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Abstract

We propose a nonparametric test for cooperative behavior among players in dis-
crete, static games. Assuming that certain exchangeability conditions hold if we
match observable characteristics across all players, we obtain testable implications
for cooperative behavior when players maximize an unknown, symmetric joint objec-
tive function. Cooperation implies the existence of a class of outcomes ) such that,
conditional on the matching, the probability of observing an outcome y € Y must be
equal to the probability of observing any permutation of y. We present a nonparamet-
ric econometric test and we characterize its asymptotic properties. We apply our test
to expansion/entry decisions of Lowe’s and Home Depot in the contiguous U.S and
we find that, while outcomes are consistent with noncooperative behavior in larger
markets, we fail to reject cooperation in smaller markets.

Keywords: Econometrics of games, nonparametric tests, matching, conditional mo-
ment restrictions.
JEL classification: C01, C12, C14, C57.

1 Introduction

The ability to test alternative behavioral models nonparametrically is a valuable tool in

the econometric analysis of games. Of particular interest is the question of whether the
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data observed was generated by noncooperative behavior or if there is evidence of co-
operation. Econometric methods to detect the presence of collusion have received par-
ticular attention, for example, in auction models, where the various methods proposed
have taken advantage of the specific auction rules and have made precise assumptions
on bidders’ valuations and the nature of underlying collusive scheme in order to identify
colluders. Some examples of this work include McAfee and McMillan (1992), Porter and
Zona (1993), Baldwin, Marshall, and Richard (1997)),|Porter and Zona (1999), Pesendorfer
(2000), Bajari and Ye (2003), /Aryal and Gabrielli (2013), Marmer, Shneyerov, and Kaplan
(2017), and [Schurter (2020). Some of the tests proposed rely on parametric assumptions
while the ones that are nonparametric produce testable implications in the form of in-
dependence or orthogonality conditions. All of them leverage specific features about the
auction format studied and the particular type of collusive scheme conjectured.

Testing firm conduct in in the context of structural models of demand and supply
has also received attention in the empirical Industrial Organization literature, and col-
lusive behavior has been one of the applications. Tests of firm conduct typically involve
some form of comparison of the observed markups against the markups predicted by a
particular conduct model. Some examples include Bresnahan (1982), Porter (1983)), Sul-
livan (1985), Bresnahan (1987), |Gasmi, Laffont, and Vuong (1992), Genovese and Mullin
(1998), Berry and Haile (2014), Bergquist and Dinerstein (2020), [Sullivan (2020), and
Duarte, Magnolfi, Solvsten, and Sullivan (2021)). Most existing tests rely on the availabil-
ity of valid instruments (see Berry and Haile (2014)), and a number of them become spe-
cial cases of nonnested econometric specification tests (Vuong (1989), Rivers and Vuong
(2002)). Some recent approaches (see Bergquist and Dinerstein (2020)) use data from
randomized control trials designed to test alternative conduct models. Finally, testing for
cooperation has also been studied in experimental economics (see, e.g, Dal B6 (2005), M.
and Normann (2012), Fréchette, Lizzeri, and Vespa (2020)). However, the nature of ex-
perimental data, where the researcher controls key aspects of the data generating process,
which are assumed to be unknown in our setting, makes this type of work fundamentally
different, and not applicable to our problem.

In this paper we propose a nonparametric test for cooperation in discrete, static games.
Our test relies on the assumption that certain exchangeability conditions in players’ pay-
off functions hold if we match observable payoff covariates across all players. Combined
with the assumption that players maximize an unknown joint objective function that
treats all players symmetrically (conditional on the aforementioned matching of payoff
covariates across players), cooperation implies the existence of a class of outcomes ) such

that, conditional on matching observable payoff covariates across all players, the proba-



bility of observing an outcome y € ) must be equal to the probability of observing any
permutation of y. Our econometric test is based on the conditional moment-equalities
implied by cooperation. We contribute to the literature by focusing on a fairly general
class of discrete games, and developing a nonparametric econometric test that does not
rely on any type of parametric assumption regarding payoffs, nor does it rely on a specific
“collusion” scheme. We also do not rely on the existence of instruments, or on exclusion
restrictions in payoff covariates across players. Our setup also allows for the possibility
that players cooperate in some instances, while they do not cooperate in others.

The paper proceeds as follows. Section [2| focuses on a binary choice game with mul-
tiple players in order to illustrate our approach. Section [3|then extends to more general
discrete games. Section [4| describes our econometric test and its asymptotic properties.
Section [5] summarizes the results of Monte Carlo experiments. Section [6] includes an
empirical illustration where we analyze expansion/entry decisions by Home Depot and
Lowe’s in geographic markets of the contiguous U.S. Section [7|concludes. Proofs are con-
tained in the appendix, with step-by-step details pertaining to our main econometric

result included in the online supplementﬂ

2 A binary choice game

2.1 Action space

The game consists of a collection of P > 2 players, where each player p has a binary action
Y, € {0,1}. Following convention, we will use lower case letters to denote a potential
action, and upper case letters to denote actual choices made. Similarly, we will use the
subscript —p to denote all players except p. Thus, y, € {0,1} and y_, € {0, 1}~ denote,
respectively, a potential action by player p and a potential action profile by all players
except p, while Y, and Y_, denote, respectively, the action chosen by p and the action
profile chosen by all players except p. We will adopt the convention of listing the choices
of each player within Y_, and y_,, in order, meaning Y_, = (Y, Y5,...,Y,_1, Y,41,..., Yp) and
Y-p=@1Y2Yp-1,Yp+1,---,Yp). Finally, we will let y € {0, 1}? denote a particular action
profile by all players in the game and we will let Y denote the action profile chosen by the
players in the game, both listed in order. Thatis, Y = (Y, Y,,...,Yp)and vy = (v1,92,...,Vp)-
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2.1.1 Notation for unit vectors

We will let e, € RF denote the P—dimensional vector that consists of zeros everywhere and
1 in the rt" position, and we will let 1, € RP~! denote the (P — 1)—dimensional vector that
consists of zeros everywhere and 1 in the r*" position. Finally, we lete =(1,...,1)’ € R?

denote the vector of all-ones in RY. All these will be treated as column vectors.

2.2 Characteristics of the game

Each player has a collection of observable characteristics to the econometrician, which we
will denote as X,,, and we will group Xg = (Xy,...,X,,). We interpret X,, and X, as denot-
ing the same set of economic characteristics (e.g, market share, firm size, cost measures,
distance to distribution center, etc.) for players p and g, and we will denote dim(X,) = d,.
We denote all other characteristics of the game as v, which may include a player-specific
characteristics and global variables of the game. The distinction in the roles played by
X and v in our model will become clear below. We denote Supp(&) as the support of a

random variable &.

Assumption 1 (A support condition) Let X = ﬂgzlSupp(Xp) c R%. We do not require
Supp(X,) = Supp(X,) but we will maintain that X = 0. Take any x € X and let ® be the
Kronecker product operator. We have e ® x = (x,...,x) € R (P copies of x). Let fx, denote
the joint density of Xg. Then X = {x € R% : fx;(e®x)>0}=0. m

2.2.1 A probability definition

For each x € X, we will denote
Qlx)=Pr(Y =y |Xg=e®x)=Pr(Y =y |X; =--=Xp =x) (1)

This is the probability that the outcome observed is y, conditional on matching all players’

observable characteristics to x.

2.3 Payoff functions

The payoff for player p is a function denoted as u,(Y),, Xg,v). We will assume that it

_ps
satisfies the following condition.

Assumption 2 (A stochastic payoff-symmetry condition for a class of action profiles)
Let A 2 B denote A and B having the same distribution. Let (¢y,...,€p) and (ky,...,kp) denote



any two permutations of (1,...,P). Let S = {e, for somer =1,...,P}. Then, for any action
profile s = (sq,...,sp) €S,

ufl(slfs—bXGlV) ukl(slfS—I’XGlV)

Uug,(52,5-2, X6, V) | 4 | ik, (52,52, X, V)

g, (sp,s—p,Xg,v)) \uk,(sp,s_p,Xc, V)

Assumption |2|states that, if we match X, across all players, an exchangeability condition
for payoffs follows for all action profiles of the form y = ¢,. For illustration, suppose P = 3
and consider the action profile s = ¢, = (0, 1,0). Take the permutations (1,3,2) and (2,3,1)
of (1,2,3). Assumption [2]states that, if X; = X, = X3, then

ul(O,(l,O),XG,v) u2(0!(110)!XG'V)
us(1,(0,0), X, v) | £ | us(1,(0,0), Xg, v)
u5(0,(0,1),Xg,v) u1(0,(0,1), Xg,v)

And the above holds for all permutations of (1,2, 3). Note that, in the context of an entry
game, the class of action profiles § in Assumption [2|is the collection of all outcomes

where only one player enters the market.

2.3.1 An example of payoff functions that satisfy Assumption 2]

Suppose payoffs have the following structure,
up(Yp, Y_p, X, v) = §p(X, v) + (X, v) - AMY_p) + 5 (X, v) - Yy + Ap(Y_p, X, v) - Yy (2)

Payoff functions with this structure can satisfy Assumption |2| under the following con-
ditions. Suppose A(-) is the same function for all players and it is symmetric in all its
arguments, with A(z,) = A(1,) = A for all (r,m) € 1,...,P -1, and A(0) = 0. There are two
types of strategic effects in (2). A captures the effect of other players’ actions that is in-
dependent of the choice made by player p (for example, a shift in p’s residual demand).
The function A, captures the effect of other players’ actions which depends on the choice
made by player p. The remaining components of (2) are non-strategic and they depend
only on the choice made by p.

Definition (exchangeability, Feller (1970, p.228)): The random variables &,...,&p are



said to be exchangeable if the P! permutations (&, ,...,&¢,) have the same joint probability

distribution. m

Let 6)(Xg, v) = ¢p(Xg, v)+,(Xg, v)-Aand 0,(Xc,v) = ¢p(Xg,v)+P,(Xg, v) and suppose,

0%Xc:,v),...,0% (X, v) are exchangeable
X == Xp = 1(Xg,v) (X, V) X g 3)
9% (X v),---s 9113(XG, v) are exchangeable

We do not impose any exchangeability on the functions A,(Y_,, X¢,v), but we assume
thatﬂ A,(0,Xg,v) =0 w.p.1. This would be satisfied, for example, if

) Aj(Xev)- Yq],

q#p

Ap(Y—piXG’V) =

with the signs of each AZ(XG, v) being unrestricted and unknown. Then, the payoff func-
tions described in ({2 satisfy the exchangeability property in Assumption

2.4 Ajoint objective function
We model cooperation in the following way.

Assumption 3 (Cooperation)

Conditional on the event X, = --- = Xp, players choose Y to maximize a joint objective function
UY,Xgv) = V(u(Y,Xgv),...,up(Y, Xg,v); Xg, v), for some function V(uy,...,up;Xg,Vv)
which depends on the payoffs of each player and (possibly) on Xg and v as direct arguments as

well. We will treat the joint objective function as unknown, except for the following features.

(i) Conditional on the event X = --- = Xp, the joint objective function is symmetric in uy,..., Up.
That is, if Xy = --- = Xp, then V(uy,...,up; Xg,v) = V(ug,,..., ug,; Xg, v) for any permutation
(€,...,Cp) of (1,...,P).

(i1) Pr(V(ul(y,XG,v),...,up(y,XC;,v);XG,v) = V(ul(y’,XG,v),...,up(y’,XG,v);XG,v)) =0
for any pairy =y’ in {0,1}F. m

Part (i) of Assumption 3|states that when we match the characteristics X, across all play-
ers, their joint objective function treats the payoffs of all players equally. Part (ii) ensures

U(y, Xg,v) has a unique maximizer for almost every (a.e) realization of (X, v), so

Pr(Y =ylX; =+ = Xp) = Pr(U(y, X, v) > U Xe, )V ' 29 [Xy == Xp) V3. (4)

2We only need A,(0,Xg,v) = C w.p.1 for some constant C, not necessarily zero.
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Remark 1 Assumption [3| presupposes cooperation only when Xy = --- = Xp. Our results will
leave players’ behavior unspecified otherwise, allowing, for example, for a situation where firms
behave noncooperatively in some markets while they cooperate in others. Naturally, we include

the scenario where players always cooperate as a special case.
2.4.1 Examples of joint objective functions that satisfy the symmetry condition in
Assumption [3]

A vast class of joint objective functions can satisfy the symmetry restrictions in Assump-

tion 3| Some immediate examples include,

P
V(uy,...,up;Xg,v) = ZC(XP,V) “Up,

V(uy,...,up; Xg,v) = max{C(Xy,v)-uy,...,C(Xp,v) - up},
V(uy,...,up; Xg,v) =min{C(Xy,v)- uy,...,C(Xp, V) up}.

For any v, if we match X; = --- = Xp, we have C(Xy,v) = --- = C(Xp,v), making these

objective functions symmetric in (uy,---, up).

2.5 Implications of Assumptions and

Exchangeability, symmetry and cooperation under our previous conditions produce the

following result in our binary choice game.

Proposition 1 Suppose Assumptions and(3|hold. Then,

Qleplx) = Qleylx) ¥V p,q, foraexeX (5)
The proof of Proposition is included in the appendix.

Remark 2 Our test will only rely on assumptions about players’ behavior when their payoff
covariates are matched. We make no assumptions about their behavior otherwise. Thus, our
setup allows for the possibility that players cooperate in some instances, while they do not

cooperate in others.



2.6 Violations of condition (5) when players’ true behavior is nonco-

operative

Let us discuss conditions under which (5) can be violated if players’ true behavior is non-
cooperative while the exchangeability conditions in Assumption |2|are satisfied. Suppose
the actions observed are the realization of a complete-information Nash equilibriumﬂ
(NE). NE outcomes can be characterized as follows. Partition the support of (X, v) into
J mutually exclusive regions, Ry,...,R;. The number of equilibria in region R; (in pure
and mixed strategies) is denoted as &;. Let us list the &; NE in region R; as 7; ,. o T
where 7t;,() = Pr(Y = y under NE j;). There is also an equilibrium selectlon mechanism
M Wthh determines which NE is selected in regions of multiplicity. Let .#, be the

indicator function for .# selecting NE j,. Then,

J
Pr(Y=y|X;=---= Z

j=1 ¢=

&

{ [7.0) | (Xev) €R;, ), =1, Xy =+ = Xp]
1
-Pr((XG,v)eR]-|///j(:1,X1:-~-:Xp)-Pr(///j(:1|X1:---:Xp)}

From (6)), there are different ways in which (5] can be violated while Assumption [2/holds.
For example, the following can be sufficient conditions for such a violation to occur.

(i) For some pair of players r # p, there exist regions R; and Rjy where only e, or ¢, is a NE
outcome, but not both and,
ZE[T(N e)) | (Xg, V) €R;, M =1, Xy =+ =Xp| 2 ZE[n][ ep) | (Xg,v)ERy , My =1, Xy == Xp]|,

or

=Xp) = Pr((Xg,v) €R}y | Xy =+ = Xp)

Pr((Xg,v) € R | X

(ii) For some pair of players r # p, there exists a region R; where both e, and ¢, are NE
outcomes for two different NE, je and j,,, and,

E[T(]‘[(er)|(XG,V)ER]',///]‘€=1,X1: —Xp]iE[T(] ey |(XG, )ER;, .4, 1zX1="'=Xp],
or
Pr(///jgzl|X1="'=XP)¢PT(«///]'M=1|X1='~-=Xp)

As the above arguments suggest, there are various channels through which can be

30ther noncooperative behavioral models can be considered, we focus on Nash equilibrium because it
is the most widely assumed.



violated if true behavior is noncooperative. This can occur through differences in the NE
mixing probabilities across different equilibrium regions, differences in the likelihood
of falling in equilibrium regions (as in case (i) above), or through the properties of the
equilibrium selection mechanism (as in case (ii)). All of these scenarios are compatible
with Assumption |2} On the other hand, in certain cases it is possible for (6) to be satisfied
even if the true behavior is Nash equilibrium. For example, this would happen if the

following is true.

(i) There exists a collection of P regions, Ry,..., Rp such that, each ep is a pure-strategy
Nash equilibrium (PSNE) if and only if (X, v) € R, and if, in addition, these regions
are such that Pr((X,v) € Rp|X; =--- = Xp) = Pr((X,v) € Rg|X; = - = Xp) for all p,q.

(ii) If any outcome y = e, is played with positive probability in a mixed-strategy Nash
equilibrium (MSNE), then every outcome y = ¢, is also played with positive prob-
ability in this MSNE and they are all played with the same probability, so we have
E[m(ey)|Xy == X,| = E[m(eg)| Xy =--- = X, | for all p.q.

2.7 The 2x2 case

In a binary choice game where Y, € {0, 1} with two players (i.e, a 2 x 2 game), equation (5]
reduces to,
Q(1,0|x) = Q(0,1]x), aexeX (7)

In other words, cooperation in a 2 x 2 game implies Pr(1,0|X; = X;) = Pr(0,1|X; = X;) a.s.
In the online supplement we take a look at 2x2 games in more detail and we illustrate the
restrictions implied by our assumptions, as well as the power of our testable implications
when the true underlying behavior is noncooperative. There, we show how Nash equi-
librium behavior can lead to violations of (7)) if players’ strategic-interaction effects are
asymmetric, or if the equilibrium selection mechanism selects equilibria with different

probabilities.

3 A more general discrete game

Assume now that Yp € )Y (a discrete, finite set) for each p. We still assume that the action
space is the same for all players but it is not restricted to be binary. The joint action space

is then Y. The following condition generalizes Assumption



Assumption 4 There exists S C V¥ such that, for any s = (sy,...,sp) € S, the following holds.
Let (€y,...,€p) and (ky,...,kp) denote any pair of permutations of (1,...,P). Then,

ugl(sl,s_l,X(;,v) ukl(slfs—llXG;V)

Uug,(52,5-2, X6, V) | 4 | ik, (52,52, X, v)

Xlz---:XP —_—> |

ufp(st S_p,XG,V) MkP(Sp,S_p,XG,V)

Assumption [2| in our binary choice game is a special case of Assumption [4, with § =
{e, : p=1,...,P}. In (2) we provided an expression for payoff functions that would satisfy
Assumption |2l We can generalize this class of payoff functions as follows. Suppose,

up(Ypl —erGJ V) = 4)2(XG1 V) + qbgly(Xva) : /\(Y—p) + (;[);(XGI V) : m(Yp) + Ap(XGJ V) ' TI(Ypl Y—p)r

where the functions A(-), m(:) and 7/(-) are the same across all players and, for any given
Yp € Y, the functions A(Y_,) and 7(y,, Y_,) are symmetric in Y_,. The condition in As-
sumption |4/ would be satisfied for S = " (the entire action space) if, X; = --- = Xp
implies: (a) ¥1(Xg,v),...,¥p(Xg,v) are exchangeable, (b) 61(Xg,v),...,0p(Xg,v) are ex-
changeable, (¢) ¢1(Xg,v),...,Pp(Xg,v) are exchangeable, and (d) A(Xg,V),...,Ap(Xg, V)
are exchangeable.

3.1 Implications of Assumptions and

The following Theorem generalizes the binary-choice result in Proposition

Theorem 1 Suppose Assumptions|[I}[3|and [4 hold. Then, for any y € S and any permutation
v of 9,
Q(y|x) = Q'|x) fora.exe X (8)

The proof of Theorem 1]is included in the appendix. This result is a generalization of
and it summarizes the testable implications of cooperation in our setting. We describe an

econometric test based on next.
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4 An econometric test

Assume that X, can be split into a collection of r continuously distributed and m discrete
random variables, where r + m = d,, = dim(X,),

X

= (5 X ) = (X5 ),

continuous discrete

where X; = (X;R...,X;r) and Xg = (Xgl,...,Xg’”). Let X be as defined in Assumption

Then, each x € X can be expressed as

x= (x4, .10 x M, x) = (26, x%).

S e e
continuous discrete

We will let X¢ and X denote the range of values of x¢ and x? within X. Recall that
Xgi = (X1i,-..,Xpj) denotes the collection of all players’ observable characteristics. Let
X¢ = (X{,...,Xp) and Xé = (Xd .,Xg) denote the collection of all players’ continuous

and discrete observable characteristics, respectively.

4.1 A population statistic to test cooperation

Let o(y) denote the collection of all distinct permutations of y. Let Q(y|x) be as defined
in (I). Let fx.(-) denote the density function of Xs. For each x € X, denote

(,7'|x) = (Q(ylx) - Q(¥'|x)) - fx (e ®x).

Recall that every x € X can be partitioned as x = (x%,x?). Let w(x) denote a pre-specified
weight function that satisfies w(x) > 0 V x, and w(x) > 0 only if x € X. Let S C V' be as
described in Assumption |4, and let

7=) Y Y | teywrewar o

}/68 }/’EO'(}]) xdexd xCeXe

For simplicity, let us normalize our weight function so that }_ f w(x)dx® = 1. By con-
xdeXdycexe
struction, 7 > 0, and 7 = 0 only if is satisfied. Therefore, we can test for cooperation

by testing the null hypothesis Hy: 7 = 0.

11



Assumption E1 (Weight function properties) For each x°, w(x€,x?) is continuous in x°. Let
x¢ and x° denote the (element-wise) minimum and maximum values of x for which w(x¢, xd) >
0 for some x4, and for each p let X; and Y; denote the (element-wise) minimum and maximum
values of the support of the distribution of X;. Then, there exists a constant D > 0 such that
x*—X,>D and X; —Xx° > D for each p. In other words, the range of values of x° for which
w(x%,x%) > 0 for some x¢, belongs in the interior of Supp(Xp), for each p. m

Note that Assumption allows for Supp(X;) to be unbounded.

4.2 Constructing a test-statistic

Our test is based on matching X; = --- = Xp = x. While this matching can be done exactly
for Xg , we do it asymptotically for X7. Let x(-) be a real-valued, univariate kernel function
and let h, be a bandwidth sequence and denote L = P - r (the total number of continuous

covariates in Xg;). For a given x = (x¢,x%), let

K( _e®x) ﬁ]_[ ' H{Xcz—e®x}zﬁﬁ1{xﬁi=xd5}, (10)

;
p=1 (=
1 K(Xéi—e@)xc
ht h,

n

Cé xCe

T(Xgi x,h,) = )-ﬂ{xgi =eqx’}.

Let S(Y;,9,9') = 1{Y; =y} - 1{Y; =y}, and
o\
T(,y'|x)* = (2) ZS(E,W’) -S(Y;,9,9) - T(Xgi, x, hy) - T (Xgj, X, )
i<j
This is a U-statistic of order two. Then,
T = Z Z Z f T, v'1%) 2 w(x)dx". (11)
veSy'eo(y)xlex? ¢ ye

Assumption E2 (Smoothness conditions with respect to Xg)
For each p, and each x, = (x, ) € Supp( p) XpTESS X = (x,c,l, . x; ) and xp = (xf,l - x;,l"'),
and group x¢ = (x{,...,Xp), and xG = (x‘l’l, ,xP) There exists X5 C Supp(X) that satisfies

the following.

(i)e®xeX(*;for each x e X.

12



(ii) Let u(y|Xg) = Pr(Y = y|X;), and note from our definition in (1)) that Q(y|x) = p(vle®x) for
each x e X. Let ch x4 denote the conditional density of X, given Xd There exists a constant

D < oo and an integer M such that, for each xg = (xS, xG) € X[, each integer 1 < j < M, and
any collection {{jg}}l;l}gz1 such that 2521 Y jg = j, we have fxg|xg(xcclxdc) <D, and

9 fepxa (xG|x)
(ax? )]11 (axi’)]f ...... (axlcal )]1g (axlc;)]lr)

‘ (9x' )it e (Ox Y (8x§}) (x5 )ib
where the last holds for any v € 0(y) : v € S, with S as defined in Assumption |4, m

Assumption E3 (Kernels and bandwidths)
Let M be the integer described in Assumption[E2] The following conditions hold,

(i) The kernel is constructed as described in (10). The kernel K( ) is bias- reducing of order M
with support of the form [-S,S] (k(v OVve( -S,S), wzthfs v)dv =1, ISU]K v)dv =0
forj=1,...,M -1 and I_Ss lv Mk (v )dv < o00) and symmetric around zero (i.e, xk(v) = k(—v) for

all v). In addition, |x(-)| < ¥ for a constant ¥ < co.

r

(ii) The bandwidth sequence satisfies n- h2t" —s oo, and n - Y L0 m

Part (ii) of Assumption requires M +5>2L~r. Since L = P -r, the smallest value of M
(the number of higher-order derivatives of the functionals described in Assumption
consistent with Assumption[E3|is M =[r-(2P — 3/2)], where [x] = ceiling(x). For example,
if P = 2 (a two-player game), the smallest value of M consistent with Assumption [E3|is
M =[5r/27. Recall that M also determines the order of the kernel used. If our bandwidth
is of the form h,, «c n™%, part (ii) of Assumptionrequires m <ap < =

r(2P-1)"
4.3 Asymptotic properties of T
Group U; = (Y}, Xg;), denote S(Y;,Y;,9,3") = S(Y;,9,9") - S(Y;,9,9),
SWpY)=) ) SV,
yeSy'ea(y)
(P(XGi’XGjlhn) = Z j F(XGi,x,hn).F(XGj,x,hn)a)(x)dxf, (12)

d d
xeX® oo yc

H,(U;, Uj) = S(Y;,Y;) - 9(Xgi, Xgj, by)-

13



We have ,
—~ (n
T= (2) ) Hy(U; Uy, (13)

i<j
so, our test-statistic is a U-statistic of order 2. From here, applying the results in |Hall

(1986), we obtain the following result.

Theorem 2 Suppose Assumptions and [E3|hold and that each X, includes at least one

continuously distributed covariate (i.e, r > 1). Then,

(i) If players cooperate under the conditions described in Section then

—

n-7 2, N(0,1).
\/2 E[H,(U,,U))?]

(i1) If players do not cooperate and is violated (and therefore T > 0), we have

—

lim Pr >cl=1 Ve

n-T
e \/Z-E[Hn(Ui, U,)?]

The main steps of the proof of Theorem [2]are described in the appendix. All the step-by-
step details and derivations are included in the online supplement. The proof is based
on the conditions of Hall (1986, Theorem 1), which result in asymptotic normality for
degenerate U-statistics whose kernel functions (not to be confused with the kernel used
to construct our nonparametric estimators) change with 7, as is our case —under the null
hypothesis of cooperation— due to the presence of the bandwidth sequence h,. While
limiting distributions for degenerate U-statistics of order two, whose kernel functions are
fixed, are a linear combination of independent, centered )(f distributions (see Gregory
(1977), Neuhaus (1977), Serfling (1980, Section 5.5.2)), using Margingale theory, Hall
(1986, Theorem 1) shows sufficient conditions to derive a central limit theorem. This
CLT has been used to construct consistent specification tests (Zheng (1996), Fan and Li
(1996)), and it has been generalized for degenerate U-statistics of higher order by [Fan
and Li (1996)). The bandwidth convergence conditions in Assumption [E3|are designed to
satisfy the conditions in |Hall (1986, Theorem 1).

Using the result in Theorem 2| we can use the following rejection rule for testing

14



cooperation. Let

—

T

-1
n-7 = n
— , where E[Hn(Ui, U]»)Z] - (2) ZHn(Ui, Uj)>.
\/Z-E[Hn(Ui, U)?| 5
Choose a target significance level a and let z;_, denote the Standard Normal (1 — )"

quantile. Our rejection rule is the following,
Reject the null hypothesis of cooperation if and only if t> z,_,

By part (ii) of Theorem (2, our proposed test is consistent (it rejects cooperation if the
conditional moment restrictions are violated with nonzero probability), and by part (i), it

achieves the target significance level asymptotically.

5 Monte Carlo experiments

The details of our Monte Carlo experiments are included in the online supplement. We

summarize them here. Our experiments revolve around a 2 x 2 game,

Y2:1 Y2:O
Vi=1|X+X}+A1+e, X3+ X3+ M +6 | X{+Xi+¢€,0
Y; =0 0,X;+X3+¢, 0,0

In all our experiments, (X;,le, sp) are iid N (0,1). The strategic interaction parameters
(A1,Az) are constant, with A, < 0 (strategic substitutes). First, we generate data first
assuming non-cooperative, pure-strategy Nash-equilibrium (PSNE) behavior. We use two
DGPs. In the first DGP, we set A} = -2 and A, = —1 and the PSNE selection mechanism
chooses both coexisting Nash equilibria, {(1,0), (0, 1)} in the multiple NE region with equal
probability. Our goal here is to evaluate the power of our test when the strategic effects
are different across players. In the second DGP, we set A} = A, = -2 and assume that the
selection mechanism chooses the coexisting PSNE with different probabilities. Our goal
is to evaluate the power of our test when the strategic effects are equal but the selection
mechanism does not choose the coexisting NE with uniform probability.

For both DGPs we also generate data assuming cooperation, with three alternative
joint objective functions: V(uy,uy) = uy + up, V(uy,up) = max{ug,uy} and V(uy,u,) =
min {uy,u,}. In all cases where cooperation is the true model, we find that, while our re-
jection rates are above our target significance levels in small samples, as the sample size

increases (approaching n = 1000 in our experiments), the rejection rates are much closer
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to the asymptotic size predictions in Theorem [2| We also find that our test has power
to reject cooperation when the true behavior is noncooperative, and that this power can
be derived from an asymmetry in players’ strategic-interaction effects or from the prop-
erties of the equilibrium selection mechanism. The kernels and bandwidths employed
are described in the online supplement, but they have the same structure as those we
use in our empirical illustration, described in Section As we describe there, we use
bandwidths of the form h, = ¢, - 5(X) - n~%, where 6(X) is the sample standard deviation
of X (we use covariate-specific bandwidths) and a;, > 0 is our bandwidth convergence
rate, designed to satisfy the restrictions in Assumption[E3] Tables[I]and [2]summarize our
Monte Carlo results when ¢;, = 1.25, the value that showed the best balance between size
and power in our experiments. In the online supplement, we repeat our experiments for

a range of values ¢, € [1,2] and we find that our results are robust.

Table 1: Monte Carlo experiment results. Rejection rates for the null hypothesis of coop-
eration when A; = -2, A, = —1 and PSNE selection mechanism is uniform

Cooperative behavior PSNE behavior
S.ample V(ug,uy)=| V(ug,up) = V(.ul,uz) = Py(1,0) = 0.50
size Uy + Uy max {uy,up} | min{uy, u,}
n =250 8.2% 8.1% 6.7% 36.8%
n =500 6.2% 6.2% 7.3% 58.3%
n=1000 5.6% 5.5% 4.6% 82.4%

e Py4(y) = Pr(mechanism M will choose PSNE ), with Py(1,0) + Py(0,1) = 1.
e 1000 simulations in each case.

Table 2: Monte Carlo experiment results. Rejection rates for the null hypothesis of coop-
eration when A; = -2, A, = -2 and PSNE selection mechanism is non-uniform

Cooperative behavior PSNE behavior
Sample | V(uy,uy) = V(uy,up) = V(ug, up) 3 B B
size Uy + Uy max{ul,u;}min{ul,uz}PM(l’O) =0.25 | Ppn(1,0)=0.10
n =250 8.1% 8.1% 6.7% 30.8% 62.3%
n=>500 6.2% 6.2% 7.3% 51.9% 87.0%
000 | 35% 5.5% 4.6% 74.4% 98.9%

e Py(y) = Pr(mechanism M will choose PSNE v), with Py(1,0) + Py(0,1) = 1.
e 1000 simulations in each case.
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6 Empirical illustration

We apply our methodology to analyze expansion and entry decisions by Lowe’s and Home
Depot into geographic markets in the continental United States between 2008 and 2022.

We model expansion (entry) as a binary choice, with
Y,; = 1{ Player p expands its presence in market i between 2008 and 2022}

We model player p = 1 as Lowe’s and p = 2 as Home Depot, and we define a market
i as a core-based statistical area (CBSA) in the contiguous United States ( the lower 48
states in North America, including the District of Columbia). We say that Y,; = 1 if and
only if the number of stores of player p in market i increased between 2008 and 2022.
Note that expansion implies entry in markets where player p had no presence in 2008.
Our sample consists of n = 954 markets. Our matching covariates include three ele-
ments. X;Z- =Number of stores percapita of player p within 100 miles of market i in 2008.
X}fi =Number of stores percapita of player p’s opponent within 100 miles of market i in 2008.
Xsi =Distance between market i and the nearest regional distribution center of player p in
2008. Thus, we have X,; = (X, X’

pi’“pi’
random variables. Thus, we have r = 3 continuously distributed covariates.

Xsi), and we treat each one of them as continuous

Table 3: Some summary statistics of expansion decisions between 2008-2022

Proportion . Proportion . .
of markets | Proportion Proportion | Proportion
of markets
where of markets where of markets | of markets
at least one | where both where where
—_— . only one ,
firm firms — Lowe’s | Home Depot
expanded expanded firm expanded expanded
P expanded
21.9% 3.2% 18.7% 16.7% 8.5%

The summary statistics in Table[3]indicate that approximately one-fifth of all markets ob-
served an expansion by at least one of the two players, with the vast majority of these cases
corresponding to an expansion by only one firm. We also observe that the proportion of
markets where Lowe’s expanded was almost twice as large as that of Home Depot. Our
test for cooperation focuses on a comparison between the proportion of markets where

we observe Y = (1,0) and the proportion of markets where we observe Y = (0,1). As we
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will discuss next, once we analyze markets by size (population), we observe patterns that

are consistent with cooperation under the conditions of this paper.

6.1 Observed data patterns consistent with cooperation

As we pointed out in previous sections, cooperation in a 2 x 2 game under Assumptions
[2and [3]implies Pr(1,01X; = X,) = Pr(0,1]X; = X;), a.s (see equation|[7). As Table [4]sug-
gests, a preliminary inspection of the data reveals patterns consistent with this condition
in smaller markets (measured by population), and in markets where there were no stores
in 2008.

Table 4: Proportion of markets where only one firm expanded between 2008-2022

Markets | Markets | Markets
All below | below | below | Markets
mar- | the 85 | the 70" | the 50" | with no
kets | per- per- per- stores
centile | centile | centile | in 2008
in size | insize | in size
Proportion of mar-
kets where only | 3 0 | 8800 | 520 | 42% | 65%
Lowe’s expanded
(i.e, Y =(1,0))
Proportion of mar-
kets where only
Home Depot ex-| 5.2% 4.9% 4.5% 4.2% 6.5%
panded (ie, Y =
(0,1))

e Market size refers to population in 2008.

6.2 Results of our test for cooperation
6.2.1 Choice of testing range and tuning parameters

Our choice for testing range and tuning parameters (bandwidth and kernel) are guided
by the Monte Carlo experiment findings, included in the online supplement. We describe
them next. Let Z7) denote the 1" quantile of the r.v Z. For £ =1,2,3, let ge = Xf(o.m) \Y;

¢ =0 _ L ¢
X3,0.01) and X° = X7 0.99) N X5,(0.99

Our weight function w(:) is the uniform distribution over X. Next, we choose a band-

- Our testing range is X' = [, %] x [x2, %] x [x3,%°].
width of the form h, = ¢;, - 6(X) - n=%, where o(X) is the sample standard deviation of
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X (we use covariate-specific bandwidths). As we discussed in the paragraph following

—r(Zli—l)' and the smallest value of M is [%1

. Since P =2 and r = 3, we set M = 8 and aj, = 0.11. These are also the guidelines we

: 1
Assumption we must have M < ap <

used in our Monte Carlo experiments. As shown in the online supplement, we found that
¢y = 1.25 provided the best finite-sample results. Consequently, we implemented our test
with h, = 1.25-n %11, The online supplement repeats our test for a range of values of
cp €[1,1.75]. As the results there show, the findings we present below remained qualita-
tively unchanged. Lastly, we employed a bias-reducing kernel of order M = 8 of the form,
() = (e1-(S2 =922 +cr- (S = )t + 03 (S2 - P2)0 + ¢y - (S2 = 9?)®) - 1{|p] < ). The ker-
nel has support [-S,S], with S = 10. The coefficients cy,...,c4 were chosen to satisfy the

conditions of a bias-reducing kernel of order M = 8.

6.2.2 Results

The results of our test are included in Table |5} Our findings suggest that, while coopera-
tion in expansion/entry decisions can be rejected in larger markets, this type of behavior
cannot be rejected in smaller markets. To be precise, we fail to reject cooperation in mar-
kets below the 70th percentile in population size, as well as in markets that did not have
any stores in 2008. On the other hand, when we consider all markets or, for example,
markets whose size are above the 85th percentile, we reject cooperation at a significance
level < 1%. As we show in the online supplement, these findings are robust to alternative
bandwidth choices.

Table 5: Test results for cooperation in expansion decisions.

Markets Markets Markets Markets
All below the | below the | below the ‘th
markets | 85"  per- | 70"  per- | 50"  per- rz)tres Illz
c.entlle in c.entlle in c.entlle in 2008
size size size
21.642 4,294 -0.912 -0.773 -0.543
(0.000) (0.000) (0.819) (0.780) (0.706)

e Results show the value of our test-statistic, with p-value in parenthesis.
(+*x) Cooperation rejected at < 1% significance level.

7 Concluding remarks

The assumptions made about players’ behavior are fundamental for the econometric

analysis of games. Since most existing work presupposes noncooperative behavior, hav-
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ing the ability to test for evidence of cooperation is extremely important. In this paper
we proposed a nonparametric test for a fairly general class of discrete games. Our proce-
dure is based on some symmetry and exchangeability conditions that are assumed to hold
when we match observable payoff characteristics across players. Under our assumptions,
cooperation implies a class of conditional moment-equalities for certain permutations of
outcomes. We proposed an econometric test that is consistent (it rejects cooperation if
the conditional moment restrictions are violated with nonzero probability) and asymp-
totically normal under the null hypothesis of cooperation. We also presented evidence
that our test has good power properties when players’ true behavior is noncooperative.
We applied our test to analyze expansion/entry decisions of Lowe’s and Home Depot in
the contiguous U.S and our results found that, while outcomes are consistent with nonco-

operative behavior in larger markets, we failed to reject cooperation in smaller markets.
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Appendix A: Proofs of Results

A.1 Proposition

Take any v = (v1,...,vp) € {0,1}F. For any permutation (ky,...,kp) of (1,...,P) where we
assign action Yk, to player p and payoffs are, ul(ykl,y_kl,XG,v) e, up(ykp,y_kP,XG,v),
there exists a permutation ({y,...,{p) of (1,..., P) where player £, plays action y, and the
resulting payoffs are, ug (y1,9-1,Xc, V), ... , ¢, (¥p,¥-p, X, v). From here we have the
following result. Take any v = (vy,...,vp) € {0,1}" and let (k,..., kp) be any permutation
of (1,...,P). Let 0(y) = (Vk,,---,¥x,) be the resulting permutation of y. By the symmetry
properties of the joint objective function in Assumption (3| there exists a permutation
(¢1,...,€p) such that

Xj==Xp = U(o),Xc V)= V(ul(ykl,y_kl,XG,v),...,up(ykp,y_kp,X,v);XG,v)
= V(ugl(yl,y_l,XG,v),...,ugp(yp,y_p,X,v);XG,v).
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Thus, if we let o7 (y),...,aRy(y) be the collection of all distinct permutations of y, there

R R
exist a corresponding collection of permutations (6%,...,5113); (Zf,...,flzg);-~- HA V,...,pr) of

(1,...,P) such that, if X; =--- = Xp, then we have,
U(o1(v), Xg,v) V(”ei (yl,y_l,XG,v),...,uellj(yp,y_p,XG,v);XG,v)
U(oz(y), Xg, V) V(”elz(yl’y—bXG'V)r---’uelz,(VPfy—PrXG’V)ZXG:V)

U(UR}, (V)'XG:V) V(ugfl’ (yl’y—l’XG'v)" cey ueﬁz/ (yPl y—P;XG; V), XGIV)

From here and the exchangeability condition in Assumption |2} we obtain the following

result. For any pair of permutations (,...,mp) and (m},...,m}) of (1,...,P),

U(@ml,XG,V) U(emi,XG,V)

Il

X;==Xp = (A-1)

u(emp’XGIV) U(em},XG,V)

Let sq,...,5¢g denote the collection of all action profiles in {0, 1}? such that s, # e, for any
r (note that Q = 2P — P). From our previous result, if Assumptions |2 and (3| are satisfied,
then for any pair of permutations (my,...,mp) and (mi,...,m;)) of (1,...,P),

Ulew, X V)| (Ulew X, v)
Ul(ey,, Xg, Ulen,, Xa,
Xl — — XP — (emp G V) i (e P G V) (A_z)
U(s1, Xg, V) U(sy, X, V)
U(SQ,XG,V) U(SQ,XG,V)
Thus, for every p,q, we have Pr(U(ep,XG,v) >U@Y, Xgv)Vyze,| Xy == XP)
= Pr (Z/{(eq,XG,v) >UY Xgv)Vyze | Xy== Xp). Using the definition in (I)), we have

Q(eplx) = Qleylx) ¥ p,g, , for a.e x € X. This proves the result in Proposition |1} m

A.2 Theorem

Take any y € S and let 0¢(),..., aRy(y) denote the collection of all distinct permutations of
v. Using the same arguments leading to equation (A-1), we have that, if Assumptions
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andhold, then for any pair of permutations (ml,...,mRy) and (mi,...,m}zy) of (1,...,Ry),

U(Uml(y)rXGrv) u(Gmi (y);XG;V)

4

Xlz"':Xp e (A—3)

Ulong, ) Xe)] (UG, (1) X6,v)

This is a generalization of (A-I), which we obtained for the binary choice game. From
, we have that if we take any y € S, and if we let S1r44,5Q, denote all the action
profiles in J¥ that are not a permutation of y, if Assumptions|3|and [4/hold, then for any
pair of permutations (ml,...,mRy) and (mi,...,m;{y) of (1,...,Ry),

U(ow, (¥), X, V) Ulow (v), Xc, V)

Xl — — XP — U(GmRy (y)’XG’ V) i u(am;{y (y):XG; V)
U(s1,Xg,v) U(sy, X, v)
U(SQVXG:V) U(SQy,XG,V)

And from here we have that, for any y € S, any permutation y’ of y, and for a.e x e X,

Pr(U(y,Xg,v)>U(t, X, v)ViE£y | Xy =-=Xp=X)
=Pr(Uw, Xg,v)>U(t,Xg V)V t2y" | X; = =Xp=x).

Using the definition in (T)), it follows that for any y € S and any permutation y’ of v,

Q(ylx) = Q(y'|x) fora.e xeX

This proves the result in Theorem (1} m

A.3 Theorem

Here we describe the main steps of the proof of Theorem [2| All the step-by-step de-
tails and derivations are included in the online supplement. In what follows, recall that
M is the integer described in Assumptions |[E2|and r is the number of continuously
distributed observable payoff shifters for each individual player and L = P - r is the to-
tal number of continuously distributed payoff shifters combined for all players in the
game. Let H,(U;, U;) be as defined in equation (12). As we showed in equation (13),
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our test-statistic 7 can be expressed as T = (’21)_1 Y H,(U;,U;), a U-statistic of order 2.

i<
Let m,(U;) = E[H,(U;, Uj)|U;], b,(U;) = m,,(U;) - E[m]n(Ui)]' and G,(U;, Uj) = H,(U;, Uj) -
E[H,(U;, U;)] = b,(U;) - b,(U;). Under the assumptions of Theorem |2| l the Hoeffding de-
composition (see Serfling (1980, pages 177-178)) of the U-statistic (5 ) ZK] 2(Ui, Uj)
yields the following representation for 7

n -1
?=T+%;bn(ui>+(’2’) ) _GulU;,Uj)+O(m)). (A-4)

i<j

And, under the null hypothesis of cooperation, (A-4) becomes,

-1
7=(5) Y cuwnup+o, (i) (a-4)

i<j

By construction, (5 ) Y i<j Gu(Uj, Uj) is a degenerate U-statistic of order 2. To determine
its asymptotic distribution, we verify the conditions in Theorem 1 of Hall (1986), which
result in asymptotic normality of degenerate U-statistics of order two. Let (i,j,k) de-
note three distinct observations from our iid sample. Let an(U]-, Uy) = E[G,(U;, U;) -
G,(U;, Up)lUj, Uy ]. Suppose,

E[G,(Uj, Up)?1+ n E[G,(U;, Uj)*]
(ELGu (U, Up?])’

— 0, (A-5)

as n — oo. Theorem 1 in Hall (1986) shows that, in this case, Zi<j G,(U;, U;) is asymp-
totically normally distributed with zero mean and variance given by 3n?- E[G,(U;, U]-)z].
The bulk of the proof is devoted to showing that (A-5) is satisfied under our assumptions.
Let H n(Uj, Uy) = E[H,(U;, U;) - H, (U, Up)|Ug, Uy . Our first series of steps is to show that,
under our assumptions, we have E[H, (U, Up)?] = O(ﬁ), E[H,(U;, U]-)Z] = O(ﬁ),
E[H,(U;, U) | = ( — ), and E[H,(U;, U) | = O(—hal_z,r ) In particular, we show that
E[H (Ui, Uj) ] = hZL . (an + 0(1)), where o7 > 0 is described in the online supplement
and satisfies 02 — 2 > 0. From here, the next series of steps show that E[G,(U; Uj, Uy) )] =

E[ﬁn(Uj,Uk)2]+O(hM+3 )E[G (U3, Up)*] = E[H, (U, Uj)*]+O (mM+37-5t) E[G (U3, Up)?] =
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E [Hn(Ui, U]-)Z] +0 (hﬁ’“T_L), and from here,

_)0,

E[Gu(U; U]+ E[Gu(, Up)Y] O i)+ O 7k
(E [Gn(Uir U]‘)2])2 (O‘;%+0(1))2

where the last result follows from our bandwidth-convergence restrictions. Thus, (A-5) is
satisfied and, going back to (A-4’), we have that, under the null hypothesis of cooperation,

— =1 o )
n-7T . (2) Zi<jGn(Uz;U]) +Op(n-hqu+2)i>/\/’(0,l). a6)
\/Z-E[Hn(Ui, U)?| \/2~E[Gn(Ul-, U)?|+o(1)
~op(1)

To establish the asymptotic behavior of T under the alternative hypothesis of no-cooperation,

where we have 7 > 0. We go back to (A-4), and we have,

2L—r

—

n-7 T

s +n¥hi-9, where 19,1 = 0, (1),
\/2-E[Hn(Ui,U]-)2] \/2-(0,%+o(1))

L

. e . -
Under the bandwidth convergence restrictions in Assumption [E3|we have n? - h; — oo

L-r
and n? -h,> —> oo. Take any sequence c, > 0 such that, ¢, — +oco0, and f” - — 0.
n2-h?
Going back to (A-6), under the alternative hypothesis of no cooperation,
T Lot T
n . C n . .
Pr >c, |=Pr|d,>———- Z —1,
\/2 E[H,(U,,U))?] ni-h o \J2-(07 +o(1)
Lt
where the last result follows from the fact that 9, = O,(1) and . 2 - T, oo
n%hn7 2'(57%4'0(1))
(since 7 > 0). Thus, under the alternative hypothesis of no cooperation,
n-T . . .
— +oo with probability approaching one (w.p.a.1) (A-7)

\/2 E[H,(U;, U)?]

The results in and (A-7) prove Theorem[2] m

26



	Introduction
	A binary choice game 
	Action space
	Notation for unit vectors

	Characteristics of the game
	A probability definition

	Payoff functions
	An example of payoff functions that satisfy Assumption 2

	A joint objective function
	Examples of joint objective functions that satisfy the symmetry condition in Assumption 3 

	Implications of Assumptions 1, 2 and 3
	Violations of condition (5) when players' true behavior is noncooperative
	The 22- .4  case

	A more general discrete game
	Implications of Assumptions 1, 3 and 4 
	An econometric test
	A population statistic to test cooperation
	Constructing a test-statistic
	Asymptotic properties of T"0362T- .4 

	Monte Carlo experiments

	Empirical illustration
	Observed data patterns consistent with cooperation
	Results of our test for cooperation
	Choice of testing range and tuning parameters
	Results


	Concluding remarks
	Proposition 1 
	Theorem 1
	Theorem 2


	The case of a 22- .4  game 
	Power of our test in the 22- .4  case when true behavior is noncooperative
	Violations of (S-3) when actions are strategic substitutes
	Violations of (S-3) when actions are strategic complements
	Violations of (S-3) when 1- .4  and 2- .4  have opposite signs

	Details of the proof of Theorem 2
	Monte Carlo experiments
	Choice of testing range, tuning parameters
	Results
	Results for our empirical illustration with alternative bandwidth choices





