum over y €
{(1, 1), (1,0), (0, 1), (0, 0)} we have

S E [3Lz It*(vo)

3y VaPyiz (V" (v0)) |f*()/o)]

y
= —E [Sym (W. o) It ()]

oL t*
Y E [Z(ya'y(”f’))vnpng VIt* (7)) |Z]
y

=—E [Syrrz (W7 VO)|Z] P
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with S, -, (W, y0) as in Theorem 2. Note that E[Y;Y,|X,Z,Z €
Z] = Py‘[%(l, 1|t*(y0)). Thus,

Lz (1, 1|t* (o))
d

E |:Y1Y2 f*(V0)7X,Zi|
_ 3PY|t§(1» 1|f*(V0))1{Z
ay

The same result holds for Y;(1 — YZ)W, etc. By
0Py iz ¥17)
ay

€ Z}.

construction, ),
that

oLz (1, 1|t*
z{mz 2(1, 1]t*(v0))

= 0. It follows by iterated expectations

(1 vy, 20118 G

dy dy
dLz(1,0|t*
-1y z(1, 0]t* (o))
dy
9Lz (0, 0[t* ()

+(A =Y -Y)

5 f*()’o)j| —0  (A41)
14

Let
SZ(WH VO) =E [Syﬂz (Ws V0)|t*(3/0)] —E [Syﬂz (Wv V0)|Z]

Az(Xn, Zn, v0) = E[E2(W, %0)I1Z = Z,]1D(Zy, yo)
X [E[B(Yn)|Xn, Za] — E [B(Yn)|Z4]]

Bz(Wa, 70) = E[E[&2(W, 10)IZ1DEZ, 10)It*(10) = t5(10)
X [E [B(Yn)|Xn, Zn] — B(Yn)]

E[E[E1&2W, 10)1Z1 D@, 1)1t (10)] Vi
X E[BO)IE ()] 12 = 20| # (V. 05 v0).

Egs. (A.40) and (A.41) yield

EZ(Wna VO)

- 1 &Y _
DS W 1) = = D[S0 Wa 70) + Az, Zu. 1)

n=1 n=1

Z| =

+ Bz (Wa, 70) + Cz(Wa, y0) | + 0p(N"12). (A42)

Now let ¥ be as described in Eq. (A.39). Denote 15, = 1{Z, €
Z}. The uniform convergence properties of our nonparametric
estimators and consistency of J yield

1 N 82 logﬁy\%(], 1|/t\(’]7))
- Z Y]nYZH l
N n=1 8)/8)/
_ _l N YlnYZn]]-Zn

N & Py (1, 1[E7))?
5 0Py (1, 1[E(7)) 9Py (1, 1[E )

1{Z, € Z}

ay ay
+li YinYanlz, 0Py (1, 1E))
N & Py (1, 1[67)) dyay’
» 1z ez} 9Py (1,1t (v0)
— —E
Pyjex (1, 1]t*(y0)) ay
. 3Py ez (1, 1" (v0))
ay
3%Pyyex (1, 1]t*(y0))
tE|1z e zj— 2 o
dyady’

. 2Py (¥ (1)) .
By construction, Zy W = 0.The previous result and the

definition of§fyZ (Wy, ¥) in Eq. (A.39) yield

1 L 35, (W, 7)
m ZVT s —E[S,, (W, 1%0)S,,(W. y0)']
n=1

= —Jdq.

Using Assumption B5, (A.39), (A.42) and the above equation, we
get

S 1y -
7= 10 = 15" X = 3 [Sy (Wa. 10) + Az, Zu, )

n=1

+ Bz(Wy, v0) + Cz(Wy, Vo)] + OP(N71/2)-

which concludes the proof. O

A.4. Monotonicity of the loci ¢1(m1, 725 0,2) = 0, ¢, (71, 725 0, 2)
=0

If (6) is satisfied, for each 7, € [0, 1] there exists a unique
my € [0, 1] such that ¢q(wr1, m3;6,2z) = 0. The same holds
for ¢, (1, m2; 0, z) = 0. Therefore, both loci can be depicted as
continuous curves in [0, 1]%. Let up(Z) = E[X,|Z] and express
X, = wup(Z2) + vp, where E[v,|Z] = 0. Let n,(By) =
&p — vpfp. Take (11,m2) € R* and let Hyp(p1, m2; B,2) =
Pr(ni(B1) < mln(B2) < m.Z = z) and Hyn(n2, m1; B,2) =
Pr(n2(B2) =< mlm(B1) < m,Z = z). We can re-express
e1(m1,m2:60,2) = m — Hip(ui@)'B1 + oqma, n2(2)' B2 +
axmy; B,2) and @y (my, m1;60,2) = m — Hypn(ua(@)'Be +
a7y, 1(2)' B1 + ayma; B, z). Thus, the signs of the slopes of the
loci p1 (71, m5; 0, z) = 0and @, (m,, 71; 6, z) = 0 are given by the
signs of o1 V), Hij2(11(2) 1 + a1z, pn2(2)' Ba + aamy; B, z) and
o2 Vi, o1 (2(2) B2 + aamry, 11(2) B1 + aqma; B, z), respectively.
These signs are equal to those of oy and «, respectively,
since V, Hip(n1,1m2; 8,2) > 0 and V,,Hy1(n2,m; B,2) >
OY(n1, 12) € R%,z € S(Z), 6 € R¥3,
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